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Preface

Point-free topology is based, roughly speaking, on the fact that the abstract lattice
of open sets can contain a lot of information about a topological space, and that
an algebraic treatment can provide new insights into the nature of spaces. The
intuition behind this approach is quite natural: one thinks of a space as consisting
of “realistic places” of non-trivial extent endowed with the information of how
they meet and how a bigger place is composed from smaller ones.

During the time this theory has been cultivated (the concepts as we use
them today — frame, frame homomorphism, etc. — were coined in the late 1950s)
the abstract lattice approach proved to be able to replace the classical one, and
in many respects to advantage: it turned out that some results are in a sense
better. For instance, one has fully constructive counterparts of facts that are, in
classical topology by necessity, heavily choice dependent, such as the compactness
of products of compact spaces. Sometimes one obtains satisfactory facts instead of
classically unsatisfactory ones, for instance, the behaviour of paracompact spaces.
And one gains new and useful insights into many space phenomena.

Twenty years after the theory started to develop there appeared, in 1983,
Johnstone’s excellent monograph “Stone Spaces” which is still, after a quarter
of a century, the standard reference book. Since then a lot has happened in the
area; however, it is all in (numerous) journal articles, and with the exception of
two chapters in handbooks and a slim booklet on the covariant approach, there is
no new comprehensive literature available. The aim of the present book is to fill
this gap.

We would like to acknowledge the support we have had while working on
the text: The excellent conditions and the active and friendly atmosphere in the
institutions we are happy to work in — the Department of Mathematics and the
Centre for Mathematics of the University of Coimbra, the Department of Applied
Mathematics and ITI of the Charles University in Prague — and the financial
assistance provided by CMUC/FCT and grants 1M0545 and MSM 0021620838 of
the Ministry of Education of the Czech Republic that enabled our cooperation.
Further, our thanks go to the numerous members of the international community
of categorical topology and related topics for their kind encouragement. And we
wish to express most warmly our thanks to our families for support, understanding
and patience.

— J. Picado and A. Pultr
Coimbra and Prague, February 2011
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Introduction

Suppose you compute v/2. You compute it with increasing precision. This can be
viewed as producing a sequence of crisp numbers

1., 1.4, 141, 1.414,

stopping with some (say)
1.414...3

satisfactory for your purposes. Or you can view the progress as narrowing down
spots of non-trivial extent

1.(further blurred), 1.4(further blurred),
1.41(further blurred), 1.414(further blurred), ...

stopping with a satisfactorily small grain. In the latter case you in fact adopt the
point-free attitude: the space (in our case the line) is a conglomerate of realistic
places, spots of non-trivial extent, somehow related with each other; the points
are just abstractions of “centers” of diminishing systems of spots. They are not
very realistic (measurements do not give you point values), but we badly need
them for theoretical purposes. Or do we? Yes, sometimes we indeed cannot do
without. But there are cases where the points are not needed at all. Moreover,
in most everyday spaces the points can be reconstructed upon request from the
“realistic” data (and surprisingly enough, the spaces in which points do not make
enough sense turn out to be beneficent for the theory, too; but about this later).
This is what point-free topology is concerned with, and what the present book is
devoted to.

Authors who are not specialists in history walk on thin ice when trying to
outline the evolvement of a field. Nevertheless we have to try, only hoping that
we will be pardoned for omitting important milestones by ignorance. For a more
accurate treatment of the historical development of point-free topology we can
advise the reader to see [152] (see also the excellent surveys in Johnstone [146]
or [151]).

Geometry, the study of spatial relations, is as old as mathematics, but the
idea of a space as we see it today is relatively recent. The development of modern

XV



xvi Introduction

analysis in the 19th century needed a precise understanding of continuity, conver-
gence, and various related concepts. A very useful metric view of spaces developed.
Later it turned out, however, that the metric (distance) is often somewhat superflu-
ous, and that in fact one has sometimes structures with clearly space-like features
that cannot be treated using distance at all. A fundamental break came in 1914 in
Hausdorf’s “Mengenlehre” ([125]) that indisputably originated modern topology
(it is worth noting that this article was preceded by one year by Carathéodory’s
[59] viewing points as entities localized by special systems of diminishing sets). The
structure of a space was based on the brilliant idea of a neighbourhood (surround-
ing as opposed to just containing). In the 1920s and 1930s the concept of an open
set (first, as a derived notion and then gradually becoming a primary one) became
more and more favoured (see, e.g., Alexandroff [2], or Sierpiriski [243]). There are
at least two reasons that makes it so important, in particular for our purposes:

— the notion of open set is very near to the intuition of a “realistic spot”, and

— open sets constitute a very nicely behaving lattice (the properties of which
have later become the basis of the techniques of the theory).

For various reasons, already in the 1930s the question repeatedly arose whether
one can treat spaces as the lattices of their open sets (the famous Stone duality
representing — albeit very special — spaces as Boolean algebras [249, 250] dates as
far back as 1934 resp. 1936), or simply somehow without points (Wallman 1938
[266], Menger 1940 [183], McKinsey and Tarski 1940 [182], Pereira Gomes 1946
[198]). It took, however, more than a decade until the concepts and perspectives
started to stabilize to the contemporary one (in particular one should mention the
work of the Ehresmann seminar [82, 53, 191] in the late 1950s; here the term frame
for point-free space was coined — and became accepted usage, similarly like the
later term locale); it should be noted that (independent) proofs that the lattice
of open sets determines the space in a really broad class appeared only as late
as 1962 (Bruns [57], Thron [253]). After that, many authors became interested
(C.H. Dowker, D. Papert (Strauss), J. Isbell, B. Banaschewski, etc.) and the field
started to develop rapidly. The pioneering paper [136] by J. Isbell merits particu-
lar mention for opening several important topics (in this paper we first encounter
the term locale, today used typically when emphasizing a covariant approach). In
1983 appeared the monograph by Johnstone (“Stone Spaces” [145]) which is still
a primary source of reference.

Since then more than a quarter of a century has elapsed and a lot has hap-
pened in the area. Shortly after [145], in 1985, there appeared a very special-
ized book [265]. This was followed, much later, by two chapters in handbooks
([220, 209]), and a slim booklet [206] promoting a covariant approach. But there
is no comprehensive text, and this is a gap we would like to fill, at least partly, by
this monograph.

We hope that the book will be of interest also for people who are already in
the area, or close to it. But of course we would like to address readers for whom
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the field is more or less new. And particularly to those we owe a few words on the
usefulness of the extended area.

Extending or generalizing an already established concept calls for justifica-
tion. There are haunting questions that should be answered: Is the broader range
of spaces desirable at all? That is, is the theory in some sense more satisfactory?
Is the algebraic technique appropriate and does it not obscure the geometric con-
tents? And, when abandoning points, do we not lose too much information?

Let us start with the last one. Of course there are spaces that are not ade-
quately representable: for instance those that are not 7y. But the more interesting
ones, starting with the separation axiom Tp (much weaker than 77) can be fully
reconstructed. And the same holds for sober spaces (sobriety is independent of T}
and implied by the Hausdorff property).

Does one obtain a better theory? In some areas one does. To give an ex-
ample: paracompactness, a very important property, is classically very badly be-
haved (even a product of a paracompact space with a metric one is not necessarily
paracompact). In the point-free setting one has no trouble with the standard con-
structions: the category of paracompact frames is coreflective in that of completely
regular ones.

To give another example: somewhat surprisingly, it has turned out that some
facts that are heavily non-constructive in the classical context are now fully con-
structive (no choice principle and no excluded middle needed). And this does not
concern esoteric hair-splitting questions. For instance, one does not need choice for
proving that products of compact “generalized spaces” are compact (the reader
will see a very transparent choice-free construction of Stone-Cech compactification
in Chapter VII); similarly, a completion of a uniform locale is choice-free.

A very important class of spaces (the locally compact ones) is represented
equivalently, that is, there are no unwanted new spaces. But again, there are facts
that are constructive and in the classical context not so.

The technique may seem to be at the beginning somewhat less intuitive,
but often it turns out to be actually simpler. Also it opens new perspectives
hidden in the classical approach (structure of subspaces, compactifications and
completions, etc.).

It is often the case that the structure relating the individual parts of a mono-
graph is by necessity intricate. The architecture of the text then cannot be linear
and it is profitable to advise the reader what is to be read before this or that
chapter and what one can skip at the first reading. Here it so happens that a
linear sequence of events is quite natural and we think that the reader can read
the text in the order presented (of course, sometimes skipping proofs). Also, we
tried hard to choose the headings of the individual chapters and paragraphs to
be as informative as possible. Thus, presenting the subject matter of the text as
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a succession of items might easily degenerate into a mere stylistic adaptation of
the Table of Contents. It will be perhaps better to make a few loose comments
instead.

The first two chapters (besides, of course, introducing the basic concepts)
delimit the relations with classical topology and provide a formal bond between
the two basic categories in the form of a spectrum adjunction. Note that the two
weak conditions, Tp and sobriety, under which the spaces and “generalized spaces”
relate particularly well, were not tailored for the purposes of point-free topology,
and are of interest in themselves.

Sublocales: these generalized subspaces constitute a far more intricate and
interesting subject than subspaces of classical spaces. We have split the matter into
two parts, the general theory, and several special items that are better introduced
after the reader is already informed on some categorical facts and about special
classes of frames (locales). In the first part we pay particular attention to the
inconspicuous quotient theorem; it will play an important role repeatedly.

In among the categorical facts it is advisable to stop for a moment at the
product (coproduct of frames). The difference between this and the classical prod-
uct of spaces (which is in fact not quite as big as it looks at first sight), rather
than creating troubles, has in fact often rather pleasing consequences.

Amid the separation axioms we do not meet a natural counterpart of T7.
On the other hand we encounter two conditions, fitness and subfitness, that are
not much investigated in the pointy context (although they make good sense even
there). The subfitness condition deserves a particular interest (the terminology
developed historically so that “fit” sounds like the basic property and “subfit”
is somehow derived; in fact “subfit” is more basic, “fit” is “hereditarily subfit” —
important enough, though).

Compactness does not need much comment. Most of the basic facts are quite
parallel to the classical ones. But note the very specific construction of compactifi-
cation and the absence of choice assumption, and on the other hand the necessity of
choice in the duality between locally compact spaces and locally compact frames.

From Chapter VIII on, the leitmotiv is enrichment by uniformity and related
structures (the weaker nearness, and the (dia)metric). After the first uniformity
and completeness chapter, however, a chapter on paracompactness is inserted.
Why: in view of some of its characteristics, paracompactness is a non-enriched
matter and therefore it should be treated as soon as possible. But on the other
hand it is closely connected with the possible uniformizations. This is particularly
so in the point-free context where we have the beautiful — and extremely useful
— fact that a locale is paracompact iff it admits a complete uniformity. Thus, it
could not be introduced sooner.

What meets the eye first at the uniformities defined by entourages (Chapter
XII) is the possibility of a non-symmetric generalization. This is indeed very im-
portant, but it should be noted that even the symmetric variant (equivalent with
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the cover approach from the previous pages) can be of a great technical advantage;
this will be seen, for instance, in the chapter on localic groups.

Chapter XIII, concerning connectedness, may look out of place. Indeed, it
is a plain space or frame (locale) matter; we do not need any extra structure,
and very little special properties. It can be easily read already after Chapter VII.
But we have decided to put it into the concluding triad of chapters concerned
with special facts (because of a construction of a very special example, and also
because this is a topic that still deserves a lot of further investigation, also in view
of extra structures).

In the last two chapters we present some basic information on the point-free
theory of reals (Chapter XIV), and, in Chapter XV, localic groups, the analogon of
topological ones, including (among a number of others) the somewhat surprising
fact that subgroups are in the point-free context always closed.

For the reader’s convenience we add two short (but, we hope, informative
enough) appendices containing the necessary facts about partially ordered sets
and categories.

After thus presenting the contents we perhaps owe to the reader a comment
on some points that are not included. First, there are a few topics in “Stone
Spaces” to which there is, even after a quarter of a century, nothing to be added
(e.g., the subject of coherent frames); about such we can only advise the reader
to consult this classical monograph. Further, our information about the frame of
reals is rather concise because there exists an excellent specialized scriptum [16]
that may soon grow into a book. Similarly we have not tried to introduce the topic
of o-frames where one can expect better qualified authors to produce a specialized
text.

Partly because of the size we have avoided (with one exception) lengthy
technical constructions of examples and counterexamples that can be better ap-
preciated in their article form.

Convention

A cross-reference inside a chapter is indicated by the number of section or sub-
section (“see 6”7, “by 6.3”). If it refers to an item in another chapter, the (roman)
number of the chapter is prefixed (“see IX.6”, “by IX.6.3”). For the appendices
we use the prefixes Al resp. Al






Chapter I

Spaces and Lattices of Open Sets

It is our intention to forget about points in spaces as often as possible. Rather, we
would like to work with “places of non-trivial extent”.

To start with, think of a standard topological space given by a system of
open sets. Now recall the classical Euclidean geometry where one views a line p
as a basic entity, not as the collection of points incident with p, and try to see our
space similarly: to view the open sets U as basic entities, and the points sitting in
U as other type of entities in some way incident with U.

Note. In fact, it is quite realistic to think, rather, of a point as of a
collection of open sets, namely the collection of all its neighbourhoods,
viewed as approximations of the ideal point by smaller and smaller
spots.

In this short chapter we will discuss the question of how much of the information
on a space can be recovered from the abstract structure of its open sets. It will
turn out that in fact for spaces from large classes (for instance, all 7} ones), no
information is lost.

Let us agree, once for ever, that
all the spaces discussed will be Ty,

not only in this chapter, but throughout the whole of the text: of course the
distinction of points that cannot be separated in any way cannot be recovered by
reasoning on open sets. This convention will be now and then recalled.

Notation. Throughout the book, the (complete) lattice of open sets of a space X
will be denoted by

Q(X).

(Of course this convention will not prevent us from sometimes using expressions
like “a topological space (X, 1), etc.)

J. Picado and A. Pultr, Frames and Locales: Topology without points, Frontiers in Mathematics, 1
DOI 10.1007/978-3-0348-0154-6_1, © Springer Basel AG 2012



2 Chapter I. Spaces and Lattices of Open Sets

All that we want to tell the reader at this stage is contained in Sections 1-3.
Section 4 contains a few technical facts about a special topological property. We
have included it because otherwise these facts would have to appear scatteredly
throughout the later text although they are best treated together. For the time
being, the reader should skip it. It will be duly recalled when needed.

1. Sober spaces

1.1. In the lattice Q(X), the elements of the form
X~ Ax}
have the following property:
if UNV CX~{x} then either UC X ~{z} or VC X~ {z}.

(Indeed, we have to have x ¢ U or x ¢ V, say the first; then x € X \ U,
hence {z} C X\ U and U C X ~ {z}.)

This is usually expressed by saying that they are meet-irreducible open sets
(and the reader certainly sees that if we view the intersection as a sort of multi-
plication, these open sets behave like prime numbers).

A space X is said to be sober if there are no other meet-irreducible U # X
in Q(X).

1.2. Notes. (1) The original definition by Grothendieck was formulated in the
language of closed sets: a (Tp-) space is sober if the closures of points {z} are
precisely the join-irreducible closed sets. This formulation is perhaps simpler, but
we are interested (for the motivations already mentioned) in the lattice of open
sets. First of all, however, we will use another, very expedient (and transparent),
equivalent formulation anyway.

(2) Sobriety is not a very rare property. For instance,
each Hausdorff space is sober.

Indeed, suppose U # X to be meet-irreducible. Then we cannot have x; # xo,
x1,z2 ¢ U because for disjoint open U; 3 x; we had U = (UUU;) N (U UU;) with
U#UUU,.

For more see Section 3 below.

1.3. Recall (AL.6.4.1) that a (proper) filter F in a lattice L is prime if a; Vag € F
implies that a; € F for some i. In a completely prime filter we require that this
holds for any join, not only for the finite ones. That is,

forany Janda, € L, i€ J, \ a;€F = 3i, a; €F.
ieJ



1. Sober spaces 3

A typical completely prime filter in Q(X) is the
U(x)={U |z e U},
the system of all the open neighbourhoods of a point zx.

1.3.1. Proposition. A space X is sober if and only if the filters U(x) are precisely
the completely prime ones.

Proof. =: Let X be sober and let F be a completely prime filter in Q(X). Then
W=UUeQX)|U¢F}

is meet-irreducible: by complete primeness, W ¢ F (and hence in particular W #
X), and if W 2 V4 NV, one cannot have both V; € F; thus, say, V3 ¢ F and
V1 C W. Hence, W = X ~ {z} for some z € X and we obtain

UgF it UCW=X~{z} iff z¢U,

and F = U(z).

<: If X is not sober then there is a meet-irreducible open W that is not X ~\ {x}
for any x. Set
F={UeQX)|UZW}.

F is a completely prime filter: if U NV C W we have either U C W or V C W;
obviously V D U € F implies V € F, and finally if | J,. ; U; € W we have U; £ W
for some i. But F is none of the U(x), else we had

icJ

UV iff zeU iff UZX\{z}
and W = X \ {z}. O

1.4. Corollary. Let L be a complete lattice isomorphic to the Q(X) of a sober space
X. Then X is homeomorphic to

({F | F completely prime filter in L}, 7, ={a | a € L})

where a ={F | a € F}.
Thus, the space X can be reconstructed from the lattice L by purely lattice
theoretical means. |

(Of course: U(z) € U iff U € U(z) iff z € U.)

1.5. Notes. (1) The property from 1.3.1 is often more handy than the original
definition of sobriety. We will often use it instead.

(2) In some texts, sobriety is listed in among the “separation axioms” (such as T1,
regularity, etc.). As it was rightfully pointed out by Marcel Erné, this is misleading.
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Rather, it is a property of completeness type, similar, e.g., to the completeness
of a metric space. Namely, some filters of open sets that “look like systems of
neighbourhoods” (Cauchy filters in metric spaces, the completely prime filters in
our case) are required to be really the neighbourhood filters of points.

1.6. Reconstructing continuous mappings. We can expect that maps sending in
some way completely prime filters to completely prime filters will be

— in some way connected with continuous maps, and
— easily described in the language of (complete) lattices.

Indeed we have

1.6.1. Lemma. Let L, M be complete lattices and let h: L — M be a mapping such
that

h(0) = 0,h(1) = 1, h(a Ab) = h(a) A h(b), and h(\/ @) = V ha;).  (1.6.1)

iceJ icJ

Then for each completely prime filter F in M the set h='[F] is a completely prime
filter in L.

Proof. Tt is straightforward. Note that h~1[F] is proper because of h(0) = 0 and
non-empty because of h(1) = 1. O

1.6.2. Proposition. Let Y be sober and let X be arbitrary. Then the continuous
maps f: X — Y are in a one-one correspondence, given by

f=h=0), QNO)=fUl
with the mappings h: Q(Y) — Q(X) satisfying the conditions (1.6.1).

Proof. The Q(f) obviously has the properties listed under (1.6.1). Now let them
be satisfied by an h: Q(Y) — Q(X). For an € X consider the completely prime
filter U (z). Then h~1[U(z)] is by 1.6.1 a completely prime filter and hence, by 1.3,
equal to some U(y) in Q(Y). The point y is uniquely determined (our spaces are
Tp); denote it by f(z). Now we have

reh(V) iff VehU@) if flx)eV if ze V]
and we see that h = Q(f) (and that the f is continuous). O

1.6.3. Convention. We have already introduced the symbol Q(X) for the lattice of
open sets of X. From now on, we will also use the ) for continuous mappings, as
in the

Q(f)

above.
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2. The axiom Tp: another case of spaces
easy to reconstruct

2.1. Unlike sobriety, the axiom T to be discussed is really of a separation type.
It appeared in the article by Aull and Thron in 1963 ([3]) as one of the separation
axioms between Ty and 773 . In [253] published one year earlier by one of the authors,
and independently in the paper [57] by Bruns, it was shown that under this very
weak condition, again, the lattice L = Q(X) determines X up to homeomorphism.
What does Tp (sometimes, T; , to indicate its position among the separation
axioms) require? It is as follows.
(Tp) For each x € X there is an open U > x such that U ~ {z} is open as well.
Obviously 177 = Tp, and Tp is weaker since for instance each quasidiscrete
(Alexandroff) space (obtained from a poset (X, <) by declaring all the up-sets
open) is Tp: we have both Tz and Tz \ {z} open.
Further, Tp = Ty: if y # = take the U from the definition; then either

y ¢ U>ux ory e U~ {z}. And Ty does not imply Tp: see the space Y in 3.1
below.

2.2. An element b immediately precedes a in a poset (in our case, a lattice) if b < a
and if b < ¢ < a implies that ¢ = a.
A slicing filter is a prime filter F' in a lattice L such that

there exist a,b with b ¢ F' 3 a, and b immediately preceding a in L.

2.3. Proposition. Fach slicing filter in Q(X) is of the form
Ux)={U e QX) |z €U}
If X is a Tp-space, the filters U(x) are precisely the slicing ones.

Proof. Let F be a slicing filter witnessed by open sets B ¢ F 5 A, B immediately
preceding A. Choose an z € A \ B.

Let U 3 . Then A D AN(BUU) D B, the D because AN (BUU) contains
2. Thus, A= AN(BUU) =BU(ANU), and since F is prime and B ¢ F, we
have ANU € F and finally U € F. Thus, U(xz) C F.

On the other hand, let U € F. We have A D AN(BUU) = BU(ANU) 2 B,
the 2 because ANU € F. Thus, A= AN (BUU), and hence z € U.

Now if X is a Tp-space then each U(x) is slicing: choose a U > z with
V =U ~ {«} open; then V immediately precedes U, and V ¢ U(x) > U. O

2.3.1. Note. For Tj-spaces we have that

if V immediately precedes U then V- =U ~\ {x} for some x € U.
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(Indeed, suppose there are x # y, x,y € U N\ V. By T we have an open
W such that, say, y ¢ W 2. Then V CVU(UNW) CU.)

Thus, for Tp-spaces, if each U(z) is a slicing filter then X is Tp.

2.4. Proposition. [Thron] Let X be a Tp-space, let Y be a Ty-space and let
¢ QUY) = QX)

be a lattice isomorphism. Then there is precisely one continuous mapping f: X —
Y such that ¢ = Q(f).
Consequently, if both X and Y are Tp then the [ is a homeomorphism.

Proof. Take an z € X. By 2.3, U(z) is slicing and hence so is also its isomorphic
image under ¢ 1,
{o7'(U) |z e Uy ={V |z €o(V)},
and hence by 2.3, {V |z € ¢(V)} ={V | y € V} for some y € X. Now since Y is
To this y is uniquely determined; set y = f(z). Thus we have
reo(V) iff f(z)eV iff ze f V]

so that ¢(V) = f71[V] = Q(f)(V) (the equality also makes f continuous, of
course). O

3. Summing up

3.1. Let N be the set of natural numbers, w ¢ N. Consider the spaces

e X = (N, 1) with 7 consisting of () and all the complements of finite subsets,
and

e YV = (NU{w},0) with 6 consisting of () and all the U containing w and such
that N\ U is finite.

Then obviously

Q(X) =2 Q(Y) while X and Y are not homeomorphic.
3.2. In the example above, both the spaces are Ty. Hence we see that we cannot
have a reconstruction theorem similar to 1.4 or 2.4 for all Ty-spaces. But we see

more: we cannot have such a theorem holding for all the sober and Tp-spaces
simultaneously. Namely,

X is Tp (in fact, T1),
and

Y is sober (the suspect meet-irreducible 0 is Y ~ {w}).
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3.3. The example also shows that

Ty (not to speak of Tp) does not imply sober
(if X were sober we could apply 1.4), and

sober does not imply Tp (not to speak of T)

(if Y were Tp we could apply 2.4).

3.4. Anyway, however, each of the two classes is large enough to justify studying
spaces in terms of their lattices of open sets.

The reader may hesitate about the class of sober spaces: so far one only sees
that it is just somewhat larger than the class of all Hausdorff ones; the fact that
also all the finite Tj-spaces are sober may be not quite convincing (and of the
infinite quasidiscrete (Alexandroff) spaces — recall 2.1 — only the Noetherian ones
are sober, see 11.6.4.4 below). But posets with the Scott topologies (spaces much
more important in theoretical computer science than the quasidiscrete ones) are
typically sober; finding a non-sober Scott example was rather hard ([143]).

In fact, the point-free topology to be presented in the sequel will mimic the
sober case rather than the Tp one. But Tp will be important in interpreting some
of the facts, too.

4. Aside: several technical properties of Tp-spaces

The reader is, again, encouraged to skip this section. We will recall it later, when-
ever some of the facts will be needed.

4.1. Let X = (X, 7) be a topological space. Recall that an element x of a subset
S C X is said to be isolated in S if there is an open set U in X such that
UNS = {z}. It is weakly isolated in S if there is an open set U in X such that
zelUNSC{z}.

4.1.1. For any subset A C X define an equivalence F4 on Q(X) by setting
(U, V)eEs it UNA=VnNA.

Obviously
ACB = FEpCEj4. (4.1.1)

4.1.2. Recall that the Skula topology (sometimes called the front topology) of
(X, 7) (notation Sk(7)) is obtained from the basis

(UN(X~V)|UV e}
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4.2. Here are a few statements equivalent with the Tp property.

Proposition. Let X = (X, 7) be a topological space. Then the following statements
are equivalent:

For every x € X, the set W(x) = (X ~ {x}) U{z} is open.
For any S C X, every weakly isolated point in S is isolated in S.

Forall ABCX,EgCEy = ACB.
Forall ABCX,Eg=FE, = A=B.

)
(2)
(3)
(4) For any closed S C X, every weakly isolated point in S is isolated in S.
(5)
(6)
(7) The Skula topology Sk(T) is discrete.

Proof. (1)=(2): Let U be open, x € U, and let also U \ {z} be open. Then
U~A{z} = U~{z}. Now (X ~{z})U{x} is a neighbourhood of all the y € X~ {xz},
and it is a neighbourhood of z as well: we have © € U = (U ~ {z}) U {z} C
(X~ A{z}) U {z}.

(2)=B): Ifzx e UNS C{z} then SNUNW(z) = {z}.

(3)=(4) is trivial.

(4)=(1): z is trivially weakly isolated in {x}. Therefore it is isolated in {z} and
there is an open U such that U N {z} = {z}; hence U \ {z} = U ~ {«} is open.
(1)=(5): Let A ¢ B. Then there is an € A\ B. By Tp we have an open U > z
such that V = U ~\ {z} is open. Then (U,V) ¢ E4 while (U,V) € Ep.

(5)=(6) is trivial.

(6)=(1): Let € X. Since Ex is trivial and Ex. (3 # Ex there have to exist
open U # V such that U N (X ~ {z}) = VN (X \ {z}). That is possible only if
one of them, say U, contains x and V =U ~ {z}.

(2)=(7): {z} = W(z) N {z} is open in Sk(7).

(7)=(1): For € X there are open U,V such that {z} = U N (X \ V). Then
{z} C X~V and {z} =U N {z} and finally U ~ {z} = U ~ {z}. O
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Frames and Locales. Spectra

Is it worthwhile to try to base topology on the algebra of open sets (and to neglect
points)? We hope that this question has been answered in the previous chapter
satisfactorily by showing that there are two large classes of spaces in which no
information is lost, the class of sober spaces, and the class of Tp-ones.

The point-free topology as we will present it will lean slightly to the sober
side. There are various reasons. One of them is that for reconstructing continuous
maps we have a very simple condition. Not only simple, also a very natural one:
preserving all joins and all finite meets by the maps on the algebraic side — and
there is no doubt that in topology one likes to think in terms of general unions and
finite intersections. And here is another reason: although this class does not go as
far down in separation as the other one (not even all the T}-spaces are covered), the
Scott spaces (appearing in many modern applications) are typically (not always,
but typically) sober, and seldom T». The Tp axiom will, nevertheless, also play a
role later.

In this chapter we will introduce the basic algebraic background we will
work with: frames and locales representing spaces, and frame homomorphisms
resp. localic morphisms representing continuous maps. Further, we will discuss in
some detail the reconstruction of points (spectra of frames) and some aspects of
the spectrum adjunction.

1. Frames

1.1. The category of topological spaces and continuous maps will be denoted by
Top

and we will write
Sob

for its full subcategory generated by sober spaces.

J. Picado and A. Pultr, Frames and Locales: Topology without points, Frontiers in Mathematics, 9
DOI 10.1007/978-3-0348-0154-6_2, © Springer Basel AG 2012
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1.2. The complete lattice of open sets satisfies the distributive law

(VU)IANV =\ (U AV)

i€J ieJ
since an arbitrary join coincides with the union, and the meet U A V' is the inter-
section U NV.

(Note that the general meet in Q(X) typically does not coincide with
the intersection. Hence there is no surprise that we generally do not
have (N;c,; Us) VV = N\;c,(Us VV).)
Thus, aiming for “generalized spaces” represented as special complete lattices
(mimicking the lattices of open sets) we are led to the following definition.

A frame is a complete lattice L satisfying the distributivity law
(VA ANb=\{aAb]|ae A} (frm)

for any subset A C L and any b € L.

Recalling 1.1.6 we define frame homomorphisms h: L — M between frames
L, M as maps L — M preserving all joins (including the bottom 0) and all finite
meets (including the top 1). The resulting category will be denoted by

Frm.

1.2.1. The lattice of open sets of the void space is the one-element lattice {0 = 1}.
It will be denoted by
0.

The lattice of open sets of the one-point space is the two-element Boolean algebra
{0 < 1}. Tt will be denoted by

2 or sometimes by P.

1.2.2. Later on (for instance for the structure of generalized subspaces of a frame)
we will also need the dual notion of a co-frame, that is of a complete lattice
satisfying

(NA)Vvb=AN{aVDd|ae A} (co-frm)

1.3. Recall the symbol € introduced in the preamble to Chapter I and extended
for continuous maps in 1.1.6.3. We have frames Q(X) and frame homomorphisms
Q(f): QY) — Q(X) for continuous maps f: X — Y resulting in a contravariant
functor

Q: Top — Frm.

1.3.1. A frame L is said to be spatial if it is isomorphic to an Q(X).

There exist non-spatial frames (we will present some soon) and hence we have
“more spaces than before”. This may not seem a priori desirable; it has turned
out, however, that it makes the theory, in some respects, more satisfactory.
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Note. Nevertheless, the question naturally arises whether one can fur-
ther narrow down the class of lattices by algebraic means so as to obtain
just spatial frames, or at least much fewer non-spatial ones. There is a
stricter distributivity rule (still holding in all the (X)) under which it
is really hard to find a non-spatial example. See V.4.

1.4. The rule (frm) says that the mappings — Ab = (z — x A b) preserve all
suprema. Hence, they are left Galois adjoints, and the corresponding right adjoints
b — — produce a Heyting operation in L (see Appendix I). Thus,

a frame is automatically a complete Heyting algebra.

The Heyting operation will be frequently used. The reader has to have in mind,
though, that this operation is not generally preserved by frame homomorphisms.

If a frame happens to be a Boolean algebra we speak of a Boolean frame. Note
that frame homomorphisms between Boolean frames are complete Boolean homo-
morphisms (because lattice homomorphisms preserve complements — see AI.7.4.5),
and that a Boolean frame is a co-frame as well.

2. Locales and localic maps

2.1. The contravariant functor € from 1.3, restricted to the category Sob of sober
spaces is, by 1.1.6.2, a full embedding (for any two sober spaces X,Y we have a
one-one correspondence between the continuous maps f: X — Y and the frame
homomorphisms h: Q(Y) — Q(X) provided by sending f to Q(f)). That is, it
would be a full embedding if only it were covariant which it is not. This can be
easily helped by introducing the category of locales

Loc

as the dual category Frm°P, and this category can be viewed as an extension of
the category of sober spaces (and the frames — now referred to as locales — as
generalized spaces).

2.2. Tt is not very intuitive to have morphisms A — B in a category represented
as mappings A < B. But this can be mended:

frame homomorphisms h: M — L, since they preserve all suprema, have
uniquely defined right Galois adjoints h,: L — M.

Thus, we can represent the morphisms in Loc as

the infima-preserving f: L — M such that the corresponding left adjoints
f*: M — L preserve finite meets.
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Such f will be referred to as localic maps and we will think of the category Loc as
having these for morphisms.

2.2.1. Note. We have not introduced localic maps this way only for the sake of
having actual maps where we had, in the formal categorical construction, in essence
only symbols. It will turn out later that it often really helps understanding further
notions and constructions.

2.2.2. The locale O from 1.2.1 behaves indeed as the void (generalized) space
should. There is precisely one localic map O — L for any locale L, and none
L — O unless L is void (that is, O itself).

Also, the locale P behaves like a point. So far we immediately see that for
any locale L there is precisely one localic map L — P (since there is precisely one
frame homomorphism P — L, namely (0 — 0,1 — 1)). As for the localic maps
P — L we will see shortly (as soon as we will introduce points in the next section)
that they can be viewed as embeddings of points.

2.3. The following characteristics of localic maps will be sometimes useful.
Proposition. Let f: L — M have a left adjoint f*. Then
(a) F7(1) = 1 iff FIL~ {1} € M ~ {1}, and
(b) f* preserves binary meets iff
f(f*(a) =) =a— f(b).

Proof. (a): If f*(1) =1 and 1 < f(x) then 1 = f*(1) < z; on the other hand, if
the inclusion holds, use the inequality f(f*(1)) > 1.

(b) =: & < f(f*(a) = b) iff f<(xANa)=f(x)A f*(a) <bif zAa < f(b)iff
x <a— f(b).

viffa<b— flz) = f(f7) — a) iff f(a) < F7(b) — a iff
T. O
2.4. Now, when the category Loc has this concrete representation, it is worthwhile
to modify the functor € accordingly. We will make it to a functor

Lc: Top — Loc

by setting
Le(X) = Q(X),  Le(f) = Q(f)-

From the standard adjunction
fUB]C A iff BCY N fIX A
of preimage we immediately learn that

Le(H)(U) =Y N fIX NU].
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This does not seem to be a very transparent formula, but it becomes more accept-
able after the following observation.

Represent a point x € X by the element
=X~ {xz}

of Le(X). Then we have -
Le(f)(@) = f(x)

(indeed, Le(f)(7) =Y N fIX N (XN A{zP] =YV N fli{z}] =Y N {[f(2)} = f(2)).

3. Points

3.1. The intuitive concept of a diminishing system of spots. We believe that this
is what most people do when visualizing a point: one thinks of a very small spot;
then admits it may be still too large, thinks of a smaller one inside, etc. It should
be noted that this view of a point was around decades before there was anything
like a point-free topology (for instance we can go as far back as to Carathéodory
1913 [59]).

Thus we can think of a point in a locale as a specific filter. We are still
in trouble in telling what “diminishing size” of spots should mean (later on, in
Chapter X we will be able to do it in various ways, with various resulting definitions
of points, but now we do not want to employ any extra structure). A general filter,
for instance {x € L | # > a} will hardly do. But take the hint from sober spaces:
in 1.1.3 we have seen that in this fairly broad class of spaces the points can be
detected (represented by their sets of neighbourhoods U(x)) as the completely
prime filters. This leads to the following definition:

(P1) a point in a frame (locale) L is a completely prime filter F' C L.

3.2. Another, but practically the same representation. The points x in a space
X are in a natural one-one correspondence with the (continuous) mappings f =
(0 — x): {0} — X and hence, in the sober case, with the frame homomorphisms
h: Q(X) — 2. Thus,

(P2) a pointin L can be viewed as a frame homomorphism h: L — 2

(or as a localic map P — L, with the “one-point locale” P = 2).

The translation between (P1) and (P2) is obvious: given a completely prime
filter FF C L define h: L — 2 by setting h(z) = 1 iff z € F, and given an h: L — 2
we have the completely prime filter F' = {x | h(z) = 1}.

3.3. Yet another, this time not so obvious representation of points. Recall that
an element p # 1 in a lattice L is meet-irreducible (also, prime) if for any a,b € L,
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a A b < p implies that either a < p or b < p. (This means that the principal ideal
lp is a prime ideal — see AL.6.4.1).
Given a completely prime filter ' C L define
pr=\{z |z ¢&F}.
Then

pr s a meet-irreducible element.

(Indeed, by the complete primeness, pr ¢ F and hence prp # 1, and if
a ANb < pp then we cannot have both a,b € F and hence, say, a ¢ F
and a < pp.)

On the other hand, if p € L is meet-irreducible, set

F,={xz |z £ p}.
Then
F, is a completely prime filter.
(In fact, if z,y € F, then z Ay € F, by meet-irreducibility; obviously
y > x € F, implies y € Fy,, and if \/,; x; % p then z; £ p for some 4;
finally, 1 £ p and 0 < p so that F}, is non-void and proper.)
Finally, pp, = \V{z |z <p}=pandaz e F,, if e £ \/{y |y ¢ F}iff x € F.

(If € F we cannot have x < \/{y | y ¢ F} by complete primeness,
and if x ¢ F then x < \/{y | y ¢ F} trivially.)

Thus,

(P3) a point in L can also be viewed as a meet-irreducible element p € L.

3.4. Localic maps preserve points in the sense of (P3). We have

Lemma. Localic maps send meet-irreducible elements to meet-irreducible ones
again.

Proof. First, localic maps reflect tops, that is, if f(a) = 1 then a = 1: indeed, if
1< f(a) then 1 = f*(1) < a.

Now let f: L — M be a localic map and let a be meet-irreducible in L. Let
x Ay < f(a). Then f*(x) A f*(y) = f*(x Ay) < a so that, say, f*(z) < a and
x < f(a) (which cannot be the top, by the preceding paragraph). O

3.5. Now we can better explain what we said in 2.2.2 about the behaviour of the
locale P as a one-point space. Namely, the localic maps f: P — L are in a natural
one-one correspondence with the meet-irreducibles in L:

— P = 2 has precisely one meet-irreducible element, namely 0; associate with
f the meet-irreducible f(0);

— if p € L is meet-irreducible we have the localic map (0 — a,1 +— 1), adjoint
to the frame homomorphism h(z) = 0 iff z < p.
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4. Spectra

Adopting the idea of a point as in 3.1 we implicitly think of the filter F' also as of
the system of neighbourhoods of the “ideal point in the center”. This makes the
system of points of L to a space, the spectrum of L. It will be discussed in the
remaining sections of this chapter.

We will abbreviate “completely prime filter” to “c.p. filter”, and, as before,
we will write
f* for the left Galois adjoint of f.

4.1. For an element a of a locale L set
Yo={Fcpfilterin L |aecF}.
We easily check the

Observation. Xo = () and X1 = {all c.p. filters} (note that our filters are non-void
and proper), Yoy = Xa N By, and By, o, = U;e s Za, -

4.2. Consequently we have a topological space
Sp(L) = ({all c.p. filters in L}, {3, | a € L})
This space is called the spectrum of L.

4.3. The functor Sp. If f: L — M is a localic map we define

Sp(f): Sp(L) — Sp(M)

by setting
Sp(f)(F) = (f*)7'[F]
(since f* is a frame homomorphism the preimage is a c.p. filter).

4.3.1. Lemma. (Sp(f)) ![Za] = X (). Consequently, Sp(f) is a continuous map.

Proof. (Sp(f))™'[Za] = {F | Sp(f)(F) = (f*)'[Fl € 2a} = {F | a € (f*)"'[F]}
={F| f*(a) € F'} = X (a)- O

4.3.2. Obviously Sp(idz) = idsp(z) and Sp(g - f) = Sp(g) - Sp(f). Hence we have
Fact. The formulas for Sp(L) and Sp(f) define a functor

Sp: Loc — Top.

One speaks of the spectrum functor.
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4.4. Note. Usually one considers as the spectrum functor the contravariant
Y: Frm — Top, XL =Sp(L), Xh(F)=h"'[F],

as a counterpart to the : Top — Frm. We have modified the notation to em-
phasize the covariance. Shortly we will show that Sp is a right adjoint to Lc. Of
course, the adjunction can also be described in terms of an adjunction of €2 and
3; but which of the functors is to the left and which is to the right is much more
transparent for covariant functors.

4.5. The spectrum in terms of meet-irreducibles. If we represent the points by
meet-irreducible elements as in 3.3 we obtain the spectrum functor in a particularly
simple form. We set, of course,

Sp'(L) = ({all meet-irreducible elements in L}, {X] | a € L})

where ¥/, = {p | a £ p} (in the translation from 3.2: F, € X, iff a € F, if a £ p
iff p € X)) and using 3.4 we can define, for a localic map f: L — M,

Sp'(f): Sp'(L) — Sp'(M)
simply as the restriction, that is, by the formula Sp’(f)(q) = f(q).

(This is indeed what the Sp(f) above translates to. Let ¢ € Sp’(L). By

the formulas from 3.3 we obtain (f*) " *[F,] ={a| f*(a) £ ¢} ={a|a £

f(@)} and hence psy(s)(F,) = Pla | ags@y = VIl a < f(@)} = f(q).)

The reader may rightfully ask why we have not preferred this description
of spectrum to the one above. The reason is that we want to keep the intuition
of a point as a “limit of a diminishing system of spots”, and this is, of course,
fairly explicitly visible when using the filters, and not at all when using the meet-
irreducibles. But we will use the construction Sp’ as well.

4.6. The spectrum adjunction. (Recall AIL.6) The functors Lc and Sp are not
inverse to each other (and certainly have not been expected to be). But we have
the next best: they are adjoint to each other, and as we will see in the following
sections, the adjunction units have very nice properties.

4.6.1. By 4.1 we have frame homomorphisms
b1+ L — Le(Sp(L)
given by ¢ (a) = X,. Consider their right Galois adjoints, the localic maps
oL = (ér)+: Le(Sp(L)) — L.

Lemma. (1) The system (or)r constitutes a natural transformation LcSp = Id.

(2) Each oy, is one-one.
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Proof. (1) Let f: L — M be a localic map. We have

(oar-LeSp(f))"(a) = LeSp(f)* (¢n (@) = Q(Sp(f))(Xa)
={F|Sp(f)(F) 3 a} ={F | (f)'[F]2a} ={F | f*(a) € F}
=Yg = o[ (a)) = (00)"(f*(a) = (f - o) (a).

(2) The mapping ¢ is onto. Hence, from the standard Galois equation (see
AL5.3.1) ¢rondr = ¢, we obtain ¢ror, = id which makes oy, one-one. O

4.6.2. For a space X consider the mapping
Ax: X — Sp(Le(X))
defined by
Ax(x)=U(x)={U |z € U}.
Lemma. (1) Ax is a continuous map.
(2) The system (Ax)x constitutes a natural transformation Id = SplLc.

Proof. (1) Each open set in SpLc(X) is of the form ¥y with U open in X. We
have A\ [Sv] = {z |U(x) e Xy} ={z | UecU(x)} ={z |2 €U} =U

(2) Let f: X — Y be continuous. Since §(f) is the left adjoint to Lc(f) we have
(SpLe(f) - Ax)(x) = SpLe(f)U(x)) = (Qf)) " U())
={U | Ul et(@)} ={U |z € U]}
={U [ f(z) e U} = Ay (f(2)). m

4.6.3. Theorem. The functors Lc and Sp are adjoint, Lc to the left and Sp to the
right, with units X: Id = SpLc and o: LcSp = 1d.

Proof. Consider
Sp(o1) - Aspr.: SPL — Sp(Lc(SpL)) — SpL.
Since (01)* = ¢, we have
(Sp(oL)-Aspr) (F) = Sp(or)U(F)) = ¢, [U(F)]
—{U|Sy eU(F)y={U|FeSy}={U|UcF}=F

Consider
OLe(x) - Le(Ax): LeX — Le(Sp(LeX)) — LeX.

We have

(oLex-Le(Ax))*(U) = (Le(Ax)" - dLex))(U) = (Le(Ax))" (Zv)
=00x)Z0) =2\ Bu]={z | U@)2U}={z |zcU}=U. O
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4.6.4. Observation. We already know that each o is one-one. Now we have also
learned that

TLe(x) - Le(Ax) = idie(x)

which makes o\ ¢(x) an onto map and we conclude that

for each X, the localic map o\ c(x): Lc(Sp(LeX)) — LeX is an isomorphism.

4.7. The units in meet-irreducibles. In the spectrum description Sp’ the formulas
for the units appear as

Ax(z) =X ~A{z} and (ox)"(a) =%, ={p|a £ p}

5. The unit o and spatiality

5.1. Proposition. The following statements on a locale L are equivalent.

1
2

) L is spatial,
)

3) o7: L — Lc(Sp(L)) is a complete lattice isomorphism,
)
)

or: Le(Sp(L)) — L is a complete lattice isomorphism,

(
(
(
(

W

or s onto,
(5

Proof. The implications (2)=-(1), (2)=-(4) and (3)=-(5) are obvious. By 4.6.1 any
of (4), (5) implies any of (2), (3), (4), (5) (o and o} are monotone maps and
any of (4), (5) makes them inverse to each other, and hence complete lattice
isomorphisms).

It remains to prove that (1)=(2). Recall 4.6.4. If h: L — Lc(X) is an iso-
morphism we have the isomorphism o7, = h~!- OLe(x) - LSp(h). |

o7 15 one-one.

5.2. Thus the question whether L is spatial or not reduces to checking whether it
is (isomorphic to) the topology of its own spectrum. If it is not, it is not isomorphic
to the topology of any space.

5.3. Consider the reformulation of the spectrum in terms of meet-irreducibles.
Then the equivalence (1)<(5) in 5.1 concerns the implication

S o={platpl#S={p|btp} = a#b (5.3.1)
We obtain the following criterion.

Proposition. A locale L is spatial if and only if each element a € L is a meet of
meet-irreducible ones.

Proof. 5.1(5) can be reformulated as
bta = Xy £33,
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Thus, if b £ a there is a point p € ¥} \ X, that is, a < p and b £ p. Consequently,
a = A\{p points | a < p}.

Conversely, if a = A{p points | a < p} then for b £ a there is a point p such
that a < p and b £ p, hence p € ¥} \ 3. O

5.4. Aside: spatial Boolean algebras. Recall that an atom (resp. a co-atom) in L
is an element a > 0 (resp. a < 1) such that for each x, a > = > 0 implies that
x =a (resp. a < x < 1 implies that z = a).

The following is a trivial

5.4.1. Observation. In a Boolean algebra, a is an atom iff its complement a® is a
co-atom.

5.4.2. A Boolean algebra is said to be atomic if each of its elements is a join of
atoms. The following is a well-known fact.

Proposition. The following statements on a Boolean algebra B are equivalent.

(1) B is atomic,
(2) each element of B is a meet of co-atoms,
(3) B is isomorphic to the Boolean algebra B(X) of all subsets of a set X.

Proof. (1) and (2) are equivalent by De Morgan formulas. Now if B is atomic take
X the set of all atoms and represent b € B by the set A(b) = {z € X | < b}.
This is obviously an isomorphism (the only fact to realize is that A(a) = A(b)
implies that a = b and this is obtained as follows: if z € X and z < a = \/ A(a)
then 0 # 2 = \/{x Ay | y € A(a)} and hence, by atomicity, x = y for some
y € A(D)). O

5.4.3. Proposition. Fvery meet-irreducible element in a Boolean algebra is a co-
atom.

Proof. Let p be meet-irreducible in a Boolean algebra B. Let p < z. If y is the
complement of  we have 0 = x Ay < p and by meet-irreducibility y < p but then
y<zandl=2zVy=uz. O

5.4.4. Now by 5.3, every element of a spatial Boolean locale is a meet of co-atoms.
Consequently, by 5.4.2 a Boolean locale is spatial only if it is atomic; also, only if
it is (isomorphic to) the discrete topology of a space. Hence,

the spatial Boolean locales correspond to the discrete spaces.

The non-atomic complete Boolean algebras are, hence, examples of non-
spatial locales. To present a concrete one, take the real line and consider the
Boolean algebra B of all the open subsets U such that U = int U. Here we have
no atoms at all (each non-void element contains a strictly smaller non-void one)
so that Sp(B) = 0 although B is fairly large.

Frames of this type play a prominent role as we will see later (I11.8.3, VI.6).
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6. The unit \ and sobriety

6.1. Proposition. The space Sp(L) is always sober.

Proof. 1t is Ty because if c.p. filters F, G are distinct there is, say, an a € F'\ G
and then G ¢ ¥, > F.

Now let F be a completely prime filter in Sp(L). Set F = {a | ¥, € F}.
By Observation 4.1, F' is a c.p. filter in L. If ¥, € F then a € F and F € X,; if
FeX,thenae€ Fand X, € F. Thus, F ={%, | F € £,} =U(F). O

6.2. Proposition. The following statements about a space X are equivalent.

(1) X is sober,
(2) Ax: X — SpLc(X) is one-one onto,
(3) Ax: X — SpLc(X) is a homeomorphism.

Proof. (1)=(2) is in 1.1.3.1.

(2)=(3): We have to prove that Ax[U] is open whenever U is. But Ax[U] is the
set {U(z) |z e U}y ={U(x) |UeU(X)} ={F cp. filter | U € F} =Xy.
(3)=(1) is in 6.1. O

6.3. Hence, SpLc(X) is sober, and for a sober X we have SpLc(X) = X. Thus,
SpLc[Top] = Sob and we can decompose

s C
Top ke s Loc P Top as Top R Sob > Top

with R identical on Sob.
This makes Sob a reflective subcategory in Top (see AIIL.8) with the reflection

Ax: X — JR(X).

6.3.1. Remarks. (1) Note that the reflection in 6.3 (the sobrification, as it is often
called) does the same as the completion of metric spaces: it fills in the special filters
that have not been, so far, neighbourhood systems as new points; they become
neighbourhood systems “of themselves”.

(2) From 4.6.4 we see that for a spatial frame L, the X such that L = Q(X) is
not uniquely determined: the lattice of open sets of a space and that of its sobrifi-
cation are isomorphic. But nothing worse can happen: if there is an isomorphism
a: Le(X) — Le(Y) we have an isomorphism Sp(a): SpLe(X) — SpLc(Y'). Thus,
the sobrifications are isomorphic. This is, of course, no surprise. We know since
[.1.4 that a sober space can be reconstructed from its lattice of open sets.

(3) The fact that the open set lattice of a space is isomorphic with that of its
sobrification shows that the sobriety cannot be expressed as an algebraic property
of a frame. Other “completeness properties” can, however, as we will see later.
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6.4. Aside: sober posets.We have already said in 1.3.4 that the Alexandroff space
(X, Up(X, <))

(here Up(X, <) is the set of all up-sets in (X, <)) is not very often sober. We will
now present a characteristics of those that are. Furthermore, we will see that the
sobrification of an Alexandroff space is its set of ideals endowed with the Scott
topology (recall that a subset S of a poset is Scott-open if it is an upper set and all
directed sets D that have a supremum in S have non-empty intersection with S).

6.4.1. We have already had three representations of points. For Up(X, <) there is
yet another, and a very handy one.
For a completely prime filter F in Up(X, <) define

Jr={rxe X |z eF}

Fact. Jr is an ideal in (X, <).

(Indeed, if Tz € F and y < z then Tz C 1y. If Tz, 1y € F then 0 #
TN Ty € F and we have a z > x,y. Further, Jr is non-empty by the
complete primeness: take any U = {1z |z € U} € F.)

On the other hand, for an ideal J in (X, <) define
Fi={Uelp(X,<) | UNJ #0}.
We have

Fact. F; is a completely prime filter in Up(X, <).

(Obviously 0 ¢ F;, JU, € Fy = F,U, € Fj,andV 2 U € F; =
VeF;IfaeeUNJandy € VNJ choose az € J such that z > z,y;
then z € (UNV)NJ.)

6.4.2. Lemma. F — Jr and J — Fj are mutually inverse correspondences.

Proof. It U € F;, then UN Jr # () and we have an z with Tz € F and = € U.
Then tx € U and U € F. Conversely, if U € F then U = | J{lz |z € U} € F
and since F is completely prime there is an « € U with Tx € F; hence x € Jr,
UNJg#0,and U € Fy,.

If © € Jg, then Tz € F; and we have a y € J such that y € Tz, that is,
x <y, and x € J. On the other hand, if x € J then Tz € F; and x € Jr,. (|

6.4.3. Lemma. A c.p. filter F is a U(x) = {U | © € U} if and only if x is the
mazximum of Jr.

Proof. If F = U(x) then for all U € F, U 2 Tz, and in particular for y € Jr,
x > y. If x is the maximum of Jz then U € Fiff dy € Jr, ye U iff x € U. O
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6.4.4. Recall that a poset (X, <) is Noetherian if there is no strictly increasing
sequence
ar <ap < - <ap <. (%)

Proposition. Up(X, <) is sober if and only if (X, <) is Noetherian.

Proof. Tt immediately follows from 6.4.3. Each ideal has a maximum iff there is
no sequence of the form (x): if there were we had the ideal {z | 3i, © <a;}. O

6.4.5. Thus, the sober reflection of a poset (X, <) (more precisely, of its Alexan-
droff space) can be represented as

(dI(X, <), 7)

where IdI(X, <) is the set of ideals of (X, <) and 7 consists of the U = {J | UNJ #
0} with U € Up(X, <) (use 6.4.2: By translates to {J | F; 2 U} = {J | UNJ # 0}).
Note that x € U iff |x € U.

6.4.6. Proposition. T is the Scott topology of (1dI(X, <), Q).

Proof. Obviously each U is an up-set in C. Let J = \/1T J; € U. The directed
supremum \/lT J; of ideals is obviously the union | J, J;, hence |J, J; N U # 0 and
there is an 4 such that J; N U # 0. Thus, U is Scott open.

Now let U be Scott open in (IdI(X, <), C). Set

U={z]| |z eU}.

Let J € U. We have J = \/"{|z | z € J}, hence there is an # € J such that
lz €eU; thisz isin JNU, and |z € U. If Jis in U then JNU # 0 so there is an
x € J with |x € U; but J O |x, and hence J € U. O



Chapter III

Sublocales

The morphisms in the category of locales are, admittedly, not quite standard.
Even replacing the “inversely viewed” frame homomorphisms by the localic maps
as we did in I1.2.2 may seem to be a bit ad hoc. Therefore it is worthwhile to be
thorough in explaining why the definition of a sublocale to be presented in this
section is what it is. We will see that it is in fact most natural, and that it hardly
can be chosen otherwise.

1. Extremal monomorphisms in Loc

1.1. In a general category we have the notion of a monomorphism that (roughly
speaking, but not really very roughly) models the idea of a one-one mapping (that
is, one-one mapping well behaved with respect to the structure in question). It is a
morphism m such that mf = mg implies f = g (see AIL.1.3; it is an easy exercise
to check that this requirement characterizes the one-one mappings in the category
of sets, but also the one-one continuous mappings in Top, one-one homomorphisms
in everyday categories of algebras, one-one graph homomorphisms, etc.). A one-
one morphism is not necessarily an embedding of a subobject: see for instance the
one-one graph homomorphism m: A — B sending i to ¢ in Figure 1.

0 1 0 1

Figure 1: One-one graph homomorphism m.

J. Picado and A. Pultr, Frames and Locales: Topology without points, Frontiers in Mathematics, 23
DOI 10.1007/978-3-0348-0154-6_3, © Springer Basel AG 2012
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Why is it not an embedding? The structure of the source A is weaker than that
of its image in B — in other words, on the vertices of A there is a strictly stronger
structure under which the formula still constitutes a graph homomorphism. That
is, we can insert a graph C, a one-one onto homomorphism e: A — C' that is not
an isomorphism, and an m’: C — B such that m = m/e, as in Figure 2.

\ /
Figure 2: m is not an embedding.

An embedding, hence, is a monomorphism for which such an insertion is impossi-
ble. This leads to the definition of extremal monomorphism: a monomorphism m
such that whenever m = m'e with e an epimorphism then e is an isomorphism
(this e is necessarily a monomorphism, so that we speak of an e that is both an
epi- and a monomorphism) — see AT.4.2.

Dually, one defines an extremal epimorphism as an epimorphism e such that
if e = me’ with m a monomorphism then m is an isomorphism. Obviously f
is an extremal monomorphism in a category C if and only if it is an extremal
epimorphism in the dual category C°P.

1.1.1. Lemma. Monomorphisms in Frm are precisely the one-one frame homomor-
phisms.

Proof. A one-one homomorphism % is obviously a monomorphism: if h(f(z)) =
h(g(x) then f(z) = g(x). Now let h: L — M not be one-one. Then there are
a,b € L, a # b such that h(a) = h(b). Consider the frame 3 = {0 < ¢ < 1} and
the maps f,g: 3 — L sending 0 to 0, 1 to 1, and f(c¢) = a, g(c¢) = b. Obviously f
and g are frame homomorphisms, and hf = hg while f # g. O

1.1.2. Lemma. Let f: L — M be a frame homomorphism. Then f[L] is a subframe
of M (that is, a subset closed under all joins and finite meets; in particular, it
contains Opr and 1pr) and f = j-g where j: f[L] — M is the embedding mapping,
and g is a frame homomorphism defined by g(x) = f(x).
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Proof. 1t is trivial (if y; = f(x;) then

Vuyi=V fl@:)=f(V zi)

i€J i€J i€J
etc.). O

1.1.3. Proposition. Extremal epimorphisms in Frm are precisely the onto frame
homomorphisms.

Proof. Let f: L — M be an onto frame homomorphism. Then, first, it is obviously
an epimorphism. Now let f = mg with m: N — M a monomorphism. Then m is a
one-one onto frame homomorphism, and hence an isomorphism (as any invertible
homomorphism of algebras), and hence f is extremal.

Now let f: L — M not be onto. Then we have the decomposition f = jg
from 1.1.2, with j a non-isomorphic monomorphism. O

1.2. Corollary. Extremal monomorphisms in Loc are precisely the one-one localic
maps. O

(Indeed, for Galois adjoints f,g we have fgf = f and gfg = g — see
ALS5. Thus, if f is onto, fg = id and g has to be one-one; if g is one-one
we obtain that fg = id which makes f onto.)

1.3. Remarks. (1) Note that we have not learned what the epimorphisms in Frm
resp. monomorphisms in Loc are. They constitute, in fact, a rather wild class, see
IV.6 below.

(2) The reader may be surprised that the embeddings of subobjects will be repre-
sented by just onto frame homomorphisms (and one-one localic maps), not some
special ones. But realize what happens with embedding of spaces j: Y C (X, 7):
the subspace topology is defined as {UNY | U € 7} making for the onto frame
homomorphism (U — UNY): Q(X) — Q(Y). If we had Y endowed with a finer
topology, Q(j) would not be onto (and the corresponding localic maps would not
be one-one).

2. Sublocales

A one-one localic map that is onto is an isomorphism (because the corresponding
frame homomorphism is one), and a poset isomorphic to a locale is a locale as
well. Thus, discussing embeddings of locales into other ones, that is (by 1.2) one-
one localic maps, can be reduced to the discussion of actual sub-locales, that is,
embeddings j: S C L of subsets of L such that

— S is a locale in the order induced by that of L (which does not say that it
should inherit the lattice structure), and

— 7 is a localic map.
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2.1. A subset S C L is a sublocale if
(S1) it is closed under all meets, and
(S2) for every s€ S and everyx € L, x — s € S.

Note that a sublocale is always non-empty: 1 = A () is in every S satisfying (S1).
The least sublocale {1} will be denoted by

0.

2.2. Proposition. Let L be a locale. A subset S C L is a sublocale if and only if it
is a locale in the induced order and the embedding map j: S C L is a localic map.

Proof. =: Let S be a sublocale. By (S1) it is a complete lattice and by (S2), in
particular, it is closed under the Heyting operation, hence each of the (z +— z A a)
has the right adjoint (z — (a — x)): S — S, and the frame distributivity holds.
Thus, S is a locale. Now because of (S1), j preserves meets, and hence it has a
right adjoint h: L — S. We have

VeeLVseS, h(x)<s iff z<s.

We want to prove that h preserves finite meets. For any a,b € L, h(a)Ah(b) < s € S
iff h(a) < h(b) —» siff a < h(b) - siff h(b) <a—sif b<a—sif and <s
iff h(a Ab) < s and hence h(a) A h(b) = h(a A'b). Since z < h(x) for any z (as
h(z) < h(z)), we have 1 < h(1).

«<: Let S be a locale and let j: S C L be a localic map. Then, first, S is a
complete lattice and j preserves all meets so that (S1) holds. Further, S is a
Heyting algebra; denote by 5 its Heyting operation. For the frame homomorphism
h adjoint to j, and for any x,a € L and s € S, we have x < h(a) 5 s iff h(z) <
h(a) 5 s iff h(z Aa) = h(z) ANh(a) < s iff zAa < s iff 2 < a— s and hence
a—>s=h(a)£>s€5. 0

2.2.1. Thus, a sublocale S C L is itself a locale. Since it is closed under meets in
L, it follows from (S2) that

the Heyting operation in S coincides with that in L.

2.3. Corollary. Let S be a sublocale of L and let T be a sublocale of S. Then T is
a sublocale of L. a

2.4. Unlike the meets and the Heyting operation, the joins in a sublocale S C L
in general differ from those in L. For a simple formula see 5.4 below.
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3. The co-frame of sublocales

3.1. We will point out a few very simple formulas concerning Heyting operation.
Some of them will be used right away, and some of them will find an application
later (in particular when we will discuss special sublocales).

First, the Galois adjunction in the basic formula
aANb<c iff a<b—ec (H)

immediately yields

a— Nbi= A(a—b) (A\-distr)

i€J ieJ

since the right adjoint (a — —) preserves meets (preserving joins by the left adjoint
resulting in the frame distributivity has been already mentioned in I1.1.4).

Further, note that the Heyting operation is antitone in the first variable,
that is,

r<y = y—a<zr—a (anti)

(if 2z <y —a, that is, zAy < a and < y then z Az < a and hence z <z — a).
Finally, using the commutativity of meet we obtain from (H) the contravari-

ant adjunction
a<b—c iff b<a—c (H*)

resulting in the formula

( V a,») b= A (ai —b). (\ A\-dist)

icJ ic€J

3.1.1. Proposition. In any Heyting lattice L

a
(aANb) —c=a—(b—¢c) and a— (b—¢)=b— (a — c),

H8) a= (aVb)A(b— a),

(a—b)—b)—b=a—b.
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Proof. We will use (H) repeatedly without mentioning.

(H1): Choose an arbitrary € L and set 1 = ¢ — z. For any a € L we have
aNz < xand hence a < x — x. Now for any y we havey <1 — aiff y = yAl <a,
and hence 1 — a = a.

(H2):1<a—biffa=1Aa—b.
(H3): a Ab < a, hence a < b — a.
(H4): By (A-distr), a = (aAb) =(a —a)A(a—b)=1A(a —Db).

(H5): @ — b < a — band hence (a — b)Aa < b and consequently aA(a — b) < aAb.
On the other hand, a Ab < a A (a — b) by (H3).

(H6) follows from (H4) and (H5).

(H7): We have z < (aAb) = ciff e Aanb <ciff eAa <bAciffz <a— (b— c).
The second formula now follows from (a Ab) — c= (bAa) — c.

(H8): a < (aVb)A(b — a) by (H3); on the other hand, by distributivity, (aVb)A(b —
a)=(@N(b—=a)V(ODAD—a))<aVa=aby (H3) and (H5).

(H9) follows from (H5).

(H10): The inequality > follows from (H9) while < follows from (H9) and (anti).
|

3.2. Obviously, an arbitrary intersection

N S

i€J
of sublocales S; is a sublocale. Hence (recall AI.4.3) the system
SU(L)

of all sublocales of a locale L is a complete lattice.
The join of sublocales is (of course) not the union, but we have a very simple

formula
V Si={ANA|AC U Si}.
ieJ ieJ

(Indeed, each sublocale containing all the S; has to contain all the meets
A\ A with A CJ,.; Si. On the other hand,

T={\A|AC U S}

i€J

i€J

is obviously closed under meets, and for an arbitrary « € L, by (A-
distr), z — ANA = A{z — a | a € A}; each such z — a is in (J;c; 5
and hence the meet is in 7T'.)

3.2.1. Theorem. S/(L) is a co-frame (that is, the dual poset S((L)°P is a frame).
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Proof. The inclusion ((,c; 4i) V B € ;e (A; V B) is trivial.
Now let x € (;c,(A; V B). Thus, for each i there are a; € A; and b; € B

such that = a; A b;. Set b= A\, ;b;. Then

T = /\aj/\ /\bj: /\aj/\bgai/\bgai/\bigx
jer jer jer

and hence z = a; Ab for all i. By (H6), all the b — a; coincide; if we denote by a the
common value we have, by (H5), 2 = bAa; = bA(b — a;) = bAa € BV(),c; A O

(The first short proof of such distributivity in a similar vein is due to
Dana Scott, as communicated to us by P.T. Johnstone.)

4. Images and preimages

4.1. The image. Let f: L — M be a localic map. Then we have

Proposition. For each sublocale S of L, the set-theoretic image f[S] ={f(s) | s €
S} is a sublocale of M.

Proof. (S1) is immediate since f, as a right adjoint, preserves meets.

(S2): Here we have to recall 11.2.3. Let s € S and let y € M be arbitrary. Then
y— f(s) = f(f*(y) = s) € fIS]. -

The sublocale f[S] will be referred to as
the image of S

under (the localic map) f.

4.2. The preimage. Unlike f[S], the set-theoretic preimage f~![T] of a sublocale
T C M is not necessarily a sublocale of L. To obtain a concept of a preimage
suitable for our purposes we will, first, make the following

Observation. Let A C L be a subset closed under meets. Then {1} C A and if
S; C A forieJ then \/;c;S; C A.

Consequently there exists the largest sublocale contained in an A closed under
meets. It will be denoted by
Asloc~

4.2.1. The set-theoretic preimage f~![T] of a sublocale T is closed under meets
(indeed, f(1) = 1, and if @; € f~*T] then f(z;) € T, and hence f(\;c;x:) =
Nicy f(@i) € T, and A\,c; 2 € f~1[T]) and we have the sublocale

f*l[T] = (f_l[T])sIoo
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It will be referred to as
the preimage of T

under (the localic map) f.

4.3. Proposition. For every localic map f: L — M, the preimage function f_1][—]
is a right Galois adjoint of the image function f[—]: S((L) — SU(M).

Proof. If f[S] C T then S C f~!T]. Since S is a sublocale, S C f_1[T], the largest
sublocale contained in f~1[T]. On the other hand, if S C f_1[T] then S C f~[T]
and hence f[S] C T. O

5. Alternative representations of sublocales

5.1. Sublocale homomorphisms. Often, following the fact that extremal monomor-
phisms in Loc are the adjoints to the extremal epimorphisms in Frm, sublocales
of L are represented as onto frame homomorphisms g: L — M (recall 1.1.3); one
speaks of sublocale homomorphisms. This is a straightforward use of the extremal
monomorphism idea, but has a lot of disadvantages. First of all, a sublocale ho-
momorphism is only one of many representatives of the “generalized subspace” in
question; if there is an isomorphism ¢ such that ¢g; = go then the “subspace”
represented by ¢1 and g, is the same. The order (more precisely, preorder) is ob-
vious: g1: L — M is smaller or equal go: L — My if g3 = hgs for some frame
homomorphism h: My — M; (which is then, automatically, itself onto). This is
transparent, but the lattice operations not quite so: the meet of (g;: L — M;);c
is the canonical g: L. — M into the colimit of the diagram; thus for instance, the
meet of g1: L — My and go: L — Ms is the diagonal of the pushout

I g1 . M1
g2

\ \
M2 > M

(something theoretically lucid, but not very easy to compute). The join is even
more entangled. Compare this with the lattice operations in S/(L) !

The translation of sublocale homomorphisms to sublocales as above, and vice
versa, is as follows:

h+— h.[M] for an onto h: L — M and h, its right adjoint, and

S+ js: L — 8 forjg: SCL.

5.2. Frame congruences. Using frame congruences (that is, equivalences respecting
all joins and finite meets) is more handy. A sublocale homomorphism g: L — M
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induces a frame congruence

Eg ={(z,y) | 9(z) = 9(y)}
and a frame congruence gives rise to the sublocale homomorphism
(x+— Fz): L— L/E

(where L/E denotes the quotient frame defined by the congruence E, just as
quotients are always defined for algebraic systems, and Fx denotes the FE-class
{y | (y,x) € E} of z € L).

This correspondence is of course not one-one, but £}, = F, precisely if there is
an isomorphism ¢ such that ¢g = h; thus, a frame congruence represents precisely
the equivalence class of sublocale homomorphisms representing the same sublocale,
and hence the frame congruences represent well the sublocales themselves.

Furthermore, intersections of frame congruences are frame congruences which
makes the structure of the lattice fairly transparent.

Attention. The natural subset order in the lattice of frame congruences is inverse
to the natural order of sublocales (the bigger the congruence the smaller the sub-
space). Thus, by 3.2.1 the ensuing lattice is a frame. One speaks of the congruence
frame of L and writes

¢(L).

It will play an interesting role later.

5.3. Nuclei. Another important alternative representation of sublocales is provided
by the following notion.
A nucleus in a locale L is a mapping v: L — L such that

The translation between nuclei and frame congruences resp. sublocale homomor-
phisms is straightforward:

v By ={(z,y) | v(z) = v(y)},
Ersvp=(x—\ Bzx): L — L

v — hy, = v restricted to L — v[L],
h vy = (x — hoh(z): L — L.

Since the nucleus representation is very important it is worthwhile to briefly
discuss the relation of sublocales and nuclei directly.
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For a sublocale S C L set
vs(a) =js(a) = A{se€Sla<st (js:5CX),
and for a nucleus v: L — L set
Sy =v[L].
5.3.1. Lemma. (a) For every a,b € L we have v(a — v(b)) = a — v(b).
(b) For every a,b € L, b — v(a) = v(b) — v(a).

Proof. (a): Using, in this order, (N1), (N4), (H5) from 3.1.1 and (N2), (N3), we

obtain
via = v(b)) Na <v(a— v(b)) Av(a)

=v((a—wv(b) Aa)
Thus, by the basic Heyting formula, v(a — v(b))
again.

(b): Since b — v(a) < b — v(a) we have by (H) in 3.1, b — v(a) Ab < v(a) and
by(N4) and (N3), v(b — v(a)) Av(b) < v(a). By (H) and (N1), b — v(a) <v(b

v(v(b )) = v(b).

<
< a — v(b). Finally, use (N1)

) —
v(a). Since u — v is antitone in the first variable, we also have v(b) — v(a) < b —
v(a). O

5.3.2. Proposition. The formulas S — vg and v — S, above constitute a one-one
correspondence between sublocales of L and nuclei in L.

Proof. Let v be a nucleus and let a; = v(b;) € v[L]. Then v(Aa;) < Av(a;) =
Avv(b) = Av(b;) = A a;. If ais general and s = v(b) € v[L] then a — s = v(a —
s) € S by 5.3.1(a). Thus, v[L] is a sublocale.

Let S be a sublocale. Then vg obviously satisfies (N1), (N2), (N3) and the
inequality vs(aAb) < vg(a) Avg(b). Now we have aAb < vg(aAb), hencea < b —
vg(a Ab) and, by (S2), vs(a) < b — vg(a Ab); further b < vg(a) — vg(a AD), and
by (S2) again, vg(b) < vg(a) — vs(a Ab) and finally vg(a) Avg(b) < vg(aAb).

vg|L] = S since vg(a) € S by (S1), and for s € S trivially vg(s) = s.

Finally, vg,(a) = N{v(d) | a < v(b), b € L} = v(a) since a < v(a) and if
a < v(b) then v(a) < vv(b) = v(b). O

5.3.3. Corollary. The congruence Eg associated with a sublocale S is given by the
formula

aEsh iff Vse S (a<siff b<s).

5.4. Recall 2.4. The joins | | in a sublocale S C L are given by

Ll ai =vs(V ai).

icJ ic€J

Indeed: v(\ a;) is in S and > a;; on the other hand, if b € S and b > q; for all i
then b > \/ a; and hence b = v(b) > v(\/ ;).
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6. Open and closed sublocales
6.1. In this and the following sections we will often use the formulas from 3.1 like
(H), (A-dist), (Hj). Repeated recalling the address 3.1 will be omitted.

6.1.1. Open sublocales. The frame Q(X) associated with a space is the lattice of
all open subsets of X. Thus, an element a € L of a locale (frame) can be expected
to have also something to do with a “generalized open subspace”. If U C X is an
open subset, the frame representing it as a “generalized space” is

QU)={VopeninU = openin X |V CU},

that is, Q(U) = |U in Q(X). Thus, one might expect a representation of open
sublocales of L as the subsets |a C L, a € L.

Such a subset |a, however, is not a sublocale. What went wrong? There is a
natural sublocale homomorphism

a=(x—aAzx): L— |a

but we have forgotten that we have to do with the associated localic map, not
with the frame homomorphism a. This f is determined by the adjunction formula

ana <y iff x<f(y),

that is, x < a — y iff < f(y), yielding f(y) = a — y. Thus, the open sublocale
associated with an a € L, the (isomorphic) image of |a under f, is

o(a) ={a—z|xeL}

(by (H4), @ — a Az = a — z, hence we could replace in the formula the x < a by
the more expedient x € L). As an image of a locale under a localic map, o(a) is
indeed a sublocale, but checking the properties directly is also very easy.

By (H7), a — (a — z) = a — x and hence we have alternatively the formula

o(a)={x€L|a—xz=uz}
often useful in computations.

6.1.2. Closed sublocales. These are technically simpler to describe. Here the nat-
ural representation of the “complement of a” (we will see shortly that it is really
the complement of o(a) in SV(L)) is

c(a) = Ta,
already a sublocale of L as it is.

6.1.3. Proposition. o(a) and c(a) are complements of each other in S(L).
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Proof. If y is in ¢(a) N o(a) we have a < a — x = y for some = € L; hence by
(H) @« < x and by (H2), y = a — = = 1. On the other hand, for any x € L,
x=(xVa)A(a— x) by (H8) so that = € ¢(a) V o(a). O

6.1.4. Corollary. a < b iff ¢(a) 2 ¢(b) iff o(a) C o(b). O

(The first equivalence is obvious and the second one follows from the
complementarity.)

6.1.5. Proposition. We have

o(@) o) =oland),  \ ola)=o(V a),

ieJ ieJ

N c(a;) =c(V a;), c(a) Vc(b) = c(a AD).

ieJ ieJ
Proof. We have x € (¢(a;) iff for every 4, x > a; iff z > \/ a;, and ¢(a) V ¢(b) =
{x Ay | x>a, y>b}=claAb). The first formula follows from the last one by
complementation; the second formula follows from the third, also by complemen-
tation (note that in any co-frame the second De Morgan law (A x;)* = \/ 7 holds
— see AL.7.3.3). O

6.2. Open and closed sublocales of sublocales. They behave similarly like in spaces,
as could be expected. We have

6.2.1. Proposition. Let S be a sublocale of L and let vs be the associated nucleus.
Then the closed sublocales cs(a) in S are precisely the intersections with S of the
sublocales closed in L and we have ¢(a) N S = cg(vs(a)).

Similarly the open sublocales o(a) in S are precisely the intersections with S
of the sublocales open in L and we have o(a) NS = og(vg(a)).

Proof. Let cs(a) = {z € S| x > a} be a closed sublocale in S. Then cg(a) =
TanS =c¢(a)NS. On the other hand, let ¢(a) be an arbitrary closed sublocale in
L. Consider ¢’ = A(c(a) N'S). Then ' € S and

re€Sandx>d iff x€Sandz>a,

that is, © € cg(a’) iff € ¢(a) N S. Finally, we have

ad=ATanS)=A{s€S|a<s}t=r(a).

The statement on open sublocales follows from the fact that o(a) resp. og(a) is a
complement of ¢(a) resp. cg(a) and from the unicity of complements. O

6.2.2. Remark. The reader may wonder about these formulas; if Y is a subspace of
X and (say) U is open in Y then it is typically not open in X while we have here
an open sublocale of Y represented by v(a) indicating an open set in X. But we
should not forget that the subspace Y, as a sublocale of (X)) is not represented
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as Q(Y) (that is, as the frame of the U NY, U € Q(X)), but as the frame of the
largest U in Q(X) such that UNY =V NY for some V € Q(X). In particular,
the closed sublocales A resp. ANY are represented by the up-sets of open sets,
and we have

UNY2(X~NA)NY if UDY~N(ANY).

6.3. Preimages of open and closed sublocales. Here, again we have a situation sim-
ilar with that of spaces. Note that in the closed case, the preimage even coincides
with the set-theoretical one.

Proposition. The preimage of a closed (resp. open) sublocale under a localic map
is closed (resp. open). Specifically, we have

fale@)] = [ e(@)] = e(f*(a)) and  foi[o(a)] = o(f*(a)).
Proof. The adjunction formula
ffla) <z iff a< f(x)

can be rewritten as
rec(f(a) iff z€flal
Thus, f~1[c(a)] = ¢(f*(a)), a sublocale, and hence further equal to f_1[c(a)].
Now since f(f*(a) — y) = a — f(y) by 11.2.3 we have o(f*(a)) C f~[o(a)].
Let S be a sublocale, S C f~1[o(a)]. We will prove that S C o(f*(a)). If s € S
than any © — s is in S, and f(x — s) is in o(a). Hence by 11.2.3 and (H7)

flx—=s)=a— fx—s)=[f(f(a) = (x = 9) = [((f (@) Nz) = )
and in particular for x = f*(a) — s we obtain, by (H7) and (H2),
F(f(a) = s) = s) = f((f7(a) As) = s) = f(1) =1
and by I1.2.3 and (H3), f*(a) — s = s, that is, s € o(f*(a)). O

6.4. Notes. (1) The nuclei associated with c(a) resp. o(a) are
Ve(a)(®) =aVx resp. vyq)(r) =a— .

(The first is straightforward. Now vy (z) = Afa — y |2 < a —
y, y € Lhife <a—ythena -z <a— (a — y) =a — y, hence
Vo(a)(®) > a — x, and on the other hand, a — x < a — z and by (HT7)
a — (a — ) = a — x proving the other inequality.)

Thus (recall 5.4), the non-empty joins in a closed sublocale coincide with the
original ones. This, of course, is an exceptional case.
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(2) For the congruences associated with ¢(a) resp. o(a) one uses the standard
symbols
Vo resp. A,.

From the first note above we infer that
zVey ff zVa=yVa, and
xAgy M xAha=yAa.

6.4.1. Recall from 5.2 the congruence frame €(L), isomorphic to S¢(L)°P. Thus
(in the natural inclusion order of the congruences) we have the one-one frame
homomorphism

Vi=(a—V,): L —&(L).

This homomorphism will play an important role later.
6.5. Each sublocale can be obtained from closed and open ones using intersections
(meets) and finite joins. We have

Proposition. Let S be a sublocale. Then

S =e(@) Voly) | vs(z) = vs(y)}-

Proof. 1. Let a € S and let vg(r) = vg(y). We have vg(a) = a and hence by
53.1(b),z ma=v(z) a=v(y) >a=y—aand by (H8),a = (aVa)A(x —
a)=(aVz)A(y—a)ec(z)Voly).

IL. Let a be in ({c(x) Vo(y) | v(z) = v(y)}. Then in particular a € ¢(v(a)) Vo(a).
Hence, a = y A (a — z) for some y > v(a) (> a) and z € L, and by (/A-distr) and
further by (H7) and (H2), l=a—a=(a—=y)A(a— (a—2)=1A(a— 2z) =
a — z and hence a =y A (a — z) =y > v(a). Thus, a = v(a) € S. O

This can be translated into the language of frame congruences as follows

6.5.1. Corollary. Fach frame congruence E can be expressed as

E=\{V.NAy | aEb}. O

7. Open and closed localic maps

We will analyze the counterparts of open continuous maps and closed continuous
maps in classical spaces.

7.1. Lemma. Let f: L — M be a localic map and let S be a sublocale. Then we
have for the congruences associated with S and f[S] the formula

aEpsb iff  f*(a)Esf*(b).
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Proof. Recall 5.3.3. We have

aEggb iff Vse S, (a < f(s)iff b < f(s))
iff VseS, (f*(a) <siff f7(b) <s) if f"(a)Esf*(b). O
7.2. A localic map f: L — M is said to be open if the image f[S] of each open
sublocale S C L is open.

Proposition. [Joyal & Tierney] A localic map f: L — M is open if and only if f*
is a complete Heyting homomorphism.

Proof. By 6.4 the congruence A, associated with an open sublocale o(a) is given by
Ay iff zAa=yAa. (%)

Now f: L — M is open iff for each a € L there is a b € M such that f[o(a)] = o(b).
Denote such a b by ¢(a). Thus, by (x) and 7.1 we have for z,y € M

TAG@) =yAda) I [@)Aa= () Aa
This formula can obviously be rewritten as
e Agla) SyAdla) i fH(@)Aa< [ (y)Aa
and since z A ¢(a) < ¢(a) resp. f*(x) A a < a anyway this in turn is equivalent to
xAda) <y iff f(x)Aa< f*(y). ()
Setting x = 1 we obtain
pla) <y it a< f*(y).

Thus, f* also has a left adjoint ¢ and hence it preserves all meets (besides all the
joins), that is, it is a complete homomorphism. Now, using (*+) with general 2 we
obtain, for any a,

a< ff(x) = fy) it fre)Na < f(y)
ifft zAgla)<y iff ¢a)<z—y iff a< f*(xz—y).

Thus, f* preserves the Heyting operation.
On the other hand, let f* be a complete Heyting homomorphism. Then f*
has a left Galois adjoint ¢, because of the completeness, and

fflayna< f(y) i a<f(z)— f'y)=f(z—y)
iff ¢(a) <z —y iff zA¢la) <y,

and (*x) holds. O
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7.2.1. Remarks. (1) A simple translation using adjoints provides two alternative
characterizations for localic open maps f: L — M (see [206] for details):

— f* admits a left adjoint fi that satisfies the (Frobenius) identity

filan f*(b)) = fila) Abforalla e L and b e M.

— f* admits a left adjoint f, that satisfies the identity

fla— f*(b)) = fi(a) > bforalla € L and b € M.

(2) The open localic maps model the open continuous maps, but not without a
proviso. Namely, there are some anomalies in representing subspaces as sublocales:
if a space is not Tp then distinct subspaces can be represented by the same sublo-
cale (and an open one can be represented equally with one that is not open). But
if we consider Tp-spaces (which is not a very serious restriction) then indeed a
continuous f: X — Y is an open continuous map iff the corresponding localic
map Lc(f): Le(X) — Le(Y) is open. See [227].

(3) Comparing frame homomorphisms and open frame homomorphisms (= com-
plete Heyting homomorphisms) the question naturally arises about an interpreta-
tion of complete lattice homomorphisms (disregarding the Heyting operation). It
may come as a surprise that in a very broad class of locales (including the Le(X)
of all T}-spaces, and more), such a homomorphism is automatically Heyting and
hence open. See V.1.8 below.

7.3. A localic map f: L — M is said to be closed if the image of each closed
sublocale is closed.

Proposition. For a localic map f: L — M the following statements are equivalent.

(1) f is closed.

(2) For each a € L, f[1a] = Tf(a).

(3) For everya € L andbe M, f(aV f*(b)) = f(a) Vb.

(4) For everya € L and b,c € M, ¢ < f(a) Vb iff f*(c) <aV f*(b).

(5) For everya € L andb,ce M, f(a)Vb= f(a)VciffaV f*(b) =aV f*(c).

l])’roc;{.( ()1)@(2): f[Ta] = 1b for some b and since f(a) is obviously smallest in f[Ta],
(2)<(3): We always have f(a Vv f*(b)) > f(a) vV f£*(b) > f(a) Vb. If f is closed,
fla) vb = f(x) for some x > a. As f(xz) > b we have z > f*(b) V a, and
flav f*(b) < f(z) = f(a) Vb.

Conversely, if © > f(a) then x = f(a) V= f(aV f*(x)).
B)e@): (fla)vb=flaV (b)) & (c < fla) V) iff ¢ < (f(aV f7(b)) & (¢ <
fla)Vvoiff f*(¢) < aV f*(b)).
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(4)=(5) is obvious.

(5)=(4): If ¢ < f(a) V b then f*(c) < f*(f(a) V) = f*f(a) V f*(b) < aV f*(b).
On the other hand, if f*(c) < aV f*(b) then f*(c)V f*(b) Va=aV f*(b), that is,
ffevb)Vva=aV f*(b). Thus, by hypothesis, f(a) Vb= f(a) VbV c and finally
fla)vb>ec. O

7.3.1. Notes. (1) Confronting closed continuous maps and closed localic maps, the
same proviso holds as in 7.2.1(2). See [227].

(2) The reader may check as an exercise that a sublocale S of L is open iff the
embedding js: S — L is an open localic map (so open maps generalize open
sublocales). In order to have a similar result for closed sublocales one has to restrict
the class of closed maps to proper maps (the point-free version of the classical
notion of perfect map): a localic map f: L — M is proper if it is closed and
the right adjoint of f* preserves directed joins (see [263] and [264] for alternative
descriptions). Then a sublocale S of L is closed iff the embedding js: S — L is a
proper map. For more information on open, closed and proper maps consult [157],
[255] and [263].

8. Closure

8.1. Closure of a sublocale. Let S be a sublocale. Each sublocale T" O S has to
contain A S and on the other hand, obviously S C (A S). Thus, we have the
closure of S, the least closed sublocale containing .S, given by the formula

S=T1(A\S). (8.1.1)

Proposition. (1) We have 0 =0, S=S and SVT =SV T.
(2) The closure of an open sublocale is 0(a) = ¢(a*) ( = T(a*)).

Proof. (1) The first two formulas are trivial, and the third one is very easy: Set
a=NA\S,b=AT. Then

SVT=tavib={azAy|z>ay>b}=T(and)=TANSVT)=SVT.

(2) By (A-distr), A cp(a — x) =a — 0= a* and thus o(a) = T(a*). O

8.2. Density. As in the classical topology, a sublocale S is dense in L if S = L. By
the formula (8.1.1),
S is dense in L iff 0 € S.

We will also speak of a dense localic map f: L — M if 0 € f[S] (which, since
f is monotone, amounts to stating that f(0) = 0), and of the associated frame
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homomorphism as of dense frame homomorphism. The latter is characterized by
the implication

h(z)=0 = x=0
(since h(x) < 0iff x < f(0) = 0).

8.3. Isbell’s Density Theorem. Set
BL:{xHO|$€L}

It is a sublocale since A(z; — 0) = (V2; — 0) by (\V A-distr), and y — (z —
0) = (y Ax) — 0 by (HT7). Consequently we have

Proposition. Each locale contains the least dense sublocale, namely By,.

Proof. By (S2) each dense sublocale of L contains By,. On the other hand, By,
itself is dense by (H1). O

Note. This may be a surprising fact and certainly has no counterpart in classical
topology. Note that we see, in particular, that a spatial locale can contain a sublo-
cale that is not induced by a subspace of the corresponding space. For instance, in
the frame of open sets of the real line, the By, certainly non-empty, is contained in
the sublocales corresponding to the subspaces of the rationals and the irrationals.
This example also shows that the correspondence associating the sublocales with
subspaces does not respect meets. The relation of classical subspaces and sublo-
cales will be discussed in more detail later (in Chapter VI).

8.4. Closure under image. This is quite analogous like in spaces. We have a trivial

Observation. Let S C L be a sublocale and let f: L — M be a localic map. Then

f181 < 115

(Indeed, since f preserves meets, f(AS) = A f[S] and hence f[T A S] C
TAfIS1)

8.5. Closure in a sublocale. Let 7' C S be sublocales in L. Trivially, {z € S | 2 >
ANT}={xe€L|xz>AT}NS, that is, for the closure of T in S we have

°=Tns,

similarly as in spaces.
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9. Preimage as a homomorphism

9.1. Lemma. Let f: L — M be a localic map. Then for every a,b € L,

f-ale(@) vo(b)] = foale(@)] V f-1[o(D)]-

Proof. The preimage is a right adjoint and hence it preserves meets. Thus, we
have f_1[c(a) V o(b)] N f-1]o(a) N ¢(b)] = f-1[0] = O
On the other hand

f-alela) Vo)V foalo(a) Ne(d)] = foale(a) v o(b)] V (f-1[o(a)] N f-1[e(b)])
> (fale(@)] Vv (falo(@))) N (F-alo(®)] V f1 [C(b)]))
by distributivity and monotony. We proceed, by 6.3,
= (e(f* (@) V oS (@) N (o(f* () V e(F* () = LN L = L,
Thus, f_1[c(a) V o(b)] is the complement of (f_1[o(a) N ¢(d)], that is,
(f-1lo(a)] N fale(®)]))" = f-ale(a)] V f-a[o(b)],

using 6.3 again. O

9.2. Proposition. Let f: L — M be a localic map. Then the preimage map
fal=]: Sl M) — SUL)

is a co-frame homomorphism (that is, preserves all meets and all finite joins).

Proof. Preserving meets is given by the adjunction, and f_1[0] = O since O = ¢(1).
Thus, we have to prove that f_; preserves binary joins. Let S, T be in S¢(M). By
6.5, S, T can be written as S = [),c;(c(z;) V o(y;)) and T = (¢ ;(c(u;) V o(v)))
with suitable x;, y;, u; and v;. Thus, by 9.1, 6.3, 6.1.5, and 6.3 and 9.1 again

falSVT] = foa[N(elzi Aug) Voly: V)]

.

I
R BN B

:Q(f 1e(@i Aug)] Vv f-ifo(ys V vy)))

:Q(c (5 Auy)) Vo(f*(yi Vvy)))

_ Q(c (i) A (ug)) Vol f*(ys) V f*(v;)))

:Q(c o(f*(u)) Vol f*(yi) V o(f*(v5)))
Al

fle —1[e(u)] V foalo(ya)] V f-alo(v;)])
f (@) Vooly)] vV N foale(uy) Vo(vy)] = fa[STV fa[T]. O



42 Chapter III. Sublocales

9.3. Corollary. The preimage function preserves complements. O

9.4. Note. Recall the congruence frame €(L) from 5.2, isomorphic to S¢(L)°P.
The suitably modified preimage function f_;[—] is then a frame homomorphism
¢(L) — €(M), and by 4.3 we see that the respective modification of the image
function is a localic map

fl=]": e(L) — e(M).

10. Other special sublocales: one-point sublocales,
and Boolean ones

10.1. One-point sublocales. Each sublocale contains the top, and the least sublo-
cale O = {1} (recall 2.1) plays the role of the void subspace. Therefore, the smallest
non-trivial sublocales are those that contain precisely one element a # 1.

10.1.1. Lemma. Let a € L be meet-irreducible. Then for any x € L either x — a =
lorz—a=a.

Proof. If & — a # 1, that is, z £ a, we have to have  — a < a since z A (z —
a) < a by (H5) and hence x — a = a by (H3). O

10.1.2. Proposition. Let a € L, a # 1. Then {a, 1} is a sublocale if and only if a is
meet-irreducible, that is, a point in the sense of the representation (P3) in I1.3.3.

Proof. If a is meet-irreducible then {a, 1} is a sublocale by the lemma.
If {a,1} is a sublocale and a # 1, and if z Ay < a then z < y — a, and if
yfa,thatis,yea#l,xﬁa:y_)a' D

The sublocales {p, 1}, p # 1 will be called one-point sublocales. Note that the
relation between points and one-point sublocales,

p and {p,1},

is the same as that between x and {z} in classical spaces.

10.2. The sublocale By, C L from 8.3 is, by (S2), the smallest sublocale of L
containing 0. More generally, for each a € L we have

b(a)={x —a|xzelL},
the smallest sublocale containing a (it is a sublocale for the same reason By, is:

(V A\-dist) yields (S1) since A(z; — a) = (VV 2;) — a and (H7) yields (S2) since
y— (r—a)=(@Ay)—aachbla)asa=1—a).
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10.2.1. Recall from AI.7.3 that in a Heyting algebra H the pseudocomplement can
be expressed as
¥ =x—0. (psc)

We have
Lemma. (a) A b(a) = a,
(b) the pseudocomplement in b(a) is given by =* = = — a, and
(c) bla) ={z | 2= (z — a) — a}.
Proof. (a): a is in b(a) (since a =1 — a) and by (H3) a <z — a.
(b) follows immediately from (a) and (psc).
(c): Trivially {z | z = (x — a) — a} C b(a). Now let € L. We have, for any vy,
y<(y—a)—a (%)

since y A (y — a) < a by (H5). Substituting y = 2 — a we obtain © — a <
((x — a) — a) — a and using (anti) from 3.1 for (x¥) and (— — a) we get
z—a> ((x — a) — a) — aso that

r—a=((r—a)—a)—a (%)
and hence x —a € {y |y = (y — a) — a}. O
10.3. Generalizing the notion of density from 8.2 we say that a sublocale S is

dense in a sublocale T if
SCTCS.

Proposition. b(A S) is the smallest sublocale dense in S.
Proof. Set a = A'S. Then a = Ab(a) and S C b(a) = S. Since a € S, b(a) C S
being the smallest sublocale containing a. O
10.4. Recall from AIL.7.4 that

a Heyting algebra is a Boolean algebra iff x** = x for all x € L

(to refresh the fact: using the De Morgan formula (z V y)* = z* A y* we obtain
xVa* = ((xVa*))* = (x* Az™)* = 0* = 1). Consequently, by 10.2.1(c),

each b(a) is a Boolean algebra.

We have more, namely

Proposition. A sublocale S C L is a Boolean algebra iff S = b(a) for some a € L.

Proof. Let S C L be a Boolean sublocale. Set a = A S. Let 2 be in S. The
pseudocomplement in S is a complement and hence, since z* = x — a, we have
x = (x — a) — a € b(a), by 10.2.1(c). On the other hand, if € b(a) then z € S
since a = A S € S. Thus, S = b(a). O
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10.5. From the fact that b(a) is the smallest sublocale of L containing a follows
immediately that

Corollary. Each sublocale S of L is a join in SI(L) (indeed a union)
§=V{b(a) | a € S} (= U{b(a) | a € S})

of Boolean sublocales. ([l

11. Sublocales as quotients. Factorizing frames
is surprisingly easy

11.1. Although we mostly prefer the description of sublocales as in Section 2, that
is, really as sub-locales, subsets the embeddings of which are localic maps, the
alternative representations (as in Section 5) are often very useful.

It often happens in constructions that we have given, instead of a congruence,
a set R C L x L of couples of elements to be identified, and we would like to
determine the sublocale associated with the congruence generated by R. In fact,
it will turn out that we can describe this sublocale more or less directly, without
constructing the congruence first. This will be discussed in this section.

It should be noted that in frames an explicit extension of a relation to
a congruence is not quite such a hard task as in other type of algebras.
The fact that each congruence class has a maximal element helps to
make it fairly transparent.

11.2. Recall that a sublocale S C L is associated with the congruence
xEgy iff (Vs € S,z <siff z <)

and with the nucleus
vs(z) = N{se S|z <s} (11.2.1)

(so that xEgy iff vg(x) = vs(y)), and the sublocale S can be reconstructed from
the congruence by setting

S = {maxgy, | v € L} where maxg, = \/ Ex = \/{y | yEz}. (11.2.2)
Now let R be a binary relation on a sublocale L. An element s € S is said to be
R-saturated (briefly, saturated)
if
Va,b,c aRb = (aAc<siff bAc<s).
The set of all saturated elements will be denoted by
L/R.
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Define a mapping
pur = (x — A{s saturated |z <s}: L — L/R.
We have

11.2.1. Proposition. S = L/R is a sublocale of L and ur = j* where j: S C L
is the embedding map. For the associated nucleus we have vg(a) = pr(a) and the
implication

aRb = vg(a) = vg(b).
Proof. Obviously L/R is closed under meets. Now let s € L/R. Then for any « € L
aNc<zxz—c iff anchx<s iff bAcAhz<s iff bAc<z — s.

Finally, since a < v(a) € L/R we have b < v(a) and hence v(b) < v(a), and
similarly v(a) < v(b).

We have pr(z) < siff 2 < s =j(s) for any = € L and s € S and the formula
for pugr(z) coincides with that for vg(z) in (11.2.1). O

11.2.2. Proposition. Let S be a sublocale and let E be the associated congruence.
Then
S=L/E.

Proof. We have to prove that the E-saturated elements are precisely the elements
of the form maxg, from (11.2.2).
Since F respects meets (and consequently, of course, the order) we have

akEb = (aNc)E(bAc) = (aAc<maxg, iff bAc<maxg,).

Thus, each maxp, is saturated. On the other hand, if s is F-saturated then we
have in particular, since maxgsFEs and s < s, maxgs < S. O

Note. The symbol L/E was used in 5.2 only slightly differently: in the transition
to what we have now, the class Ex is represented by its maximum.

11.3. Theorem. Let R be a binary relation on a locale L. Let a localic map f: M —
L be such that
aRb = f"(a) = f*(b).

Then f[M] C L/R and hence there is a localic map f: M — L/R such that

M f>L/R

i
N

L

commutes (where j: L/R — L is the embedding).
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Proof. Tt suffices to show that each f(x) is saturated. For aRb we have
anNc< f(zx) f f*(a)Af*(c)=f"(anc) <z
it fFO)A f*(e)=f"(bAc) <z iff bAc< f(x). O
11.3.1. Note that for the left adjoint £~ of f we have f* (a) = f*(a) foralla € L/R.
Indeed, [ (a) = f (v(a)) = [ j*(a) = f*(a).

In the language of frame homomorphisms we can summarize the facts above
as follows:

Theorem. Let R be a binary relation on a locale L. Then ugr: L — L/R is a frame
homomorphism such that

aRb = pr(a) = pr(b),
and for every frame homomorphism h: L — M such that
aRb = h(a) = h(b)
there is a frame homomorphism h: L/R — M such that

L ILR> L/R

h
\V

M
commutes; moreover, h = h|(p ), that is, for every a € L/R, h(a) = h(a). a

11.4. The relations occurring in constructions of sublocales, although typically
by far not congruences, are sometimes of a special nature which yields a more
transparent formula for saturatedness.

Proposition. Let C' be a join-basis of L and let R C L x L be such that
VYa,be LYce C aRb = (aAc)R(bAc).
Then s € L is R-saturated iff
aRb = (a<s ff b<s).

If moreover aRb = a < b and if R’ C R is such that for each (a,b) € R there is
an (a’,b) € R’ such that a’ < a this reduces to

alRbt = (a<s = b<s),
or, trivially rewritten, to

aRb& (a<s) = b<s.
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Proof. Let ¢ € L be general. Take a join ¢ = \/,.;¢; with ¢; € C. ThenaAc < s
iff

Viane)<siff Vi,aNc; <siff Vi,bAe; <s
ieJ
ifft \/(bA¢)<siffbAc<s. O
ieJ

11.4.1. The join of congruences is a very complicated relation. However, in the
factorization procedure creating the L/R the situation is very easy. We have

Proposition. Let R;, i € J, be binary relations on a frame L. Then

A L/Ri= (1 L/Ri=L/(U Ri). O

i€J i€J i€J

(Indeed, the implication Va,b,c¢ a(lJR)b = (aAhc<sifbAc<s)is
obviously equivalent to Vi,Va,b,¢c aR;b = (aAc<siff bAc<5s).)

11.5. Prenuclei. Sometimes the relation R in question determines very transpar-
ently the desired extensions of the elements to approach the saturation. Typically,
however, one does not achieve the saturation (the pgr(a)) in one step and one has
to repeat the procedure again and again, till it stops after sufficiently many steps
(we will see an instructive example in the construction of coproduct in IV.4.3).
This leads to the definition of prenucleus, a mapping v: L — L such that

(N1)  a <v(a),

(N2) a<b = v(a) <v(b), and

(PN) wv(a) Ab<wv(aAb).
We will see that such a mapping naturally creates a nucleus.

11.5.1. First of all, the reader marks the formally weaker (PN) instead of (N4)
(the absence of (N3) is no surprise); this is just making the checking simpler: once
the idempotency is achieved, (N4) is implied.

Observation. A prenucleus satisfying vv(a) = v(a) is a nucleus.

(Indeed, we have v(a) Av(b) <v(aAv(b)) <v(v(aAb)) =v(aAb), and
the other inequality is trivial.)

11.5.2. Given a prenucleus v!: L — L we proceed to obtain a nucleus (which will
be referred to as the nucleus generated by v') as follows. For ordinals « set

2(a) =a, v (a) =v*(v*(a)), and

vMa) =\ v*(a) for limit \.
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Then for a sufficiently large o we have v'(v®) = v — and hence v*v® = v —
and by the observation above it suffices to prove (PN). This follows by transfinite
induction:

v a) Ab = v (v*(a
<v'(v®(a) Ab) <

vMa)Ab=(\ v¥@)Ab=\ W (a)Ab) <\ v*(anb).

a< a< a<

) A
v (v <aAb>>f v a A b),

11.5.3. Note. Thus the nucleus obtained is the least one that majorizes the re-
peated closing under the relation in question. This is fairly intuitive and the pro-
cedure is useful. It should be noted, however, that it heavily depends on ordinal
numbers. A more constructive (that is, choice-free) approach, if available, is pre-
ferred — but sometimes it is not available, or rather complicated.



Chapter IV

Structure of Localic Morphisms.
The Categories Loc and Frm

1. Special morphisms. Factorizing in Loc and Frm

1.1. A few simple expedient facts. (1) For maps f, g that are Galois adjoint one
has fgf = f and gfg = g. Consequently,

f is one-one iff g is onto

(if f is onto than fg = id, if it is one-one then gf = id).
(2) Recall the following standard fact on homomorphisms of algebras. If A, B, C
are algebras — in particular frames — and f: A — B, g: B — C mappings such
that ¢ f is a homomorphism then
— if g is a one-one homomorphism then f is a homomorphism, and
— if f is a homomorphism onto then ¢ is a homomorphism.
Now localic maps are not (algebraic) homomorphisms, but from (1) and from the
obvious fact that if f; are (say, right) adjoints to g; ( = 1,2) then faf; is an
adjoint to g1 g2 we immediately infer that
— if L, M, N are locales and f: L — M, g: M — N are mappings such that gf
is a localic map then
—if g is a one-one localic map then f is a localic map, and
—if f is a localic map onto then g is a localic map.

Consequently, if f: L — M is a localic map, S C M a sublocale, and if
fIL] C S then
S =@ f@): Lo S

s a localic map.

J. Picado and A. Pultr, Frames and Locales: Topology without points, Frontiers in Mathematics, 49
DOI 10.1007/978-3-0348-0154-6_4, © Springer Basel AG 2012
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(3) Recall the translation of sublocales to sublocale homomorphisms and nuclei
in IIL.5.1 and 5.3. In particular we saw that the left adjoint j*: L — S to the
embedding j: S C L is given by

and hence in particular j*(5*(z)) = j*(x).

1.2. Monomorphisms in Frm. (Recall AIIl.1.3) Obviously, one-one frame homo-
morphisms are monomorphisms. Moreover we have made in III.1.1.1 an easy

Observation. The monomorphisms in Frm are precisely the one-one homomor-
phisms. Consequently, the epimorphisms in Loc are precisely the onto localic maps.

1.3. More about onto homomorphisms. We already know that the onto homo-
morphisms are precisely the extremal epimorphisms in Frm. In fact they have a
stronger property.

Proposition. (Recall AIL.4) In Frm the extremal, strong and regular epimorphisms
coincide and they are precisely the onto homomorphisms.

Consequently, in Loc the one-one localic maps are precisely the extremal resp.
strong resp. regular monomorphisms.

Proof. Tt suffices to show that each homomorphism h: L. — M that is onto is a
coequalizer. Define

E={(z,y) |z,y € L, h(z) =h(y)} and  gi = ((x1,22) = z:): E = L;

obviously E with \/ and A taken coordinatewise is a frame, g; are homomorphisms,
and hg; = hge. Now if ¢: L — N is a homomorphism such that ¢g; = ¢go we can
define ¢: M — N by setting ¢(h(x)) = ¢(zx): this is correct since if h(x) = h(y)
we have (z,y) € F and ¢(x) = édg1(z,y) = ¢g2(z,y) = ¢(y). Now ¢h = ¢ and by
1.1(2) ¢ is a homomorphism, unique since h is onto. O

1.3.1. Note. Thus, the monomorphisms and extremal (strong, regular) epimor-
phisms in Frm are fairly transparent. Not so the plain epimorphisms (about which
we will learn more in Section 6 below) and special monomorphisms (here, the ex-
tremal and regular ones do not even coincide; for some information on the regular
ones see V.3).

1.4. Natural factorizations in Frm and Loc. A frame homomorphism h: L — M
can be naturally decomposed as

h=(eh(@) k=C

L h[L] - M (1.4.1)
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with h onto and k one-one. By 1.2 and 1.3 it is a decomposition with k¥ a monomor-
phism and h a strong epimorphism. Since strong epimorphisms are orthogonal to
monomorphisms we see that the decompositions (1.4.1) yield a factorization sys-
tem (recall AI1.4.3) (£, M) in Frm with & the class of all strong (extremal, regular)
epimorphisms and M the class of all monomorphisms.

Similarly we have the factorization system (£, M) in Loc with £ the class
of all epimorphisms and M the class of all strong monomorphisms, given by the
decompositions (of localic maps f: M — L)

M Ty S (1.42)

1.5. Let us take a localic map f: M — L decomposed as in (1.4.2) and the left
adjoint h = f* written as

* *

L - flM] ? =M,

again with ¢* one-one and j* onto, similarly like in (1.4.1). Now f[M] does not
coincide with h[L], but the unicity from AII.4.3 is (of course) not violated. We
have the connection isomorphism «: f[M] — h[L] given by a(z) = h(z). Indeed:

a(j*(x)) = h(j*(x)) = ¢°575"(x) = g7j"(x) = f*(x) = h(x) = h(z)

(by 1.1(2)), and kaj* = kh = h = g¢g*j* and since j* is onto, ka = g*. The
inverse 1somorphlsm B: h[L] — f[M] is given by the formula 8(y) = f(y): we have
Po(x)=fh(z)=[fh(f(y))=f(y)== and aB(y) =hf(y)=hf(h(z))=h(z)=y.

2. The down-set functor and free constructions

2.1. In the sequel, an important role will be played by meet-semilattices with
top 1(thus, we assume infima of all finite subsets, including () and their (A, 1)-
homomorphisms (that is, mappings preserving all finite infima). To simplify the
language we will speak simply of semilattices and homomorphisms. The ensuing
category will be denoted by

SLatl.

2.2. We will consider the down-set functor ©: SLat; — Frm defined by
DS ={X CS||X =X}, ordered by inclusion, and
Dh(X) = |h[X] for h:S—T.

Note that DS is really a frame, with X AY = X NY, and \/,.; Xi = U,;c; Xi
(the intersection distributes over unions).
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Next, Dh(0) =0, Dh(S) = |h(S) 2 [1 =T,
Dh(UX;) = [h[UX:] = [UR[Xi] = U [h[Xi] = UDh(X,),
and
Dh(X)NDh(Y) = [h(X)N [h(Y)
={z|eXyeY, z<h(x)ANh(y)=h(zAy)}
={z|JuehXNY], z<u}=Dh(XNY),

the penultimate equality because X and Y are down-sets and hence z A y is in
both X and Y.

Further, we will consider the mappings
ag: S =38, ag(zr) = |z

Note that
each ag is a semilattice homomorphism

(lx ]y = [(z Ay) from the definition of infimum and |1 =5 = 1gg)).

2.3. Proposition. Let S be a semilattice and L a frame. Let f: S — L be a semilat-
tice homomorphism (L viewed, for a moment, as the semilattice (L,A,1)). Then
there exists precisely one frame homomorphism h: ® M — L such that h-ag = f.

Proof. There is at most one such h: since it has to preserve joins we have to have

MX)=hUflz [z € X}) = V h(lz) = V [f(z).
zeX rzeX
On the other hand, define h: ®S — L by the formula h(X) = \/ . f(z). Then
h(0) = 0 (void join), h(S) =V, cx f(z) > 1 (and hence =1), and obviously also
h(U X:) = V h(X;) for non-empty joins. Finally,

MX)ARY) =V flz)A \gyf(y)=V{f(wa(y) |z e X, yeY}

zeX

=V{fl@ry) |z eX, yeY}<V{f(z) | z€ XNY}
=X NY) < h(X)ARY),

the first < since X and Y are down-sets, and the second one since h is obviously
monotone. (]

2.3.1. Remark. Often we will have the down-set in question defined as | X for
X that is not a down-set itself. Note that for the homomorphism h we have

h(lX) = \/a:EX f(x).
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2.3.2. Thus, ©: SLat; — Frm is a left adjoint to the U: Frm — SLat; forgetting
the join structure, with the adjunction units o and 3,

Br:DU(L) — L, Br(X)=VX,

that is, the homomorphism from 2.3 obtained by lifting the identity map and
hence 8L - a(r), more exactly U(BL) - ay(ry is the identity, and fps(Das(X)) =
Vlas[X]=Vas[X]=V{lz |z e X} =X. Recall AIL.6.3.

2.4. Thus, © (together with the aig’s) provides a free construction of frames from
semilattices (see AIL.6.2).

The reader may well ask for a free frame constructed from a set (in other
words, for a left adjoint to the forgetful functor Frm — Set). This is easy: now it
suffices to construct free semilattices and this can be done as follows.

For a set M consider

SM = {X C M | X finite}

ordered inversely by inclusion, and setting 0 < X for all the finite X C M.
Thus, X AY = X NY; the intuition is sometimes being helped by writing a set
{x1,...,2,} as a formal expression A\, x;, and

One then considers the maps
em: M — 6M, epy(x)={a}

and easily verifies that for any mapping f: M — S of a set M into a semilattice S
one has precisely one semilattice homomorphism h: GM — S such that h-epy = f,
namely one given by h(X) = A{f(z) | x € X}.

Thus, we obtain a free functor § = ®© - &: Set — Frm (with the unit ¢ =
ASM *EM - M — S'M)

2.4.1. Similarly like in other classes of algebras, the free construction allows us to
describe frames “by generators and defining relations”. Namely, we start with a
meet-semilattice M and a system of couples (7;,6;), i € J, of terms in the elements
of M and formal join symbols. Then we obtain the desired frame as

D(M)/R with R={(r:,0;) i€ J}

where 7; resp. #; are obtained from 7; resp. 6; by replacing each a € M by |a.

Similarly, of course, we can define frames from sets of generators instead of
semilattices of generators by using the combined free construction § = D6 as
above.
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3. Limits and a colimit in Frm

3.1. Products in Frm. This is a straightforward affair. Namely, if L;, i € J, are
frames, we endow the cartesian product

I1L:

icJ
with the structure of frame coordinatewise (which is the same as defining the
order by

(wi)ies < (yi)ies i Vi, x; <y ).
The projections
pi = ((wi)ics — a;): [[Li = L;
=

are then frame homomorphisms and we immediately see that for each system
(hj: M — Lj)jes of frame homomorphisms there is precisely one frame homo-
morphism h: M — [],.; L; such that p;h = h; for all j € J, namely the one
given by h(z) = (h;(x))je.-

3.1.1. Those were the products of non-empty systems. The empty product is the
one-element frame

1={0, =11} (this is, of course, the O from II1.2.1).

The constant mappings L — 1 are obviously frame homomorphisms.

3.1.2. Since Frm has products, Loc has coproducts. Let us present the coproduct
injections explicitly. For a fixed j € J define

) x if i =y,
a;: L — L; by settin, ai(x)); =
I g Y g (ay(@)) {1 otherwise.

We immediately see that

pi((@i)ies) <z M (zi)ics < aj(x).

(iji Lj — H Ll>
jeJ

icJ

Thus

constitutes the coproduct in Loc. Needless to say, the one-element locale 1 is the
initial object in Loc, with the unique localic maps (11 — 11): 1 — L.

3.2. The equalizers in Frm. Again there is no problem. If hy, hy: L — M are frame
homomorphisms consider

E = E(hl,hg) = {iC eL | hl(x) = hg(l’)}
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Obviously F is a subframe of L and the embedding j: E C L has the property
that whenever hi1g = hag for a frame homomorphism g: N — L then we have
(precisely one) frame homomorphism g: N — E with jg = ¢ (namely, the one

given by g(z) = g(x)).
Consequently, the category Loc has coequalizers (if f1, fo: M — L are localic
maps, the coequalizer can be obtained as

(@ = ve(s (@) L— E(f1 f3),
where v is the corresponding nucleus — see 111.4.3.).

Thus we can conclude that (see AII.5.3.2)

the category Frm is complete, and (hence) the category Loc is cocomplete.

3.3. Coequalizers in Frm (and equalizers in Loc). For frame homomorphisms
hi,hs: L — M consider the binary relation

R ={(hi(z),ha(x)) | z € L} C M x M.
Then for a frame homomorphism g: M — N,
ghy = ghe iff V(a,b) € R, g(a) = g(b).

Thus (recall (III1.11.3.1), whenever ghy = ghg, we have (precisely one) g: M/R —
N such that gug = g; hence, ug: M — M/R is a coequalizer of hq, he in Frm.

3.3.1. Consequently we have equalizers in Loc. They can be also described in a
way more explicit then the embedding of the M /R from the construction above.

Let f1, fo: M — L be localic maps. The set
E={zeM]| fi(z) = fa(z)}

is generally not a sublocale. But since the f; preserve meets it is closed under
meets and hence, by II1.4.2, we have the largest sublocale of M contained in F,
the Egoc. Consider the embedding map

,j: Esloc g M.

If g: N — M is a localic map such that fig = fog then

-~ g[N]C E, and
— by II.4.1, g[N] is a sublocale.

Thus, g[N] C Eqoc and by 1.1(2) we have the localic map g = (z — g(x)): N —
FEqoc such that jg = g.
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4. Coproducts of frames

4.1. Some notation. To prove that the category of frames is cocomplete it remains
to be shown that it has coproducts. Constructing these will be more involved than
the simple observations in Section 3.

The following notation will be used for both cases. Let L;, i € J, be frames
or semilattices. Set

i
Hie.]Li ={(x;)ics € 1;[}Li | up to finitely many i, x; = 1}.
3

!

Let j € J be fixed. For x € L; and u € [ ], ;L; set
{x fori=j
THju=v, where v; = o
u; for i # j.
Finally define 1 € [, ,L; by

1, =1 forall¢
(note that the a;(z) in 3.1.2 is x ; 1).

4.2. Coproducts in SLat,. Let L;, i € J, be a system of semilattices. Consider the
mappings

I
Rj = ({E = Tk 1): Lj — HieJLi'

Obviously x; are homomorphisms. We have
Proposition. The system (lij: L; — H;eJLi)jeJ constitutes a coproduct in SLaty .

Proof. We have to prove that for any system h;: L; — M of homomorphisms
there is precisely one homomorphism h: H;e yL; — M such that hx; = h; for
all 7.

First, we see that there is at most one such h. For (z;); € [[,c,L; let
Zj,...,2;, be all the coordinates that are not 1. Then necessarily

n

() = hOA (0 1) = A B (o).

k=1

Now define

h((zi)i) = ‘/\Jhi(xi) (4.2.1)

1€
(this is, in essence, a finite meet since all but finitely many of the h;(x;) are 1).
Then h(kj(x)) = h;(x), h(1) =1, and if © = (2;);, y = (ys); then
h(z Ay) = h((z; Ayi)i) = N hizi Ayi)
ieJ

= A ha(w) A A i) = h(@) 0 A, O
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4.3. Now let L;, i € J, be frames. On the down-set frame D(H;EJLi) consider the
binary relation R consisting of all the couples

(U Lk su), LV 2" 55 0) (R)

keK keEK

with u € [[;c;L; arbitrary, j € J and {z* | k € K} C L;; the index set K can be

void, and hence we have, in particular
R> (0,1(0%;u)) forall jand u. (4.3.1)

This relation R satisfies the conditions of I1I.11.4 and consequently the saturated

elements are the down-sets U C H;e ;L; such that

. k /
C L. .
Vj, V{z* | k € K} C Lj and Yu € HiEJLZ
{aFsju ke K}CU = (Vyega®) #juel.
Now set ,
eL=o(IL.,u)/r

(thus, ;. L; is the frame of all the down-sets U C [}, L; satisfying the satu-
ration condition above).

Similarly like in IT1.11.2 we will use the symbol

vl )~ 8o

icJ

for the frame homomorphism given by the nucleus, and

!/ !/
@ HieJLi -9 (HieJLi)
will be the semilattice homomorphism from 2.2. Finally define

tj: Ly — G?]Li by ¢ = pak;.
1€

4.3.1. Lemma. Each v; is a frame homomorphism.

Proof. p, o and k; preserve finite meets and hence also ¢; does. For the joins we
have (see I11.11.3.1)

(V) =p(l V @ 1))=p( U v 1)= V u((Lzex1)= V (")

keEK keEK keK keEK keK

(note that this includes also the case of K = (). O
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4.3.2. Proposition. The system

(on-n),,

icJ
s a coproduct of L;, i € J, in the category Frm.

Proof. Let hj: L; — M be frame homomorphisms. First, view for a moment the
L; as semilattices (forgetting the join structure). By 4.2 we have a semilattice

homomorphism ,
P e
defined by f((2)ies) = N;ey fi(xi), such that
Vi, f-ri=h;.
This in turn gives rise to a frame homomorphism
o0 ([T, 1) =
defined by setting g(X) = \/{f(z) | = € X}, such that g-a = f. Now take a
j€J,uell,c,Li and {z* | k € K} C L;. We have (recall IIL11.3.1 and note
that z % u = (x *; 1) A (1% u)):
g(LkJi(w’“ *ju)) = Vf(w *j ) = \k/f((m #5 1) A (1 u))
=\k/f(x w5 A f(Lwju) = \k/( Fi@®) A (L% u))
= (\’{fj(xk))Af(l* u) = f](
=f((\k/w"') DA f(Lxju) = ((\/x ) % )=g(l(\k/xk) *j u)-

) A f(L 5 u)

Thus, g respects the relation R and by I11.11.3.1 there is a frame homomorphism
h: @,c; Li — M such that hy = g. Now we have

h-1; = hpak; = gak; = frj = h;.

Finally, a down-set U C Hle ;L is a join of elements | (z;); each of which is a finite
meet of the |r;(x;) with z; # 1. Thus, @(]_LEJ i) is generated (by finite meets
and joins) by the elements ax;(x), j € J, x € Lj, and hence &, L; is generated by
the ¢;(z). Hence, a frame homomorphism h such that he; = h; for all i is uniquely
determined. O

4.3.3. Notation. For finite systems of frames we often use the symbols

LoM, Liy®Lo®Ls, L1 ®---D L, etc..
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4.3.4. Remark. Look at a coproduct L; & Ly of two frames. Note the striking
similarity with the construction of tensor products of Abelian groups. First, one
takes the cartesian product

Al X A2

that happens to be both product and coproduct (similarly like the Ly x Lo in
SLatq). Then one takes the free Abelian group F(A; x As) (similarly, we have
taken the ®(Lq x L2)), and finally factorizes by the relations

(al + ag, b) ~ (ala b) + (a27 b)a (aa by + b2) ~ (aa bl) + (av b2)
(similarly like we did,
l(a/l V ag, b) ~ l(a'la b) U l(a'27 b)7 l(a‘ybl \ b2) ~ l(a'a bl) U l(a’a b2))

This similarity is not accidental. The reader interested in categories of alge-
bras will probably know that this is how the coproduct in the category of commu-
tative rings with unit is constructed: the tensor product of the underlying Abelian
groups is only endowed with a suitable multiplication. Here we have the join \/ as
the “additive part of the structure”, and the meet is the multiplication (distribut-
ing over it). For the general pattern see [38].

4.3.5. Combining 4.3.2 with the results of Section 3 we obtain (consult also
AIl5.3.2)

Corollary. Categories Frm and Loc are complete and cocomplete. O

5. More on the structure of coproduct

5.1. Because of the possible void K in the definition of the relation R,
every u such that there is an i with u; = 0 is in every saturated U.

Set ,
n=— {u € HiEJLi | i, u; = 0}.
Since obviously n is itself saturated we have

5.1.1. Observation. n is the smallest saturated set, hence, the bottom of the co-
product.

/

5.1.2. Proposition. For every a € [],.;

L; the set
laUn

is the p(lA), the least saturated U containing |a.
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Proof. By 5.1.1, u(la) O Ja Un. Thus, we have to prove that |a Un is itself
saturated.

Let 2% x; u € laUn for all k € K. Then either u; = 0 for some i # j,
and \/, 2% *; u € n. Or, u; # 0 for all i # j. Then either \/, ¥ = 0 and again
Vi ak *; U € M, Or a2t # 0 for some ¢, and hence x* *;u € la, consequently u; < a;
for all i # j, and 2% < a; for all k (some of the 2* can be 0, of course). Then
Vi ZzF *ju < a. O

The element |(a;); Un will be denoted by
@iaia
in case of small systems we write
a1 ®as, ad®b, a3 Dax®das, etc.

5.2. The following easy facts are very useful.
Proposition.

(1) For each U € @, L;,

U=UH{®iai| @©ia; <U} =\ {®ia; | ®ia; <U}.
(2) ®iai = Niey vi(ai).

(3) In the case of coproducts of two frames we have \/,. ;(a; ©b) = (\/;,c;ai) ©b
and \/;c;(a @ b;) = a D (Ve bi); consequently,

(Va)o(Vb)= \ (ai®by).

icJ icd ijed
(4) If ®;a; # n (which is the same as saying that a = (a;); ¢ n) then
@ia; < Biby = Vi, a; < b;.
(5) The codiagonal homomorphism V: 7L — L (that is, V: 'L = @,c; Li — L
with L; = L and V - 1; = idy, for all i) is given by the formula
V(@ ai) = A a;.
icJ icJ

Proof. (1): U is a down-set and hence U = J{la | a € U} = H{la | la C U}
Since it is saturated, |a C U implies u(la) = ®;a; < U. Thus,

USU{EBZ‘CLZ‘| @iaiSU}SU

and since the union is, hence, saturated, it is the join.

(2): For a better transparency, let J(a) be the finite set of indices ¢ € J for which
a; # 1. We have a = ;¢ ;,) ki(ai) and hence (as o and i preserve finite meets)

® a=plla)=pa( A k@)= A poma)= A la).

i€J(a) i€J(a) i€J(a) i€J(a)
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(3) follows immediately from (2), using the fact that the mappings ¢; are frame
homomorphisms.

(4): If ®;a; < @®;b; then in particular a = (a;); € [bUn. Since a ¢ n, we have
a <b.

(5) follows immediately from (2). O

5.3. Also, we will find expedient to have an explicit formula for the diagonal
A: L — L7 in Loc (of course, this L7 is the 7L from Frm). Here it is:

Afa) = {(wi)i | Aui < a}. (A)
Thus, in case of the diagonal A: L — L & L we have

Afa) = {(z,y) [z Ny < a}. (A2)
It is an easy exercise to prove that each such A(a) is saturated, and we have

VU)<a iff YueU V(u)=Au<a
iff YvueU, ueA(a) iff U <A(a).

5.4. The product of locales compared with the product of spaces. Recall the spec-
trum adjunction (Chapter III). Since Sp is a right adjoint it preserves limits, and
hence in particular products.

The reader is, however, probably more curious about the relation of the
just constructed (co)product with the product topology in spaces, that is, about
the relation between Q([[,c; Xi) and @, ; Q(X;). There is the canonical frame
homomorphism

icJ

T P AUX;) — 2 <H Xi> determined by w; = Q(p;)

i€J icd

where p;: [[;c; Xi — X are the projections. It is not necessarily an isomorphism,
but it is always onto and dense, and it is an isomorphism in some important special
cases — see 5.4.1 and 5.4.2 below.

First, however, let us look at what happens in a product X x Y of two spaces.
The open sets in the product are unions of the oblongs U x V with U open in X
and V openin Y. Such a U x V is represented by the element UdV € Q(X)BQ(Y)
and a system of oblongs U; x V;, i € J, is equivalent to U/ x V/, i € J', if

U x V)= U U x V) (5.4.1)
ied ieJ’

which one would wish to be represented by the equality

VivieVi [ie Ty =\V{UjoV/ |icJ'}
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in Q(X)®Q(Y). The formula (5.4.1) is based on points and one can hardly expect
it to be represented adequately. The relation (identification) R in the construction
of QX)) @®Q(Y) corresponds to the very special cases of (5.4.1) concerning just the
system of oblongs U; x V', i € J, equivalent to U/ x V', i € J',and U x V;, i € J
equivalent to U’ x V/, i € J'. It is rather surprising that in fact in some important
cases like for instance in the finite products of locally compact spaces, or even the
general products of regular compact spaces such a restricted identification after
all really produces the desired (see VIIL.6.5).

5.4.1. Proposition. The homomorphism w is always onto and dense.

Proof. We have, for an (z;); € H;eJLi — that is a system of x; € L; such that
x; =1fori¢ K, K C J, finite,

m(@izi) = () p; ().
i€ K

Since the sets ﬂieK pi_l(l"i) generate Q(HieJ

Now if u # 0is in @, ; Q(X;) we have an (z;); € H;eJ L; as above, moreover
with all the z; with ¢+ € K non-empty such that @;x; < u. Thus,

0# N p; ') S 7(u). U
1eK

X;) by unions (joins), 7 is onto.

5.4.2. Proposition. If X; are sober spaces and if @, QU(X;) is spatial then 7 is an
isomorphism. Thus, in such a case the product [ [, X; is being sent to the coproduct
of Q(X;) (product of Lc(X;) in Loc).

Proof. We have an isomorphism

b DX — QY);

choose Y sober. By 1.1.6.2, ¢ - ¢; = Q(g;) for (uniquely determined) continuous
¢:Y — X;. If f;: 2 — X, are continuous maps consider the homomorphisms
Q(fi): Q(X;) — 2(2), and the resulting

he @OX) — Q(2)

such that h - t; = Q(fi). Now we have h- ¢~ 1: Q(Y) — Q(2), and a uniquely
defined f: 2 — Y such that Q(f) = h-¢~1. Thus,

Qaif) = fi = h¢™ " bui = hey = Q(f2)

and hence ¢;f = f;. The unicity of such a map f is easily checked and hence
we have that (¢;: Y — X,);cs constitutes a product in Top. Hence there is an
isomorphism g: X — Y such that ¢;g = p;. Then

Ug) - ti=Qqi-g)=Qpi) =71

and hence m = Q(g) - ¢ is an isomorphism. O
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5.5. One may wish for a more explicit description of the product projections

pj: @Lz — Lj
ieJ

in Loc. We cannot do much. Of course we have, using the adjunction, the formula
p;j(U) = V{z | ¢;(z) C U} and since the set U is saturated we have par;(xz) CU
iff |k;(x) CU iff %; 1 € U so that we obtain

py(U) = V{e |21 € UY.
Here is a formula that is sometimes of help.

5.5.1. Proposition. Let f;: M — L;, i = 1,2, be localic maps. Then the associated
f: M — Ly ® Lo is given by

fla) ={(z,y) |y < fo(fi (@) = a)} ={(z,y) | = < fr(f2 (y) — @)}
Proof. By the formula (for g and hence for f*) in the proof of 4.3.2 we have

T O) =\H{fi @) A f2(y) | (,y) € UL

Let f be as above. If f*(U) < a and (x,y) € U then f{(z) A f5(y) < a, hence
fi(x) < f5(y) — a and hence = < fi1(f5(y) — a) and (x,y) € f(a). On the other
hand, let U C f(a) and (z,y) € U. Then =z < fi(f5(y) — a), hence fy(z) <
f3(y) — aand fi(x) A f5(y) < a. Thus, f*(U) C a. 0

5.5.2. Corollary. In particular, the diagonal morphism A: L — L & L is given by
the formula
Afa) = {(z,y) |z Ny < a}. 0

5.5.3. Corollary. For any localic maps f; : M; — L; (i = 1,2), the uniquef; @ fo
that makes the diagram

p p
My < M M & Mo e > Mo
f1 f1®f2 fa
\% \ \
Ll = PLy L1 @ L2 PLy = L2

commutative is given by the formula (f1 ® f2)(U) = V{fi1(a) @ f2(b) | a® b < U}.
Proof. By 5.5.1

(e f2)U) = {(ab)[b< fopan((fipa,)*(a) = U)}
= {(a,0) | (frpar)*(a) N (f2par,)" (b) < U}
= {@d) [ (ffl@e)n (e f3(b) <U}
= {a0) [ (fila)® f5(b) <U}.
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The latter set, being saturated, coincides with \/{a @b | fi(a) ® f5(b) < U},
which is easily seen to be equal to \/{f1(a) ® f2(b) | a®b < U} by the adjunction
Ar. O

5.6. Coproduct of two frames obtained using a prenucleus. Recall the frame quo-
tient
M ©(L1 X Lg) — L1 D L2

from 4.3 above. By abuse of notation we will also use the symbol u for the corre-
sponding nucleus D (L x Ly) — D (L1 X Ly). Now (recall IT1.11.5) we immediately
see that our p is generated by the prenucleus v = mom; where

m(U) ={(VAb) | Ax{b} CU},
m(U) = {(a,V B) | {a} x BC U}.

The following lemma will come handy

Lemma. Let (a1,b),..., (an,b) € v(U) = mom (U). Then (\/;—, a;,b) € v(U).

Proof. We have B; C Ly such that {a;} x B; C m(U) and b = \/|_, B;. Since
m1(U) is a down-set, B = B; A ... A B, has, now independently of i, the property
that {a;} x B C m(U) and b = \/ B. For each ¢ € B we have A;(c) such that
V Ai(c) = a;, and A;(c) x {c} CU.

Choose an arbitrary y € B and i € {1,...,n}. Then for an « € A;(y), < a;,
and since (a;,¢) € m1(U), which is a down-set, (x,¢) € m1(U) and hence

LyJAz'(y) x {c} € m(U)

and since \/i_, (U, 4i(y)) = a, (a,¢) € mmi(U) = m(U). Thus, {a} x B C 71 (U)
and finally (a,b) € mam (U). O

6. Epimorphisms in Frm

6.1. We have seen in Chapter IIT that monomorphisms in Frm are easy to de-
scribe (one-one frame homomorphisms). On the contrary, epimorphisms constitute
a rather wild class, as we will now see. We start with an example that shows that
not every epimorphism in Frm is surjective.

6.1.1. Example. Let X be a Tj-space. The insertion
e: QX) — P(X)

is certainly monic, and is surjective only when X is discrete. However e is an
epimorphism as we now prove. Since X is T}, F, = {«} is closed for every z € X.
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Let Uy, = X N\ F, € Q(X). Note that for any morphism f: P(X) — L into an
arbitrary frame L, the value f(F,) is uniquely determined by f(U,) (since f(Uy,)
and f(F,) are complements in L). Consider now two morphisms f,g: B(X) —
L such that fe = ge. Of course f(U,) = ¢g(U,) for every x € X, and hence
f(Fy) = g(Fy). Consider any S € P(X). We have S = |J{F, | = € S}. Thus
7(8) = VAF(F) | 2 € S} = V{g(F,) | & € S} = g(S), which shows that f = g.

6.2. Recall the one-one frame homomorphism
Vi=(ar—Vgy): L —&(L)
from II1.6.4.1. From Corollary II1.6.5.1 it follows that
6.2.1. Proposition. The embedding V: L — €(L) is an epimorphism in Frm.

Proof. Indeed if f,g: €(L) — M coincide in the V,’s, they coincide, by com-
plementation, also in the A,’s, and hence by Corollary II1.6.5.1 in every E €
¢(L). O

Therefore Vy, is a bimorphism (i.e., both mono and epic). However

6.2.2. Proposition. V,: L — &(L) is an isomorphism if and only if L is a Boolean
algebra.

Proof. Suppose first that V, is an isomorphism. Then every E € €(L) is closed.
In particular, for every a € L, A, = V,; for some b € L. But then V,V V;, =1
and Vo, AVy =0, that is, a Vb = 1 and a A b = 0, which shows that b is the
complement of a.

Conversely, assume that L is Boolean. Then each E € €(L) is equal to V,
for a = \/{x € L | (x,0) € E}. Indeed: for every =,y € L, (z,z Va) and (y V a,y)
are in F and, consequently, if (z,y) € V, then (z,y) € F; conversely, if (z,y) € E
then (zVa,y) € E and ((zVa)Ay*,0) € E;so (zVa)A\y* < a, that is, xVa < yVa.

This proves that V, is surjective. Being always an embedding, it is then an
isomorphism. O

This shows that the category Frm is not balanced. It has bimorphisms that
are not isomorphisms. In fact, as we will see in the sequel, the situation is even
more complicated.

6.3. The functor €. The next result is crucial in establishing functorial properties
of €(L).

6.3.1. Proposition. Let f: L — M be a frame homomorphism such that each mem-

ber of the image of L under f is complemented in M. There exists a unique map
f:€(L) — M such that -V = f.
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Proof. Uniqueness follows from the fact that V, is an epimorphism, so it suffices
to prove the existence of such f. For each F € €(L) set

fE) =V{f(a)* A f) | (a,b) € E,a < b}

where f(a)* is the given complement of f(a) in M. We must check that f is indeed
a frame homomorphism. From the definition of f and the frame distributive law it
immediately follows that f is order-preserving and preserves finite meets. Turning
to arbitrary joins, it suffices to show that f has a right (Galois) adjoint fx. For
m € M, define

fy(m) ={(z,y) | f(z)Vm = fly)Vm}.

This is easily seen to be a congruence on L and mi < mq implies fgx(m1) C
Jx(m2). Moreover, f(C) <miff C C fg(m). Indeed, suppose a < band (a,b) € C.
Then

fl@)* A f(b) <miff f(b) <mV f(a) it mV f(b) =mV f(a)

(since f(a) < f(b)), as required.
Finally, we check that f-Vy = f. Let ¢ € L. Then
F(VL(e) = F(Ve) =V{f(a)" A f(b) [aVe=DbVc,a<b}

Since 0V e =cVe, f(Ve) > f(0)* A f(c) = f(c). On the other hand, suppose
aVe=bVcanda<b. Then

(Fla)*AfB))V f(e) = (fla)" vV f(c)) A f(bVc)
= (f(a)"V f(e) A flaVve) = (f(a)" A fla)) V fle) = fle),
thus £(V.) < F(0)* A f(c) = (o). O
6.3.2. Corollary. The assignment L +— €(L) is the object part of a functor

¢: Frm — Frm.

Moreover, V,: L — €(L) defines a natural transformation V: I1d = €.

Proof. Let f: L — M be a frame homomorphism. Then Vs - f: L — €(M) is
also a frame homomorphism in the conditions of the proposition. It suffices then
to define €(f): €(L) — €(M) as the unique map, given by the proposition, for
which the following diagram commutes.
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6.4. The congruence tower. Given a frame L, define an ordinal sequence of
frames €*(L) and a doubly-indexed ordinal sequence of frame homomorphisms
VI ¢f(L) — (L) (8 < ) as follows:

e(r)y=0r, vy’ =idy,

e (L) = €@ (L)), VT =V Vi,

and for a limit ordinal A,
CML) = colimax€*(L), V™ =g}: €(L) — colima<€*(L)
where (g): €*(L) — colimy< €¥(L))a<x is the colimit of the diagram
Dy: {a|a <A} - Frm

defined by Dy(a) = €*(L) for @ < A and Dy(3 — o) = V2 for § < a < X (see
AIL5.1). Note that, by induction, V}“ = Vi’a . VZ’B forally < 8 < a.
Now for a frame homomorphism f: L — M define

€ (f): (L) — €*(M)

by recursion, as follows: €(f) = f, €¥FtL(f) = €(€¥(f)); for a limit ordinal A,
since {V%”\ -C¥(f) | @ < A} is an upper bound of Dy, there is a (unique) ¢ such
that ¢\ V™ = V3 -€(f) for all @ < A, which is taken as the definition for € ().
It is a straightforward exercise to see (by induction, using the universal property
of the colimit at limit stages) that each €* becomes a functor Frm — Frm. One
can again show by induction that if 8 < « then

CH(f) - V= Vi (),
and so (Vﬁ’a)Leprm is a natural transformation €° = ¢,

6.4.1. Note. ngyaL = vz+ﬁxy+a and @'Y(v%a) — vz+ﬁ77+a'

6.5. Directed colimits of frames. Let D: K — Frm be a diagram of frames indexed
by a (up-)directed poset K (viewed as a category, recall AII.1.1.1). The following
lemma, that we shall need in 6.6.1, is the particular case of a more general result
about filtered colimits of frames ([139], [270]). It asserts that the colimit of such
a diagram D is computed by taking the directed limit of the underlying sets and
right adjoint maps.

6.5.1. Lemma. Let D(«) be a monomorphism for every morphism o« of K. The
colimit of D is the frame L of all o € Hanij D(a) such that for every morphism
aa — b of K, D(a).(o(b)) = o(a), ordered pointwise. For each a € objK the
canonical injection D(a) — L is the left adjoint to the projection go,: L — D(a)
and it is a monomorphism as well.
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Proof. For each a: @ — b in K let fop = D(a) and let gqp: D(b) — D(a) denote
its right adjoint. Since each g,; preserves arbitrary meets, it follows that L is a
complete lattice with meets defined pointwise. In order to prove that it is a frame
it suffices to show that it has a Heyting operation. For each o,y € L and b € objK
define

o = />\bgba(ga(0) — ga(7))- (6.5.1)

Since for each a > ¢ > b,

9ba(9a(0) = 9a (7)) = Gbegea(gal(o) — ga(7))
< gbe(9eaga(0) = Geaga(7)) < goe(ge(o) — ge(7)),

the meet in (6.5.1) may be taken over any cofinal subset of K all of whose elements
are greater than b. Therefore, for d > b we may write

gba(0d) = gva( />\dgda(ga(0) — ga(7))) = é\dgbdgda(ga(a) — ga(7))

= />\d9ba(ga(0) — ga(7)) = />\bgbdgda(ga(0) = ga(7)) =

which shows that 6 = (dp)peobjix is an element of L. Moreover

gp(0 AN o) =0y A gp(o) = gp(a) A />\bgba(ga(0) = ga(7))

< gv(o) A (go(a) — gv(7)) < gp(0)

and thus o A § < v. We now show that 6 = 0 — v. Let AAo <+ in L. Then
9a(A) A ga(@) < ga(7), that is, ga(A) < ga(0) — ga(7), and if a > b, go(X) =

Gbaga(N) < gba(ga(0) — ga(7)). Hence gp(A) < /\azb Gba(ga(0) — ga(7)) = 96(0)
and so A < and 6 =0 — « in L. Thus L is a frame.

Since the frame homomorphisms fy, satisfy gapfar = idp(a), we have

gcb((fa(x))b) = gcbfab(w) = gcbfcbfac(w) = fac(x) = (fa(x))c

for any b > ¢ > a and we may define f,: D(a) — L by (fo(2))s = far(z). Clearly
fa is the left adjoint to g, (since gq fo(z) = x and if b > a, (gafo(¥))o = fabga(y) =
Javgavgn(y) < gu(y) and so foga(y) < y) and it is one-one. Moreover f, preserves
finite meets (and so it is a frame map and g, is a localic map):

(falz A 2))o = fan(x A 2) = fan(z) A fap(2) = (fa(@))o A (fal2))e-

Finally, if r,: D(a) — M are frame homomorphisms such that ryfop = 74
let r: L — M be given by 7(0) = Vyeopir o(0(b)). It clearly preserves arbitrary
joins and satisfies rf, = r, for every a. So,

rlony) =V ra(o(a)Av(a)) =V ralo(a)) Ara(v(a))

a€cobjK a€objK
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and, on the other hand,

r@ A =V ral@) AV nGO)) =V rae@) Ar().

a€objK bEobjK a,beobjK

Since K is up-directed and for a < ¢, ro(0(a)) = ¢ fac(o(a)) < rc(o(c)) (because
o(a) < o(a) = gac(o(c)) and thus fup(o(a)) < o(c)), then r(c Avy) =r(c) Ar(y)
and r is a frame homomorphism. O

6.6. Weird epimorphisms
6.6.1. Lemma. (a) For all ordinals o, B with § < «, the morphism V[Z’a s both a
monomorphism and an epimorphism in Frm.

(b) For every frame homomorphism f: L — M with M Boolean, and every ordinal
«, there exists a unique frame homomorphism f: €*L — M such that f = f-VOL’a.

Proof. (a) By the first equation of 6.4.1 we can assume that 8 = 0. For each L, V,
is mono and epi, and compositions of monos or epis are likewise mono or epi. Thus
it suffices to show (by induction) that V9 = ¢: ¢%(L) = L — colima<»€*(L) is
also mono and epi, for any limit ordinal A.

That ¢ is epi follows from the universal property of the colimit (AIL5.1):
if f,g: colimy<\€*(L) — M are frame homomorphisms such that f - ¢} = g - ¢},
then for every a < A, we have

fead-Da0—a)=f-qd =g a0 =9 q D0 — a),

and therefore f - q) = g-¢q) (since D\(0 — a) = V%a is epi); consequently
(f “q) = g-q))a<x is an upper bound of Dy and thus f = g by the universal
property of the colimit.

For monos this is an immediate consequence of 6.5.1.

(b) Uniqueness of such f follows from the fact in (a) that each V%a is epi. For
every ordinal a, morphisms f,: €*(L) — M can be constructed by recursion on «
by setting fo = f, using the universal property 6.3.1 of € for all successor ordinals
(since every element of M is complemented), and using the (unique) morphism
from the colimit, for all limit ordinals. O

6.6.2. Proposition. If there exists an ordinal « such that V(L""Hl 18 an isomor-
phism, then €*(L) is the free complete Boolean algebra generated by L.

Proof. 6.2.2 shows that €*(L) must be Boolean. Then 6.6.1(b) ensures that every
frame homomorphism from L to a complete Boolean algebra factors uniquely
through V9. O

6.6.3. Corollary. There exists a frame L for which none of the maps
veett ex(rL) — e t(L)

s an tsomorphism.
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Proof. Let L be the free frame on Ny generators. If V%’O‘H is an isomorphism

for some ordinal « then, by 6.6.2, €*(L) would be the free complete Boolean
algebra on R generators, which is impossible by the result (proved independently
by Gaifman [110] and Hales [124]) that the free complete Boolean algebra on a
countably infinite set is a proper class. O

This shows how weird the structure of epimorphisms in Frm is:

One has epimorphisms V%a: L — ¢%(L) for all ordinals a (that is, the
(L) are all subobjects of L in Loc; though not, of course, sublocales). For the
frame L of the corollary the €*(L) never stop growing. Thus, for such a frame L
one has epimorphisms L — M with arbitrarily large M (in the usual categorical
terminology, the category Frm is not co-wellpowered).

In all the known cases either the €*(L) never stop growing, or the growth
stops before the fourth step (Plewe [213]); whether it can be otherwise is still an
open problem.

6.7. How one recognizes epimorphisms? There is a useful characterization of frame
epimorphisms due to Madden and Molitor [178] that we present next. Roughly,
f: L — M is an epimorphism if and only if every element of M is accessible from
L via iterated complementation in an appropriate extension of L.

6.7.1. Background: Simplification of certain colimits in algebraic categories A =
Mod(2, E). If A is the category of models of an equational theory (92, E) and
every w € Q has |¢(w)| < & for some fixed regular cardinal , then certain colimit
constructions on A become simplified (one says that A is locally k-presentable [1]).
For example, one says that K is a k-filtered category if any diagram D: K' — K
has a lower bound where K’ has less than x morphisms. Note that a poset X is
r-filtered as a category just when it is k-directed as a poset (i.e., given any index
set J with |J| < k and (x;);es in X, there exists z € X such that z; < z for all 7).
Then, if K is a x-filtered category, the forgetful functor A — Set creates colimits
of diagrams K — Set (i.e., the colimit of any diagram D: K — A is calculated as
in Set). In particular, if K is a chain (as a category) such that every S C K with
|S] < k (a k-subset) has an upper bound, and D: K — A is a diagram such that
for every j < k, D(j — k) is an inclusion, then the colimit of D is just the union
of the algebras D(j), j € K.

6.7.2. Background: k-frames and x-complete Boolean algebras. Let s be a regular
cardinal. A k-frame is a poset with finite meets and k-joins (i.e., every subset with
cardinality strictly less than k has a join), and binary meet distributes over these
joins; k-frame homomorphisms preserve finite meets and k-joins. We denote the
category of k-frames and k-morphisms by

k-Frm.

The universal property of € on Frm can be easily generalized to x-Frm. Thus,
for a k-frame L we let d,: L — BL be the result in x-Frm of freely complementing
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the elements of L. This can be constructed as a quotient of a free extension of L
by new elements {a* | a € L}, where we divide by the congruence determined
by equations saying that a* is the complement of a. Just as with the congruence
tower for frames, we can iterate the functor 98 to produce an ordinal sequence of
k-frames B(L) and a doubly-indexed ordinal sequence of k-morphisms

dve. B0(L) — B(L),
with analogous properties. One can also define functors
B k-Frm — k-Frm
in such a way that (dg’a) Lew-Fem €stablish natural transformations
B 5B (B<a).

However, when it comes to the reflection problem, there is an important
difference: by 6.7.1, since the ordinal x (by regularity) is x-filtered as a category
and x-Frm is locally k-presentable, the colimit used to construct %B%(L) is just the
union of the B*(L) for o < k (assuming that we identify each r-frame in the tower
with its image under d). Thus the result is a Boolean s-frame, and it follows that
the full subcategory of k-complete Boolean algebras is reflective, with reflection
functor B". The advantage of this stems from the following result of LaGrange
([171]):

In the category of k-complete Boolean algebras, every epimorphism is
surjective.

In the following, to simplify notation, we shall use the obvious forgetful func-
tor Frm — x-Frm without explicit mention. We shall also denote V%a and d%a
just by V¢ and df respectively.

6.7.3. Lemma. (a) Let L be a frame. For each ordinal « there is a k-frame homo-
morphism e¢ : B (L) — €*(L) such that V¢ = e} - dF.

(b) Let f: L — M be a frame epimorphism. Then for sufficiently large K, f is an
epimorphism in the category of k-frames.

Proof. (a) This is easy to verify by induction using the universal mapping property
of dL.

(b) Suppose f is not an epimorphism in any x-Frm. Fix £ > 2IM| Let g, h: M — K
be k-frame homomorphisms such that g # h and gf = hf. We may assume that
K is generated as a k-frame by the union of the images of g and h, and therefore
that |K| < k. Then, evidently, K is a frame. Similarly, g and h are actually frame
homomorphisms. Then f is not an epimorphism in Frm, a contradiction. O
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6.7.4. a-epimorphisms. For an ordinal «, we say that a frame homomorphism
f: L — M is a-epi if the image of €¥(f) contains the image of V¢, : M — €*(M),
that is,

V(M) C € (f)(€*(L)).

Clearly, 0-epi means onto, and if f is a-epi then it is G-epi for all g > «.
Theorem. [Madden & Molitor] A morphism in Frm is an epimorphism if and only
if it is a-epi for some ordinal a.

Proof. Let f: L — M be a frame homomorphism. Using 6.7.3(b), take x such that
f is an epimorphism in k-Frm. Then

B(f): B(L) — B" (M)

is an epimorphism of k-complete Boolean algebras because 9", being a reflection,
preserves epimorphisms (recall AI1.8.3). Thus, by the result of LaGrange quoted
above, it is surjective. Now, by (a),

5B ()5 = € (f)efdun

and so, since df is epic, e, B"(f) = €%(f)e’. Thus, by the surjectivity of B*(f),
e (M) C E5(f)(€*(L)). Since V45, (M) C ek, (M), then finally

(M) € € (f)(€*(L)).

Conversely, suppose that V$,(M) C €*(f)(€%(L)), and that gf = hf for
frame homomorphisms g, h: M — K. Since €%(g) and €*(h) agree on the image
of €*(f) we have

K 9=C%g) Vi =€%(h)- Vi = Vi - h.

But V% is one-one, thus g = h. O



Chapter V

Separation Axioms

In this chapter we will discuss the counterparts (or, almost counterparts) of the
separation axioms T;. Although the standardly used definitions seem to be heavily
dependent on points, it is only partly so: for instance regularity and complete
regularity can be perfectly reformulated in the point-free language. Instead of T}
we can consider a weaker version that has, however a very good interpretation
in classical topology. What is hard to replace is the Hausdorff axiom; however,
there are formally very similar conditions (not quite corresponding to the classical
concept factually) that turn out to be very useful.

Of course, Ty will be dismissed right away, being absolutely irrelevant in the
point-free context.

1. Instead of Ti: subfit and fit

1.1. Subfit locales. It is not quite difficult to formulate a property of a locale L
that would in the lattice Q(X) (with a Ty-space X ) correspond precisely to T;. The
problem is in the tendency of such formulas to make the locale spatial. Therefore
one starts, rather, with a weaker condition that has a very good meaning both in
topology and in algebra (and in logic, t00).

A locale (frame) L is said to be subfit if

atb = de,aVe=1#bVe. (Sfit)
We will say that a space X is subfit if the frame Q(X) is.

1.1.1. Facts. (1) Every Ti-space is subfit.
(2) For a space X, Ty = Tp & subfit.

(3) X is subfit iff for each open U and each x € U there is a y € {x} such that
{y}CU.

J. Picado and A. Pultr, Frames and Locales: Topology without points, Frontiers in Mathematics, 73
DOI 10.1007/978-3-0348-0154-6_5, © Springer Basel AG 2012
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Proof. (1):IfU ¢ V takean x € UN\V. Then UU(X ~{z}) = X # VU(X ~{x}).
(2): Ty trivially implies T (recall 1.2.1), and by (1) it also implies subfitness. Now
let X be T'p and subfit. For x € X choose an open U containing z such that U~ {z}
is open. Since U ¢ U~{z} there is an open V such that UUV = X # (U~{z})UV.
By the latter, z ¢ V and hence X \ {z} = (UUV)~{z} = (U~ {z})UV is open.
(3): Let the statement hold and let U ¢ V. For an « € U \ V choose y € {z}
such that {y} C U. Then U U (X \ {y}) = X. On the other hand, x ¢ V, hence
{z}NV =0andy ¢V, so that y € VU (X \ {y}).

Conversely let X be subfit and z € U € Q(X). Then U € X ~ {z} and there
is a V such that VUU = X # VU (X ~ {z}); hence there is a y € {x} such that
y ¢ V. Then {y} C X \V, and since VUU = X we conclude that {y} CU. O

Note. Subfitness was introduced by Isbell in [136] and independently (as conjunc-
tivity, because it is the opposite of the disjunctive property for distributive lattices)
by Simmons in [245].

1.2. Before proceeding with subfitness we will discuss a slightly stronger property,
the fitness, introduced also by Isbell in [136]. Unlike subfitness, this is first of all a
very important algebraic property, with not quite so much immediate topological
impact. In connection with the purposes of this section, it is important that it is a
hereditary variant of subfitness (which is not generally inherited in sublocales; see
1.5 below). As a separation axiom it has also some aspects similar with regularity,
see b.5.
A locale (frame) L is said to be fit if

atb = 3de,aVe=1 and c—bLb (Fit)
1.2.1. Lemma. (1) Each fit locale is subfit.
(2) Each sublocale S of a fit locale L is fit.
Proof. (1): Let L be fit and let a, b, ¢ be as in the condition (Fit). Then
c—=b=(c—=bAND—Db)=(cVb) —=b#D

and hence ¢V b # 1.

(2): Let a,b € S C L, a £ b. Denote by z Vg y the join in S. Consider the ¢ € L
from the definition of fitness. Trivially vs(c) Vs a > ¢V a =1, and by I11.5.3.1(b)
vg(c) =b=c—b£b. O

1.3. Before presenting a series of characteristics of fitness it will be useful to in-
troduce the following notation: for a sublocale S of a general L set

ST =1(5~A{1}) (={z € L | vs(x) #1}).
1.3.1. Lemma. For any sublocale S and any c € L, S C o(c) iff vs(c) = 1.
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Proof. If vg(c) = 1 then for any s € S, by II1.5.3.1(b) and (H1) in II.3.1.1,
c—s=vg(c) ws=1—-s=sIfs=vg(c)#1thenc<sandc—s=1#s,
by (H2) in IIL3.1.1. O

1.3.2. Proposition. The following statements about a locale L are equivalent:

(1) L is fit.

(2) For any sublocales S and T of L, S'=T" = S=T1T.
(3) For any sublocale S of L, S = ({o(z) | vs(z) = 1}.
(4)

()

Each sublocale is an intersection of open sublocales.

FEach closed sublocale is an intersection of open sublocales.

Proof. (1)=(2): Let S’ =T"andlet b € T, b # 1. Set a = vg(b). Suppose aVe =1
and bVec<a; € S. Thena; >aVe=1sothat bVe ¢ S =T'. By property (H8)
(II1.3.1.1), however, (bV ¢) A (¢ — b) < b and hence bV ¢ < (¢ = b) = be T so
that (¢ - b) - b=1and ¢ — b= b by (H2) and (H3). Therefore, by (Fit), a <b
and hence b = vg(b) € S.

(2)=-(3): The inclusion C follows from 1.3.1. On the other hand, if

a€T=o(z) | vs(z) =1}

we have © — a = a whenever vg(x) = 1. Thus, if vg(a) = 1 we havea = a — a = 1.
Hence T ~\ {1} C S, consequently 7" C S" C T”, and by (2), S =T.

(3)=(4)=(5) is trivial.
(5)=(1): By II.6.2.1, if Ta is an intersection of some open sublocales then it is
the intersection of all open sublocales o(c) with 2 qlc) =1. As

VTa(c) =N{sla<s, c<s}=aVe,
we have ¢(a) = Ta = ({o(c) | aVe =1} and hence, if ¢ — b = b for all ¢ such that
aVe=1then a <b. O
Note. The original Isbell’s definition in [136] was the property (3).
1.3.3. The equivalence (1)<(2) above has an interesting algebraic interpretation.

Corollary. A frame L is fit iff for the frame congruences on L one has the impli-
cation

Fi1 = Es1 = Ey =E,

(that is, if the congruence classes of the top coincide then the congruences coin-
cide). O
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(Indeed, recall that for the congruence E corresponding to a sublocale S
onchaszFEyiff (Vs € S, x <s <y <s). Thus,z € S’iff (Is#1,s€ S
such that < s) iff (z,1) ¢ F and hence Ey = E» iff S; = Sy iff S| = 5
iff E11 = E»l.)

1.4. Subfit locales have similar characteristics like those in 1.3.2.

Proposition. The following statements about a locale L are equivalent:

(1) L is subfit.

(2) For a sublocale S C L, S~ {1} is cofinal in L ~ {1} only if S = L.

(3) If S # L for a sublocale S C L then there is a closed ¢(x) # O such that
SNe(r) =0.

(4) For each open sublocale o(a), o(a) = \/{c(x) | zVa=1}.

(5) Each open sublocale is a join of closed sublocales.

Proof. (1)=(2): Let b€ L and a = vg(b). If aVe =1 we have vg(bVe) > aVe=1
and hence bV ¢ = 1. Thus, a < b, that is, b € S.

(2)<(3): the latter is just an immediate reformulation of the former.

(4)<(5) follows immediately from the fact that ¢(z) C o(a) iff z Va =1 (indeed
c(z) Cofa) iff c(x)Nc(a) =0 iff c(x Va) =0 iff x Va=1).

(3)=(4): Set S = V{c(z) | zVa =1} and suppose ¢(y) N (c(a) V.S) = O. Then,
¢(y) N¢(a) = O and, by complementation, ¢(y) C o(a). Therefore, y Va = 1, and
we conclude that ¢(y) € S and finally ¢(y) = ¢(y) N (c(a) V §) = O. Thus by (3),
¢(a) V.S = L and by complementation again o(a) C S (the reverse inclusion is
obvious).

(4)=(1): If @ £ b we have c(b) € c(a) (as b € ¢(b) \ ¢(a)) and hence o(a) € o(b).
Thus there is a ¢ such that ¢V a =1 and ¢(¢) € o(b), that is, ¢ Vb # 1. O

1.4.1. Using the same procedure as in 1.3.3 we obtain the following interpretation
of the equivalence (1)<(2).

Corollary. A frame L is subfit iff for the frame congruences on L one has the
implication
E1={1} = FE=A={(z,x2)|x€L}

(that is, if the congruence class of the top is trivial than the whole of the congruence
is trivial). O

1.5. Proposition. A locale is fit iff each of its sublocales is subfit.
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Proof. The implication = follows from 1.2.1.

<: Let each sublocale of L be subfit. We will prove that L satisfies the property
(2) from 1.3.2. Let S, T be sublocales of L and let S” = T”. Consider the sublocale
SV T. By the assumption it is subfit. Consider an element sAt € SVT, sAt < 1.
If s<1wehave sANt <s<1withse S. If s=1thent < 1 and we have an
s’ € S such that t < s’ < 1. Thus, s At < s <1 with s’ € S again and S~ {1} is
cofinal in S VT ~\ {1} and we have, by (2) in 1.4, S = SV T. Similarly T = SV T
and we conclude that S =T. (]

Note. If a space X is T} then each of its subspaces is T and hence subfit. That
does not mean that the locale Lc(X) is then necessarily fit, though. There can be
non-induced sublocales of Lc(X) that are not subfit.

1.6. A frame homomorphism h: M — L is co-dense if
ha)=1 = a=1

(compare with the density from III.8.2 amounting to h(a) =0 = a = 0). In
the language of localic maps (called co-dense if its adjoint is) this is expressed as
follows.

Proposition. A localic map is co-dense if f[L ~ {1}] (= f[L] ~ {1}) is cofinal in
M~ {1}.

Proof. As for the equality recall 11.2.3: f(x) > 1 iff > f*(1) = 1.

Now if f[L~ {1}]is cofinal in M ~ {1} and b < 1 then there is an a < 1 such
that b < f(a) and hence f*(b) < a < 1. Conversely, if f* is co-dense and b < 1 in
M then f*(b) <a<1,and b < f(a). O

From 1.4.1 we immediately obtain

1.6.1. Corollary. A frame L is subfit iff each co-dense frame homomorphism
h: L — M 1is one-one. (]

(Consider the congruence E = {(z,y) | h(z) = h(y)} of L. If h is co-
dense then F1 = {1} and hence E is trivial; conversely, if the condition
holds and F1 = {1} consider the quotient map L — L/E.)

In the language of localic maps this has the following formulation:

1.6.2. Corollary. A locale L is subfit iff each co-dense localic map f: M — L is
onto. U

1.7. Proposition. Every complemented sublocale of a subfit locale is subfit.
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Proof. Let T be the complement of a sublocale S C L, that is, SNT = O and
SVT = L. Let Sy C S be such that Sy ~ {1} is cofinal in S. Consider the join
SoVT.Let ¢ € L. Then x = s At for some s € Sand ¢t € T. If x < 1 then
eithert <land x =sAt<teSyVTort=1and then s < 1 and there is an
s0 € So, so < 1, such that x = s < sg. Thus, Sop VT ~ {1} is cofinal in L ~ {1}
and Sop VT = L. Consequently S =5SN(SoVT)=5NSy=5S. O

1.8. Recall from III.7.2 that open localic maps are precisely the localic maps
f: L — M for which the left adjoint f* is a complete Heyting homomorphism.
There we saw that open frame homomorphisms h: M — L are characterized by
the existence of a map ¢ such that

xApla) =yAd(a) iff h(x)ANa=h(y)Aa. (1.8.1)
If we set
E={(z,y) | Mz) Na=h(y) Na} and E'={(z,y) |z Ad(a)=yAda)}

we can rewrite (1.8.1) as F = E’ and if M is fit this reduces, by 1.3.3, to E1 = E'1,
that is, to

dla) <z iff xzA¢(a)=¢(a) iff h(zx)Aa iff a<h(z)
so that (1.8.1) reduces to h being also a right adjoint; hence

if M is a fit frame then a frame homomorphism h: M — L is open iff it is
a complete lattice homomorphism.

(Thus, the Heyting condition comes for free.)

In fact, this holds already for subfit frames. We do not have it as a direct
corollary of the characterization theorem, but the proof is easy.

Proposition. If M is subfit then a frame homomorphism h: M — L is open iff it
is a complete lattice homomorphism.

Proof. Let h: M — L be an open frame homomorphism. By II1.7.2, h is, in
particular, a complete lattice homomorphism.

Conversely, let h be a complete lattice homomorphism, denote by ¢ the cor-
responding left adjoint and assume M is subfit. Then ¢(a A k(b)) = ¢(a) A b (and
by II1.7.2 h is open). Indeed:

We have always
o(a A h(b)) < Bla) A 6h(b) < d(a) Ab.

On the other hand, if ¢(a) Ab £ ¢(a A h(b)) then, by subfitness, there exists ¢ € L
for which

(p(a) ANb)Ve=1%# ¢(aNh(b))Vec.
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But
B(d(a A R(B) v ¢) = h(g(a A () V h(e) = ho(a A h(B) V h(c)
> (aAh(b)) Vh(c)=(aV h(e)) A (D) V h(c))
=(aVh(c) ANh(bVec)=aVh(c) > a.

Thus ¢(a A k(b)) V ¢ > ¢(a) and consequently ¢(a A h(b)) Ve > ¢pla) Ve =1, a
contradiction. O

2. Mimicking the Hausdorff axiom

2.1. Isbell’s approach. A topological space X is Hausdorff (or 73) if and only if
the diagonal {(x,z) | x € X} is closed in X x X. This was imitated by Isbell in
[136]: a frame L is called Hausdorff whenever the diagonal

A:L—-LDL

is a closed localic map.
Recall from IV.5.5.2 that the diagonal A is given by the formula

Ala) ={(z,y) |z Ny <a},

and its left adjoint A* (the codiagonal homomorphism — see IV.5.2) is given by

AT U) =z Ay | (z,y) e Uy = Vx| (z,2) € U}

(in particular, A*(z®y) = xAy). Thus, this amounts to requiring that A[L] C L& L
is a closed sublocale, and since A A[L] = A(0), to

A[L] = TA(0).

The element A(0) = {(z,y) | * Ay = 0} of L @ L will play, repeatedly, a basic
role. We will denote it by
dr.

Since we will also consider another Hausdorff type property we will call
a frame (locale) satisfying the just mentioned one I-Hausdorff (short for Isbell-
Hausdorff; sometimes one speaks of a strongly Hausdorff frame [136]).

Note that the I-Hausdorff property is only an imitation of the classical one,
not its exact extension: we use a square that is not an exact extension of the
classical square of spaces (since Lc(X x Y') is not generally isomorphic to Lc(X) &
Lc(Y)). We have that

if Le(X) 4s I-Hausdorff then X is Hausdorff,

but the reverse implication generally does not hold ([145]).
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2.1.1. Obviously A* is onto (for instance, A*(a@®a) = a). Thus, as A*"AA* = A*]
we have
A*A =id. (2.1.1)

From the adjunction we further have that

U C AA* (). (2.1.2)

2.2. Here is a useful characterisation.

Lemma. The following statements about a locale L are equivalent:

(1) L is I-Hausdorf}.

(2) For all saturated U 2 dr, AA*(U) = U; in other words, the restrictions
of A and A* to L — 1dr and 1dr, — L respectively are mutually inverse
isomorphisms.

(3) There exists a mapping a: L — 1dr, such that aA* =~ = (U +— U Vdy).

Furthermore, an « satisfying (3) is necessarily an isomorphism inverse to the
restriction of A*, hence, the restriction of A to L — Tdy,.

Proof. (1)=(2): For the U D dr, choose a = (U) such that U = A(a). Then,
U= ApB(U) and, by (2.1.1), A*(U) = A*AB(U) = B(U). Thus, U = AA*(U).
(2)=(3): Set

a=(a— Ala)): L — 1dr.

Then UVdy = AA*(UVdy) = A(A*(U)VA*dL) = A(A*(U)V0) = A(A*(U)) =
aA*(U).

(3)=(1): Since v and A* are homomorphisms and A* is onto, « is a homomor-
phism, and it is onto since « is. Finally,

A*aA*(U) = Ay(U) = A*(U) V A*A(0) = A*(U)

since A*A(0) = 0; thus, « is one-one, hence an isomorphism, and (1) follows.

Moreover, we have seen that « is necessarily the inverse to the restriction
of A*. O

2.3. Proposition. A locale L is I-Hausdorff iff for every saturated U 2O dj, one has
the implication
(anb,and)elU = (a,b)eU.

Consequently, in any I-Hausdorff locale we have

(a®b)VvVdr =(bDa)VdyL.
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Proof. =: Let L be an I-Hausdorff locale. Then by 2.2, AA*(U) =U. If (aAb,a N
b) € U then a Ab < A*(U) and (a,b) € A(A*(U)) =U.

<: Let the implication hold and let z;, ¢ € J, be in L. Then for a saturated U D dj,
we have the implication

(i, z;) €U = (a;,x;) € U for any j (2.3.1)
(since if (z;,2;) € U then (z; Azj,2; Axj) € U).

We will use 2.2(3). Set a(a) = (a @ a) V dr. Obviously « preserves meets,
and by (2.3.1) and IV.5.2 also

a(Vai)=((V a)o(V a))Vvdy

ieJ ieJ ieJ
=(V (@i®aj))Vvdy =\ ((ai ®ai;) Vdr) = \ a(ai).
ijeJ icJ icJ

Thus, « is a frame homomorphism and hence so is also aA*; we have
aA*(a®b) =alaNb)=((aAd)® (aAb)Vdr =(a®b)VdpL,

the last equality by the assumed implication again. Since the elements a & b gen-
erate L @ L (recall IV.5.2(1)), the statement follows. O

2.4. Proposition. Each sublocale of an I-Hausdorff locale is I-Hausdorff.
Proof. Let S C L be a sublocale and let U be saturated in S x S; let
U2 As(0g) ={(z,y) € SxS|axny=rg(0)}.

Then |U (with | taken in L x L) is saturated in L x L: if (z;,y) € [U there are
x>z, y' >y with (z},y’) € U; hence (\/feng,y’) € U and

s
Vi< Vag<wvs(V )=V i,
ieJ ieJ ieJ ieJ

so that (\/;,c;=i,y) € [U. Further, |U O dr: in fact, if 2 Ay = 0 then vg(z) A
vs(y) = vs(0) and hence

(z,y) < (vs(x),vs(y)) € As(0s) C U.

Now let (a Ab,a Ab) € U with (a,b) € S x S. Then (a,b) € |U and since U
is a down-set in S x S, (a,b) € U. O

2.5. Coequalizers of homomorphisms with I-Hausdorff source. One of the impor-
tant properties of Hausdorff spaces is that if f1, fo: X — Y are continuous maps
and Y is Hausdorff then the equalizer set {z | fi(z) = fa(x)} is closed. The
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following proposition is a point-free counterpart of this statement, proved first by
Banaschewski for regular frames [13]. It holds (more generally, as we will see below
in 5.4.2) for I-Hausdorff frames as well (this case is due to Chen [61]).

2.5.1. Proposition. Let L be I-Hausdorff and hy,hs: L — M frame homomor-
phisms. Set ¢ = \/[{h1(z) AN ha(y) | x ANy =0}. Then

c=(a—aVe): M—Tc=c(c)
s the coequalizer of h1 and ho.

Proof. Obviously, ¢ = A*((h1 @ h2)(dr)). Consider the homomorphism « from
2.2. By 2.3 we have (a ® 1) Vdr = (1 ®a) V dr and hence

chi(a) = hi(a) Ve=A"(hy @ he)((a® 1) Vdy)
=A"(h1 ® ha)((1 ®a) Vdy) = ha(a) V c = cha(a).
On the other hand, if phy = ¢pho = h for a ¢: M — K, we have
¢(c) =V{h(z Ay) [z Ay =0} =0
and hence we can define ¢: T¢ — K by ¢(z) = ¢(x) to obtain ¢ - ¢ = ¢. O
In the language of localic morphisms we then have

2.5.2. Proposition. Let f1, fo: M — L be localic morphisms with L a I-Hausdorff
locale. Then their equalizer is

Jre: Te € M where ¢ = \V{f{(z) A f3(y) | x Ay =0} [

(The inclusion map is the right adjoint of ¢.)

2.5.3. Proposition. Let g: L — M be a localic map such that g[L] = M. Then for
any localic maps f1, fo: M — N with N I-Hausdorff we have the implication

fhg=1rg = fi=/fa
In the frame language: if k: M — L is dense then we have the implication
khi =khy = hy=hs

for any hi,ha: N — M with N I-Hausdorff. Thus, in the (full) subcategory of
I-Hausdorff frames, each dense homomorphism is a monomorphism.

Proof. Tt will be done in the frame language, but it is a useful exercise to prove
the first statement using 2.5.2 and the formula for equalizer from 1V.3.3.1.

If khq = kho then there is a ¢ such that k = ¢¢. Then k(c) = ¢¢(c) = 0 and
if k is dense, ¢ = 0, ¢ is the identity isomorphism, and h; = hs. O
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2.6. The axiom of Dowker and Strauss. In 1972 ([69]), Dowker and Strauss sug-
gested a number of point-free conditions as counterparts of separation axioms. As
a Hausdorff type axiom one has there the following requirement (called (S%)):

Ifavb=1, a,b+#1 then there exist u € a, v £ b with u A v = 0.
We will adopt its weakly hereditary variant:
If aVb# a,b then there exist u £ a, v £ b with u Av =10

and speak of the DS-Hausdorff property (short for Dowker-Strauss-Hausdorff,
sometimes one speaks of weakly Hausdorff frames).

2.6.1. Lemma. For any a,b € L,
U= |(a,aNb)U [(aAbb)Un
is a saturated subset of L x L.

Proof. Let (z;,y) be in U, i € J. If y = 0 then (\/;,c,;zs,y) € U trivially. If
0#y <aAbthen z; < aand (V,c;2:,y) € l(a,aNdD) CUs;ify £ anbd
then y < b and ; < aAb, and (\/,c;zi,y) € [(a Abb) C U. Symmetrically for
(x7\/ieJ yl) O

2.6.2. Proposition. Fach I-Hausdorff locale is DS-Hausdorff.

Proof. Suppose L is not DS-Hausdorff. Then there are a,b # a V b such that
whenever u A v =0 and (u,v) < (a,b) then either u < b or v < a, that is, for the
set U from the lemma, d, N (a @ b) C U.

Now let L be I-Hausdorff. Then by 2.3, (a,b) € (a Ab) ® (a Ab) V dr and
hence

(a,b) € ((aAD)®B (aAb)VdL)N(a®db) C(aAb)®(aANb)VU =U

(as (a Ab) ® (a AD) C U) which is a contradiction. O

3. I-Hausdorff frames and regular monomorphisms

In Chapter IV (starting already in I11.1) we discussed special epimorphisms in Frm
(extremal, strong and regular ones) and plain epimorphisms (the hard case). As
the reader certainly observed, we evaded any kind of special monomorphisms (the
plain ones are, for trivial reasons, precisely the one-one homomorphisms). This
subject is in general a rather difficult one. However, in the Hausdorff case, at least
the regular monomorphisms are fairly transparent.
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3.1. Consider a subframe L of a frame M and denote by j: L — M the embedding
homomorphism. Further, let us denote by ¢1,10: M — M @& M the coproduct
injections and use the notation

c=(r—zVe): K—1c

as in 2.5.
Recall the dy, from 2.1, set

A =Goji)d)=V{zeoye MM |2,y L, Ay =0}
and, finally,
Tuy(L)={aeM|(a®1)vdYy =1@a)Vvd)l}.
3.1.1. Observations. (1) I'y/(L) is a subframe of M, and T'p(2) = 2.
(2) If L C K C M then dM < d¥ and hence Ty (L) C T (K).

(The embedding I'p; (L) — M is the equalizer of CE/[M and beg; dyf =
{190,001} =0,anda®1=1@®a only if a =0 or a = 1. The last
statement is trivial.)

3.1.2. Lemma. Let L be I-Hausdorff. Then
L g F[\/[(L) and FM (FM(L)) = FM(L)

Proof. The first inequality immediately follows from 2.3. For the equality set K =
Tar(L). By 3.1.1(2) it suffices to prove that d¥ < dM. If z,y € K we have
(z@1)vd¥ = (1@ x)VdY and similarly with y so that, if z Ay =0,

(zol)vdl =(zo)A(Qay)Vvdy
=((ze)Ael)vdy =(xzAry)e1)vdy =adl.
Thus,x@ygdy. O
3.1.3. Proposition. Let L be an I-Hausdorff frame. Then a monomorphism h: L —
M is regular iff T pr(R[L]) = h[L].

Proof. We can assume L C M and h = j: L C M. Suppose j is the equalizer
of f,g: M — K and consider the coequalizer v of ¢1j and t9j. By 2.5.1 v =
dM M @ M — 1dM. By the definition of coproducts, there is f & g: M &M — K
such that (f @ g)v1 = f and (f @ g)te = g. Then, since (f & g)t1j = (f © g)e27,
there is a k: Td}¥ — K such that ky = f @ g:

. " M
L osm sMaoM " =1
L2
;
) fdg A
V £
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Now if yi1¢ = yi2¢ then f¢ = g¢ and hence there is precisely one ¢ such that
jo = ¢. Thus j is the equalizer of df\/"Ll and d{\/fbg, that is,

L={aeM|(ael)vdl =(0®a)vdl}=Tn(L).

Conversely, if L=Ty(L)={a€ M | (a®1)Vd¥ = (1@ a)Vd} then j
is an equalizer by definition. O

3.2. In fact the operation I'j; also makes in the Hausdorff case the epimorphisms
more transparent.

3.2.1. Lemma. Let L be a subframe of M. Then any two frame homomorphisms
fig: M — N coinciding on L coincide on all of the Tpr(L).

Proof. Consider the codiagonal V: N & N — N. We have
V(f@g)d)) =V{f(zAy) |2,y € L, x Ay =0} =0,

Vh(f@g)(a@l) = f(a) and V(f@g)(1®a) = g(a). Now if (a®1)Vd¥ = (1@a)VvdM
then

f@)=V(feg(aa)vdl) =V(feg(leaVvdd)=ga. O

3.2.2. Proposition. Let L be an I-Hausdorff frame. Then a frame homomorphism
h: L — M s an epimorphism iff Tps(L) = M.

Proof. Tf T'p;(L) = M then h is an epimorphism by 3.2.1. Now suppose '/ (L) #
M. The embedding j: I'ps(L) C M is the equalizer of

o= J%L] 11 and (= J%L] Lo,
by definition, and hence o # (. But ha = h so that h is not an epimorphism. [

3.3. Notes. (1) In Frm the regular monomorphisms do not coincide with the ex-
tremal ones. By [212] they are not even closed under composition.

(2) One would like some special monomorphisms in Frm to model quotient con-
tinuous maps. A partial characterization is obtained as follows. Define Ey(L) as
the smallest subframe of M containing L that is closed under the solutions x of
the equations

aVze=hb,

aNx =c.
By [226], for a wide class of spaces (including all the metrizable ones) a continuous
p: X — Y is a quotient iff Epy(h[L]) = h[L] for h = Q(p) and L = Q(Y).
The two mentioned operators are related by the inclusion Ep (L) C IT'pr(L)
(see [214]).
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4. Aside: Raney identity

In this section we will see that under the DS-Hausdorff condition, spatiality can
be warranted by strengthening the frame distribution law.

4.1. The system of all subsets of a set X satisfies the complete distributivity law

Una=nfu e |se][4] (411)
ieJ i€ icJ
for any system A;, i € J, of sets of subsets of X.

Now consider the frame Q(X) of open sets of a topological space X. Let Aj;,
i € J, be a system of finite subsets of Q(X). Then the left-hand side of (4.1.1) is
open, and hence so is the intersection on the right-hand side, which then coincides
with the meet in the lattice Q(X). Thus, in 2(X) one has for any system F;, i € J,
of finite F; C Q(X),

UNzi=A{ U e \ se[l5}

icJ iceJ

4.2. Quasitopologies. A complete lattice L is said to be a quasitopology if it satisfies
the distributivity law

VAR =N Voo |oc

icJ i€J

HFz} (RD)
i€J
for any system F;, i € J, of finite F; C L. (Note that each quasitopology is a
frame: set F; = {a,b;} to obtain a A \/,.;b; on the right-hand side realizing that
if ¢(k) = a for some k then \/;_; ¢(i) > a.)

We have seen above that every topology is a quasitopology. In 1953 ([231]),
Raney proved that

every quasitopology is a complete homomorphic image of a topology

and formulated the problem whether every quasitopology is (isomorphic to) a
topology. In our terminology,

each frame satisfying (RD) is a complete sublocale of a spatial frame

(by a complete sublocale we understand such one that the associated frame homo-
morphism is complete), and the problem is whether each frame satisfying (RD) is
spatial.

This was answered in the negative in [168]. However, the answer was shown
to be positive for DS-Hausdorff frames, as we will see shortly.

4.3. Recall that an element p # 1 of a distributive lattice L is prime (or meet-
irreducible) if 1 A 2 < p implies that z1 < p or xs < p (11.3.3). Equivalently, if
x1 A x2 = p implies that 1 < p or x5 < p.
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It is said to be semiprime if x1 A zo = 0 implies that 1 < p or x5 < p, and
a-semiprime for an a € L if for any x1,...,x, € L,
i ANy <a =  Ji, x; <p.
Obviously we have the implication

a-semiprime = semiprime.

4.4. Lemma. In a DS-Hausdorff frame, each semiprime element is prime.

Proof. 1f p is not prime we have a,b % p such that a A b = p. Hence a Vb # a,b
and there are u, v such that uAv =0, v £ @ and v & b. Then u,v £ aAb = p and
hence p is not semiprime. |

4.4.1. Note. It may be of some interest to consider (semiprime = prime) as a sort
of separation axiom.

4.5. Lemma A frame L satisfies (RD) iff each a € L is a meet of a-semiprime
elements.

Proof. Let L satisfy (RD). For a € L take the system F;, ¢ € J, of all finite F' C L
such that A\ F' < a. Since in particular {a} is in the system we have

o= VA=A Vo |ae 7}
= ie ieJ

Now each p = \/,c ; #(i) with ¢ € [],.; Fi is a-semiprime: if 21 A--- Az, < a then
{z1,...,2,} = F}, for some k and we have an z; = ¢(k) < \/,.; ¢(i) = p.

On the other hand let each a € L be a meet of a-semiprime elements. Take
a system F;, ¢ € J, of finite subsets of L and set

o=V AF.

i€J
The element a is A ., Pm Wwith semiprime p,,. Take a fixed m. Then, since
A F; < a there is a ¢, (k) € Fj that is < p,,. Hence, for thus defined ¢,

Vics ¢m(i) < pm. Hence /\{V’LEJ o(7) ‘ ¢ € HieJﬂ} < pm for all M and
we have

MV o) |oe[FI< A pm=a=V AF;:

icJ icJ meM icJ

The other inequality is trivial. g

4.6. Proposition. Let L be DS-Hausdorff. Then it is spatial if and only if it satisfies
the distributivity rule (RD).

Proof. If L is spatial then it satisfies (RD) by 4.1. Now let L satisfy (RD). Then
by 4.5 and 4.4 each a € L is a meet of prime elements and hence L is spatial by
I1.5.3. O
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5. Quite like the classical case:
Regular, completely regular and normal

5.1. Classical regularity. A space X is regular if for any closed F C X and any
x ¢ F there are open Vi, V5 such that ViNVa = 0, x € V; and F C V,. Equivalently,
if € U and U is open there is an open V such that z € V C V C U (take
F =X\ U andset V =1V;). Thus we see that

X is regular iff for every open U C X, U =J{V eQX) |V CU}.

The relation V' C U can be expressed as
V<U = 3ZIWopensuchthat VAW =0and WUU =X
(or, considering the pseudocomplement V* in Q(X), that is, X \ V,
VU = V*uUU=X.)
5.2. The “rather below” relation. In the setting of general frames define
a<b = a*"Vvb=1, (rbl)
or equivalently

a<b = dc¢,aNc=0andcVvVb=1. (rb2)

The first formulation is more concise, but the latter is sometimes more handy.
The fact that a < b is usually referred to by saying that

a is rather below b.

5.2.1. Lemma. (1) a < b= a <b.

(2) 0 <a =<1 for every a € L.

B)z<a<b<y=z-<y.

(4) If a < b then b* < a™.

(5) If a < b then a** < b.

(6) If a; < b; fori=1,2 then a1 V az < by Vbs and a1 A az < by A ba.
Proof. We use the standard properties of pseudocomplements.
(1):a=aANl=aA(a*VD)=aAb.

(2) is trivial and (3) follows from the implication z < a = a* < z*.
(4) follows from b < b** and (5) from a*** = a*.
(
(

6): (a1 Vaz)* V(b1 Vbe) = (af ANab)V (b1 Vb2) > (ai Vbi)A(as Vb)) =1 and
ay N\ ag)* \Y (bl AN bg) > (ax{ \Y a;) vV (bl A bg) > ((LiK \Y bl) AN (a§ \Y bg) =1. O
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5.3. Regularity. A locale L is said to be regular if
a=\{x|x < a} for every a € L. (reg)

From 5.1 we see that this is an exact extension of the homonymous classical
property, that is, we have

Observation. A space X is reqular iff the locale Lc(X) is regular.
5.4. Although the I-Hausdorff property is not a precise equivalent of the classical

property, it stands in an analogous relation to regularity.

5.4.1. Lemma. Let L be an arbitrary locale and let U C L x L be saturated and
such that dy, CU. Let (a Ab,aANb) € U. Then (x,y) € U for every x < a, y < b.

(Compare this statement with 2.3.)
Proof. Let 2V a=y*Vb=1. Then by IV.5.2(3)
(zy) € z@y=(xA(y" VD) & (YA (" Va))
= (@AY ) V@A) @ ((yAe™)V(yAa)
=(@ry )@y V@ay)e(yAa)V
V((@Ab)@yAz")V((xAD) D (any))
<oz )V oy Veez)V((aAdb)@(andb) CU
since x @ z*, y* @y and (a A b) @ (a A b) are subsets of the saturated U. O

5.4.2. Proposition. Fach regular locale is I-Hausdorff (and hence also DS-Haus-

dorff).

Proof. 1f the locale is regular and if (a A b,a Ab) € U we have, in the notation of
the previous proof, first,

(a’y) = (V{Jﬁ | x<a}7y) el
for y < b, and then (a,b) = (a,\/{y | y < b}) € U. O

5.5. Regularity compared with fitness. Compare the formulas

atb = dc¢,aVe=1#bVe, (subfit)
atb = dc¢,aVe=1 and ¢c—b<b, (fit)
atb = dc¢,aVe=1 and ¢—0<£b. (reg)

(The last is indeed equivalent with the formula in 5.3. If that holds and if a £ b,
there is an = such that +*Va =1 and x ﬁ b.Set c=2*. Thenz < ¢* = ¢ — 0 and
hence ¢ — 0 £ b. Conversely, if the new implication holds and a £ \/{b| b < a}
then we have a ¢ such that ¢Va =1 and ¢* £ \/{b| b < a}, contradicting ¢* < a.)
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Thus we see that regularity is related to fitness and obviously (since ¢ — 0 <
¢c—b)
(reg) = (fit) = (subfit).

The affinity is deeper. For a € L and ordinals « set
ap =0, aar1 =V{b|3z, zvVa=1and bAz <a,}, and

ax =\ a, for limit ordinals.
a<<

Thus, L is regular iff « = a7 for all a € L; it can be proved that L is fit iff for
every a € L there is an « such that a = a, (see [130]).

5.6. Since for obvious reasons regularity is used more often than the weaker ax-
ioms, it may be useful to list a few facts following from 5.4 and 5.5 (and 1.3.2, 1.6,
1.8 and 2.5).

Facts. Let L be a regular frame (locale). Then:
(1) If E, E' are frame congruences on L and E1 = E'l then E = E’.
(2) Fach sublocale of L is an intersection of open sublocales.

(3) Each complete frame homomorphism h: L — M is Heyting.

(4)
(5)

5

Each co-dense frame homomorphism h: M — L is one-one.

The coequalizer of frame homomorphisms hy,hs: L — M is given by
c=(a—aVe): M —Tc

where ¢ = \[{h1(z) A ha(y) | x Ay = 0}.

(6) Each dense frame homomorphism h: M — L is a monomorphism in the cate-
gory of regular frames. O

Note. In fact, in the category of regular frames, the monomorphisms are precisely
the dense homomorphisms — see 6.5.

5.7. Complete regularity. Let a and b be elements of L. We say that a is completely
below b in L and write
a<<b

if there are a, € L (r rational, 0 < r < 1) such that
ap=a, a=>b anda, <as forr<s.

Note that the relation << is the largest interpolative relation contained in
=< (a relation R is interpolative if aRb = aRcRb for some c¢). From 5.2.1 we
immediately obtain
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Lemma. (1) ¢ << b= a <b.

(2) 0 << a =<1 for every a € L.

Br<a<kb<y=z-=<y.

(4) If a =< b then b* << a*.

(5) If a =< b then a™* << b.

(6) If a; =< b; fori=1,2 then a1 V az << b1 V ba and a; A as << by A bs. O

5.7.1. A locale L is said to be completely reqular if
a=\{x |z << a} foreverya € L. (creg)

This, too, is an extension of the homonymous property from classical topol-
ogy, that is

Observation. A space X is completely reqular iff the locale Lc(X) is completely
reqular.

(The implication = is immediate while < is a bit more involved, requir-
ing the construction of suitable real functions, imitating the standard
proof of Urysohn’s Lemma — see XIV.6.2.2.)

5.8. Using (rb2) from 5.2 we immediately obtain (note that it is for this purpose
handier than (rbl))

Lemma. For any frame homomorphism h: L — M, a <b = h(a) < h(b), and
consequently a <<b = h(a) << h(b). O

We immediately infer

Corollary. Each sublocale of a regular (resp. completely regular) locale is regular
(resp. completely reqular). O

5.9. Normality. This is also an immediate extension of the homonymous classical
property: a locale L is normal if a Vb = 1 for a,b € L implies the existence of
u,v € L such that uAv=0andaVv=1=bVu.

(Equivalently, if a Vb = 1 for a,b € L implies the existence of u € L such that
aVu*=1=>bVu.)

5.9.1. Lemma. In any normal locale the relation < is interpolative. Consequently,
in normal locales << coincides with < and regularity coincides with complete reg-
ularity.

Proof. Let a < b in a normal locale L. Then there are u,v € L such that u < v*
and a*Vv=1=bVu. Thusa <vand v* Vb >uVb=1so that v < b. O
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5.9.2. Proposition. Any normal and subfit locale is completely regular.

Proof. Since <<=< it suffices to show that L is regular. For a € L set b = \/{z |
x < a}. Let a V¢ = 1. By normality there is u € L such that aVu* =1=cVu.
Thus v < b and bV ¢ = 1. Hence we have proved that a V ¢ = 1 always implies
bV ¢ = 1. Thus by subfitness a < b. O

5.9.3. Note. In classical topology one usually thinks of the hierarchy of separation
axioms as
&, = T3&T7 = Ts.

Under closer scrutiny one sees that for the latter implication one does not have to
assume 77 and that one has

Tg&TO = 15

while Ty&Ty does not imply T;. Hence one has to have something stronger than
To; not necessarily 77, the subfitness suffices.

The reader is certainly not surprised that here the regularity implies the
Hausdorff property without any extra assumption: in the point-free context, Tj is
irrelevant.

6. The categories RegLoc, CRegLoc,
HausLoc and FitLoc

6.1. Lemma. For any locale L,

Le={ala=V{z |z <a}}
is a subframe of L.

Proof. Clearly 1 € L, and L. is closed under joins. Moreover, if a,b € L~ we
have by property (6) in 5.2.1 that

aNb=V{zAy|z<ay=<b}<\V{z|z=<anb}<aAb. O

6.2. For any subframe S of a frame L the map ps: L — S given by ps(z) = \/{y €
S |y <} is alocalic map (it is the right adjoint to the frame embedding S C L).

Lemma. Let f: L — M be a localic map and let S be a subframe of L. If f*(a) € S
for every a € M then fls: S — M is a localic map such that f|s-ps = f.

Proof. 1t is obvious: by the condition on the f* this is a frame homomorphism fac-
torizing through the embedding S C L and f|s is the right adjoint of f*: M — S.
O
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6.3. The categories RegLoc and CRegLoc. Let RegLoc (resp. CRegLoc) de-
note the full subcategory of Loc generated by regular (resp. completely regular)
locales. (Accordingly, we will denote by RegFrm and CRegFrm the correspond-
ing categories of frames.)

Let L be a general locale and define R, (L) for ordinals a by setting

Ro(L) =L, Ray1(L) = (Ra(L))<, and

Ro(L)= () Rg(L) for a limit ordinal a.
B<a

Denote (\scopq L25(L) by Roo(L). Since (Roo(L))< = Reo(L), this is a regular
locale. We have (see AIL.8.1.1)

6.3.1. Proposition. RegLoc is epireflective in Loc, with epireflection maps
pr: L — R (L)

giwven by pr(a) = \V{z € R(L) | z < a}.

Proof. Let M be a regular locale and let f: L — M be a localic map. By Lemma
5.8, for any a € M,

frla)=V{f@lz=<a <\Hyly=<f(a)} =< fa)

and thus f*(a) € Ri(L). Hence by 6.1 we have a localic f|gr,): Ri(L) —
M such that f|g,(ry - Pr,(z) = [f. Proceeding by induction we eventually get
flre(ry: Roo(L) — M such that f|gr_(r)-pr = f. O

Then, by AIL.8.3 we conclude that

6.3.2. Corollary. The category RegLoc is complete and cocomplete, and the limits
i it coincide with those in Loc. In particular, sublocales and products of reqular
locales, taken in Loc, are regqular. O

6.3.3. In a similar way, now considering the subframe
Le={ala=V{z|z<a}}
of L and defining EQ(L) for ordinals « by setting
ﬁo(L) =L, éaﬂ(L) = (Ra(L)) <,

Ro(L)= N E@(L) for a limit ordinal a
B<a

and

Reo(L) = ﬁeg dﬁﬂ@),

one gets the following
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Proposition. CRegLoc is epireflective in Loc, with epireflection maps
pr: L — Roo(L)
given by pr(a) = \/{z € Roo(L) | 2 < a}. 0

Corollary. The category CReglLoc is complete and cocomplete, and the limits in
it coincide with those in Loc. In particular, sublocales and products of completely
regular locales, taken in Loc, are regular. O

6.4. The categories HausLoc and FitLoc. Let HausLoc (resp. FitLoc) denote
the full subcategory of Loc generated by I-Hausdorff (resp. fit) locales.

6.4.1. Lemma. Let L be a locale. Then:

(a) The subframe generated by any family of I-Hausdorff subframes of L is I-
Hausdorff.
(b) The subframe generated by any family of fit subframes of L is fil.
Proof. (a): Suppose that {M; | i € J} is a family of I-Hausdorff subframes of L
and M is the frame they generate. Each © € M is obtained as a join of finite

meets of the form a; A -+ Aax with a; € M;,. By 2.3, I-Hausdorff locales L are
characterized by the condition

a®b< (aAb®aAb)Vdy for every a,b € L. (6.4.1)

Thus it suffices to check it for M. Let a = \/;(a} A --- A aj,) with a} € M;; and
b=\, (b7 A---Ab ) with b} € M, . Using IV.5.2(3) we obtain

a®b=\(ai A Naj, VTN Ab] )
i,
thus it suffices to show that for each 7,r

al Ao Nap, @A A < (aAb@aAb)Vdy.

First note that
) ) ki tr
ay A ANag, @b A Ab < N (a;@1)N N (1@ by).
j=1 s=1
Then, by hypothesis, each aj®1 < (a}®a})Vdy,, and each 1&b] < (bi@b})Vdar,, -
Hence af A--- Aaj @b) A--- Ab is included in
ki
N
j=1
<(ai Ao Aaf, AbTA AL @al A Aaj, NV A ADY )V day.

. . tr
((a; ®al)V dMij) N (@@ 8) V)
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(b): Suppose that {M; | ¢ € J} is a family of fit subframes of L and M is the
frame they generate. By 1.3.2, it suffices to show that each closed sublocale of M
is an intersection of open sublocales. So let c¢jr(m) be a closed sublocale of M. We
may write m = \/;(aj A --- Aaj,) with a} € M;;. Then

er(m) = cp(V(ay A+ Aag,)) = N(ew(ay) V- Ver(ag,))

i i

and therefore ¢pr(m) = cp(m) N M = (;(car(al) V-V enr(aj,)). By hypothesis
each M;; is fit so car(a}) = Nyea, onr(zd ) with zd € M. Finally,

ea(m) =N N on(a) Vv N ouled))

7 (XEAil OCEAik_

=N N (onr(a ) V- Vonr(zas))
1oy GA,',1 ..... g, EAik‘ B ‘

= Mo ( A (it VooV ad))
7 iy EAil yee Oy eAiki
and A

11 N *
iy €Ay iy €Ay, (g, V- Vaa) € M. O

6.4.2. Proposition. HausLoc and FitLoc are epireflective in Loc.

Proof. Let L be a locale and let Haus(L) be the subframe of L generated by all
I-Hausdorff subframes of L. We have then the localic map (recall 6.2)

PHaus(L) * L — HauS(L)

and by 6.4.1 Haus(L) is I-Hausdorff. Finally, given a localic map f: L — M with
M I-Hausdorff, by 2.4 f[L] is I-Hausdorff which means that f*(a) € Haus(L) for
every a € M. Hence by 6.2 the map f|HaUS(L) is the map we want. Uniqueness
follows from the fact that pgaus(r) is onto.

A similar reasoning can be made for the fit case. ]

6.4.3. Corollary. The categories HausLoc and FitLoc are complete and cocom-
plete, and the limits in it coincide with those in Loc. In particular, sublocales and
products of Hausdorff (resp. fit) locales, taken in Loc, are Hausdor(f (resp. fit).

O

6.5. By 2.5 equalizers in HausLoc are closed sublocales, given by a remarkable
simple formula: the equalizer of f1, fo: L — M is just the closed sublocale j: Tc C
L, where ¢ stands for

Vi (@) A f5(y) [e Ay =0}

We have seen (2.5.3) that in HausLoc (and, in particular, in RegLoc and
CRegLoc) each dense morphism is an epimorphism. The converse is also true:
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Proposition. The epimorphisms in RegLoc and CRegLoc are precisely the dense
localic maps.

Proof. Tt will be done in frame language, and for the regular case. The completely
regular case follows by similar reasoning (we only have to adjust < to <<).

We already know that each dense morphism is a monomorphism in RegFrm.
Now suppose a homomorphism h: L — M between regular frames is not dense.
Thus, there is an a # 0 such that h(a) = 0. Set

N={(z,y) eLxL|xzVa=yVa}.

Obviously N is a subframe of L x L.
For (u,v) € L x L define

(ww); =uA(vVa) and (uww)y=vA (uVa).

Then (uv)1Va = (uVa)A(wVa)=(uv)2Vaso that ((uv)1, (uv)2) € N. Now let
(z,y) € N, u < x and v < y. We have elements s,¢ such that

sANu=0,sVex=1LtAu=0andtVy=1.
Then obviously (uv); A (st); =0, i = 1,2, and furthermore
(st)rVe=(sAN({tVa)Vz=(sVaz)A({tVaVz)=(sVaz)AN({tVyVa)=1

and similarly (st)2 Vy =1 so that we have ((uv)1, (uv)2) A ((st)1, (st)2) = 0 and
((st)1, (st)2) V (z,y) = 1, that is, ((uv)1, (uv)2) < (x,y) in N. Now we have

V{{(uo)r, (w)2) [u < z,v <y}
=( V uA(@Va), V vA(uVa))

u<x,v<Y U=z, v<y
=(V un(\V ovVa), VoA(V uVa))
u<x v=<y v<y u<x

=(@A(yVva)yn(zVa))=(zy)

(since x Va =y Va). Thus, N is regular.
Now define g;: N — L (i = 1,2) by setting g;(z1,z2) = x;. Then ¢1(a,0) =
a # 0 = g2(a,0) while

hgi(z1,x2) = h(x;) = h(z;) V h(a) = h(z; V a) = h(z1 V a)
and hence A is not a monomorphism. O

6.5.1. Note. Proposition 6.5 can be extended to I-Hausdorff locales (frames) as
well. One uses the same subframe N: only proving that N is I-Hausdorff is some-
what less transparent than the regularity above.
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6.6. Well-poweredness. Consider the set

J(L)
of all the ideals of a frame L, ordered by inclusion (this is a frame — see VII4.1.1
for a proof).

6.6.1. Lemma. Let h: L — M be a dense frame homomorphism with L regular.
Then the mapping
o: L—3(M)

defined by ¢(a) =] {h(z) | x < a} is one-one.

Proof. If h is dense then h.(0) = 0 for the right adjoint h,. For each ideal J of M
set

B(J) = V{h.() | b e J}.
We will show that ¥¢ = id. Since
P(¢(a)) = Vihh(z) | 2 < a}

and h,h(xz) > x it suffices to show that if < a then h.h(z) < a.
If < a then there is a v such that 2 Av =0 and a Vv = 1. Then of course
aV hih(v) = 1; on the other hand, since h and h, preserve finite meets we have

hih(z) A heh(v) = hoh(z Av) = hye(0) =0
and hence h.h(z) < a. O

6.6.2. Corollary. The category RegFrm is well powered.

Proof. By the lemma, if h: L — M is a monomorphism then the cardinality |L|
of L is at most |[JM|. O






Chapter VI

More on Sublocales

1. Subspaces and sublocales of spaces

1.1. Let X be a (Tp-)space and let A C X be a subspace. We have the embedding
JjarACX
and the sublocale homomorphism (i.e., frame quotient)
Qja) = (U = U 1 A): Q(X) — Q(A).
The associated frame congruence on (X)) is, of course,
EA={U V)| UNA=VnA} (1.1.1)

The homomorphism Q(j4) has the right adjoint V +— [J{U | UN A = V} and
consequently (see II1.5) our subspace is represented by the sublocale

A = {U | U maximal in the class E4U} C L¢(X)
(corresponding to E4 in the isomorphism S&¢(Lc(X))°P = €(Lc(X)) from I11.5.2).
1.1.1. Observation. For any A, B C X we have
Eaup=EaNEpR.

Consequently (use the isomorphism Sl(Lc(X))°P = €(Lc(X)) again),

1.2. How well the sublocale A represents the subspace A. Recall [.4. The congru-
ences F4 on (X) (see 1.4.1.1) — and hence the sublocales A of Lc(X) — uniquely

J. Picado and A. Pultr, Frames and Locales: Topology without points, Frontiers in Mathematics, 99
DOI 10.1007/978-3-0348-0154-6_6, © Springer Basel AG 2012
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represent the subsets (subspaces) of X if and only if X is Tp. More precisely one
generally has o
ACB = ACB (1.2.1)

but only under Tp o
ACB iff ACB (1.2.2)

(while already the assumption that distinct subsets induce distinct sublocales im-
plies 7).

1.2.1. Remark. If X is a Tp-space and A and B are mutual complements in Lc(X)
(or, E4 and Ep are mutual complements in €(Lc(X))) then B = X \ A.

(Indeed, E4 N Ep = Eayup is the smallest congruence, that is, Ex;
hence AN B = X. Since ANB C A, B we have Egng DO E4,Ep and
hence Eanp 2 Eg = Ea V Ep and finally AN B = 0.)

__ But the converse does not hold, that is, B = X \ A does not make generally
B a complement of A. Recall I11.8.3: if both A and B are dense they meet at least
in BL.

1.3. Recall I1.2.4 and the meet-irreducibles
=X\ {z}
representing in Lc(X) the points z € X. We have

1.3.1. Proposition. Let X be a Tp-space. Then
rEA iff TeA.

Proof. Let x € A and let UEA(X ~\ {x}), that is, UN A= A~ {z}. Then x ¢ U
(else z € UN A) and consequently X \ U > x, hence X \ U D {z} and finally
U C X ~ {a}; thus, the latter is maximal in the class.

Conversely, assume = ¢ A, and let X be a Tp-space. Then X \ {z} is not
maximal in its E4-class since this class also contains W = (X ~ {z}) U {z}.
We just have to prove that W is open, for which it suffices to show that it is
a neighbourhood of x. There is a U 3 z such that U ~ {z} is open, that is,
U~{z} =U~{z}. Thus,

U= (U~ A{z}) Ule} = (U~ fa}) Ufa} € (X < {o}) U {a}. O
Remark. Note that the implication = holds without any assumption on the space

while for the equivalence, in view of the statement (1.2.2) in 1.2, the assumption
Tp is necessary.
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1.4. In fact, every frame congruence can be expressed in a form extending the
formula (1.1.1). We have

1.4.1. Proposition. Let S be a general sublocale of a locale L. Then we have for
the corresponding congruence Eg

aEsh iff ola)NS=0ob)NS
(where o(x) is the open sublocale associated with x).

Proof. First note that in any distributive lattice, if u,v are complemented with
complements u, v, then for any w

uANw=vAw iff uAw=vAw

(if we have the first equation then uAw = uA (VVV)Aw = uA((uAwW)V (VAW)) =
uAvAw, and by symmetry v Aw = u AvAw). Thus, by I11.6.1 it suffices to prove
that aEgb iff fan S =1bNS.

Recall II1.5.3. We have

aEBsbiff vg(a) =vg()iff N{s€S|a<s}=A{seS|b<s}
iff for every s € S,a <s =b<s.

In other words, iff TanNS =16NS. O

2. Spatial and induced sublocales

2.1. In the previous section we have seen that, under T, subspaces of spaces are
well represented by the corresponding sublocales. That does not mean, however,
that all the sublocales of a space (more precisely, of a spatial locale) should be
(induced by) subspaces. Typically there are many sublocales that are not.

Consider, say, the real line (or, for that matter, any open subspace X of a
Euclidean space). The rational points constitute a dense subspace R while the
complement set C'= X \ R is dense in X as well. Now this makes R and C dense
in L = Lc(X) (see I11.8.2) and by the Isbell’s Density Theorem they contain By,
the smallest dense sublocale of L. Thus, the sublocale RN C can not be induced
by a subspace Y C X: by 1.3.1 such Y would have to be empty. This example
shows that

— there are sublocales that are not subspaces (this, of course, is seen already on
the By .(x), without reference to R and C' since it is in our case non-atomic
Boolean — recall I1.5.4 — and hence not spatial at all), and

— unlike the join, the intersection of induced sublocales is not necessarily in-

—~—

duced; in particular, we do not necessarily have ANB =ANB (compare
with 1.1.1).



102 Chapter VI. More on Sublocales

2.2. The sublocale A in 1.1 is isomorphic with 2(A) and hence spatial. Sometimes
one speaks of the A as of the spatial sublocales of Lc(X) but it is imprecise and
misleading. We will use, rather, the term induced sublocale (or, a sublocale induced
by a subspace; spatially induced in [246]) while the adjective spatial will be used
for sublocales S C Lc(X) isomorphic with an Lc(Y') where Y is not necessary in
any relation with X.

In general, a sublocale S C Lc(X) can be spatial without being induced.
However, we have

2.2.1. Proposition. Let X be a sober space. Then each spatial sublocale S C L =
Le(X) is induced by a subspace.

Proof. Let ¢: S — Q(Y) be an isomorphism and let j* be the left adjoint to the
embedding j: S C L = Q(X). By I.1.6.2 we have a continuous mapping f: ¥ — X
such that Q(f) = ¢ - j*. Since Q(f) is onto and Y is Ty (we work with Tp-spaces
only, but Y could have been replaced by a Ty-space with the same open set lattice
anyway), f is one-to-one (if f(x) = f(y) with z # y choose a U such that z ¢ U 5> y
and a V such that U = f~1[V] to obtain a contradiction f(x) ¢ V > f(y)). Thus
we have a decomposition

g=(z—f(=

f = Lazrx) 5 o=x)

with k a subspace embedding and g a homeomorphism. Thus (recall II1.5.1), the
sublocales associated with f and k coincide, and the one corresponding to §2(f) is

Q)QY)] = (657)[Q2(Y)] = j[p[2YV)]] = j[S] = S.

Now recall 1.1: A is the sublocale induced by the embedding k: A C X, and hence
A=S. O

2.3. Let X be a general (Typ-)space. Recall the sobrification Ax: X — SplLc(X)
from 11.6.3. We will represent the space sobX = SpLc(X), and the sobrification as
the embedding

Ax: X CsobX = X U{F | F free completely prime filter in Lc(X)}.

Then the open sets of sobX = SplLc(X), the original Xy = {F | U € F}, will
appear as
U =UU{F free | U € F}.

Recall 111.4.6.1 and I11.4.6.4. We have the isomorphism ¢ ¢(x): Le(X) —
Lc(sobX) inverse to Q(Ax ). In our notation, we have the mutually inverse isomor-
phisms of frames

PLex): UX) — Q(sobX), U US,
(2.3.1)
Q(Ax): Q(sobX) — Q(X), Ve—VUX.
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2.3.1. Proposition. Let S CLc(X)=Q(X) be a spatial sublocale and let ¢: Q(X) —
S be the corresponding sublocale homomorphism. Then there is a subset A C sobX
such that

qU)=¢q(V) iff U°NA=V>NA.

Proof. We have a sublocale homomorphism

Q(Ax) q

Q(sobX) > Q(X) > S

with the sober sobX so that by 2.2.1 there is a subspace A such that UEAV,
that is,
UNA=VNAiff qUNX)=¢q(VNX).

Using the isomorphisms (2.3.1) we obtain the stated equivalence. t

2.3.2. Note. This formula seems to be an easy source of examples of sublocales
that are spatial but not induced. The problem is, however, more difficult and
cannot be solved immediately.

Let us look more closely at the situation:

— The induced sublocales correspond to the congruences E4 with A C X (note
that it does not matter whether we think of them as congruences on (X)
oron QsobX):as ACX, UNA=VNAIf U NA=V"NA.

— The spatial ones correspond to the congruences F4 with A C sobX, and we
have more such A’s.

But:
A non-trivial sobrification is never Tp.

(Indeed, let F be a free completely prime filter and let U~ {F} be open
for some U® > F; then Us\ {F} =V forsome V,and U =U°NX =
V=N X =V, a contradiction.)

Thus (recall 1.2), for all what we know, if A ¢ X there still can exist a
B C X such that 4 = Ep.

Non-induced spatial sublocales do exist, though (see [91]).

3. Complemented sublocales of spaces are spatial

3.1. For a subset A of a locale L define
m(4) = {\B | B C A}.
Extending the definition

AVB={aAb|acAbec B}
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from II1.3.2 to general subsets (not only for sublocales; this is introduced just for
the purpose of this section) we immediately see that

m(AU B) =m(A) Vm(B). (3.1.1)
We have seen (I1.5.1) that a locale is spatial if and only if the frame homomorphism
o7 =(a— Xg): L — LcSp(L)

is one-to-one, that is, if for a £ b, £, € %y
When representing the spectrum points by meet-irreducible elements (see
Sp'L and ¥/, = {p | a £ p} in I1.4.5) we can rewrite this criterion as follows:

L is spatial
iff (a £b = Ip meet-irreducible and such that a £ p and b < p)
iff mSp'L=1L.

3.1.1. Lemma. Let S C L be a sublocale. Then an element p € S is meet-irreducible
in S iff it is meet-irreducible in L. In other words,

Sp'(S) =Sp'(L)N S.

Proof. Obviously if p is meet-irreducible in L then it is such also in S. Now let
p be meet-irreducible in S and let a,b € L and a A b < p. Then (by I11.5.3)
vs(a) A vs(b) < vg(p) = p and hence, say, vs(a) < p and consequently a <
vs(a) < p. O

3.1.2. Corollary. For any sublocale S, mSp’'S is a sublocale. O

(Indeed, by II1.10.1.1 and 3.1.1, if @ € Sp’S then x — a is either 1 or
a itself; hence if A C Sp’S then by (A-distr) in IIL3.1, z — AN A =
Aaea(® — a) € mSp'S.)

3.2. Proposition. For any two sublocales S, T C L one has
Sp'(SVT)=Sp'SUSP'T and hence mSp'(SVT)=mSp'S Vv mSp'T.
Consequently, if S,T are spatial sublocales of a locale then SV T is also spatial.

Proof. Sp’(S' Vv T) 2 Sp’SUSP'T by 3.1.1. Now if p is meet-irreducible in SV T
then, first of all, it is an element of SV T and hence p = a A b with a € S and
b € T. By meet-irreducibility either p = a or p = b. The second equality follows

from (3.1.1).
The last statement follows from the second equality, which yields, for spatial
S, T, mSp'(SVT)=mSp'SvmSpT =SVT. |

3.2.1. Corollary. Let X be a sober space and A, B C X subspaces. Then AV B is
an induced sublocale. (]
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(As for the formula: by 1.3.1 we have T € AUB iff either ¥ € A or

7 € B, that is, either z € A or 2 € B. Now recall (L.1.1) that in a sober
X, the T are precisely the meet-irreducible elements.)

A sublocale S need not be spatial, even if L is spatial. For example,
Bog = {U" | U € QR)} = {U € QR) | U = U™}

has no meet-irreducibles, since meet-irreducible elements of Q(R) are of the form
R~ {z}, z € R, and U* = int(R \ U). However, for complemented sublocales, we
have

3.3. Proposition. Let L be a spatial frame. Then every complemented sublocale of
L s spatial.

Proof. Let S, T be sublocales and let S VT = L and SNT = O. By 3.2 we have
mSp’(S) vV mSp/(T) = mSp’(S vV T) = mSp'(L) = L, and since mSp'(U) < U for
any sublocale we obtain S = SN L = (SN mSp(S)) v O =mSp'(S). O

3.3.1. Corollary. Let X be sober. Then every complemented sublocale S of Lc(X)
is induced. If, moreover, the space is also Tp and S is induced by A C X then the
complement of S is induced by X ~\ A. O

3.3.2. Remark. The system of all subspaces of a space is, for trivial reasons, always
a Boolean algebra. Now by 3.3 we see that (in the sober case) the system of all
sublocales of the corresponding locales is a Boolean algebra only if there are no
sublocales but subspaces (see Section 7 below).

4. The zero-dimensionality of S¢(L)°P and
a few consequences

Before we start let us mention that most of the facts on complementariness of
sublocales in this and in the two following sections go back to Isbell.

4.1. The lattice (in fact, co-frame) S/(L) of sublocales is typically not Boolean.
The complemented elements, nevertheless, abound, and by II1.6.5 each S € S/(L)
can be expressed as S = [{c(z) Vo(y) | vs(z) = vs(y)} and since each c(x) V o(y)
is complemented we have that

S = N{C | C complemented, S C C}. (4.1.1)

In the opposite frame S/(L)°P this means that each element is a join of comple-
mented ones, which is usually expressed, extending the homonymous concept from
spaces, by saying that

SU(L)°P is zero-dimensional.
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4.1.1. Notation. The complement of an element a will be denoted by

ac.

4.2. Proposition. Let L°P be zero-dimensional. Then
a<b iff (Ve complemented in L, aNc#0 = bAc#D0).
Proof. 1f a < b then the formula obviously holds. Now let a & b. We have
b= A{d | d complemented, b < d}
and hence there is a complemented d such that b < d and a £ d. Set ¢ = d°. Then
aNc#0 (since else a=a A (cVd) <d),and bAc=0. O

4.3. Corollary. Let L be a distributive complete lattice such that L°P is zero-dimen-
sional. Then L is subfit.

Proof. (Recall V.1.1.) Applying 4.2 for the opposite L°P we obtain that if a £ b
then there is a (complemented, but we do not need that) ¢ such that a Ve =1
while bV ¢ # 1. ]

4.4. Now we will present a simple criterion of complementariness in distributive
complete lattices. An element a in such a lattice L is said to be linear (resp.
co-linear) if for each system b;, ¢ € I, of elements of L

anNV b=V (anb) (resp. aV Nb;= A(aVb;))
icJ icJ icJ icJ

(thus for instance in a frame each element is linear but not necessarily co-linear).

4.4.1. Lemma. Fach complemented element a in a distributive complete lattice is
linear and co-linear.

Proof. Since the assumption is self-dual it suffices to prove that a is linear. Let ¢
be the complement of a. Obviously

(a N »X]bi) Va=a= (Q/J(a Ab))Va
and by distributivity (a A \/;c;0i) V¢ = (V,;c;bi) V c and also
(\/ (anb))Ve= \/ ((anb;)Ve)= \/ ((ave)n(b;Ve)) = \/ b Vc.
i€J i€J i€J i€J
Thus
a A \/ bi = (a N \/ bi)V(anc)= (\/ (a/\b,-)\/a)/\(l\/ b; Vc)
icJ ic€J icJ icJ

= (V(@Ab)V(anc) =V (anb). O
i€J i€J
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4.4.2. Theorem. Let a distributive complete lattice be subfit. Then an element a € L
is complemented iff it is co-linear.

Proof. Let a be co-linear. Set
a* =Nz |avae=1}.

By co-linearity, a V a* = 1. Suppose a A a” > 0. Then by subfitness there is a
¢ # 1 such that (a V) A (a# Ve) = (aAa?)Ve=1. Thus a V¢ = 1 and hence
¢>a*. But then ¢ > a# Ve = 1, a contradiction. O

4.4.3. From 4.4.2 and 4.3 we immediately obtain
Corollary. A sublocale S is complemented in SU(L) iff it is linear. O

4.5. The lattice SI(L), as a co-frame, is a co-Heyting algebra. That is, there is an
operation S \. T such that

S\TCU it SCTvVU.

We will speak of S\ T as of the pseudodifference.

The pseudodifference models the difference of subsets of a set; we will
see soon that it relates to a natural concept of difference analogously as
the pseudocomplement relates to the complement.

In a complete Heyting algebra we obviously have

a—b=\{z|zANa<b}

(and in a complete co-Heyting algebra,
a~b=N{z|a<bVvaz}).

In the zero-dimensional case we have a perhaps somewhat surprising formula.

4.5.1. Proposition. Let L be a zero-dimensional frame. Then

a—=b=Nz|z>bandzVa=1}
Proof. If x > b and =V a =1 then

a—b=(a—bA(xVa)=(la—b)Aa)V ((a—b)Azx)
<bV((a—b)Ax)<(a—bAx

and hence a — b < x. Thus,

a—b<ANz|xz>band zVa=1}.
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On the other hand, let u be complemented and v < A{z | z > band 2Va = 1}. By
zero-dimensionality, it suffices to check that u < a — b. We have the implication

z>bandaxVa=1 = u<zx

and hence
z>bandzVa=1 = zVu-=1.

Now let v be complemented and v < a. Since bV v > b and bV v Va = 1, we have
bVvevu® =1and v =vA(bVu®), that is, v < bVuc, and taking the join of all such
v,a <bVutand finally b=5bV (uAu) > (bVu)Aaandu <bVu<a—b O

4.5.2. Corollary. In S/(L) we have the formula
S\T=\V{U|U<SandUNT = O}. O

5. Difference and pseudodifference, residua

In the first part of this section we will discuss pseudodifference and difference in
complete co-Heyting algebras (co-frames). Later we will concentrate on the co-
frames S¢(L) and, using their special properties (zero-dimensionality of SI(L)°P,
existence of smallest dense sublocales), derive a sufficient and a necessary con-
dition for a sublocale to be complemented. This will prepare us for the Isbell’s
Development Theorem that will be the highlight of the following section.

5.1. We have already observed, and exploited, the fact that a frame is a general
complete Heyting algebra. Similarly, a co-frame is a complete co-Heyting algebra,
that is, it possesses an extra operation, the pseudodifference (often called relative
complement) a ~\ b characterized by the formula

a~xb<c¢c iff a<bVe

This operation mimics the difference A \. B of subsets of a set and satisfies the
formula dual to those discussed in III.3. Thus for instance (/\-distr) appears as

(V ai) b=\ (a; \b), (A\-distroP)

i€J i€J
(H5) transforms to
bV(a~b)=bVa, (H5°P)
(H6) to
aVe=bVve iff a~nc=b\g, (H6°P)
or (H7) to
(axb)~c=(a~c)~b=a~ (bVo), (HT7°P)

and so on. Note how intuitively satisfactory such rules are if we think of the
operation as a sort of difference of subsets.



5. Difference and pseudodifference, residua 109

5.2. The difference a — b of two elements of a co-Heyting algebra is the (unique
— see AL.6.3.5) solution x of the equations

(anb)Vz=a

(diff1)
(anb) ANz =0,
if it exists, which it does not have to, of course.
One customarily uses the equivalent system
(anb)Vr=a
(diff)
bAxz =0,

(by the first of the equations, z < a and hence if a AbA x =0 then b Az = 0).

5.2.1. Observations. (1) The complement a is the difference 1 — a.
(2) a — b exists iff a — (b A a) exists, and these differences are equal.

(3) If b is complemented then a — b always exists and equals a N be. Consequently,
if b is an intersection of a with a complemented ¢ then a — b exists (and equals
anc).

(Only (3) needs a comment, if at all: (a Ab)V (@A) =aA(bV ) = aq,
b A (a Ab) = 0; the consequence follows from (2).)

5.2.2. The reader probably expects that a — b, if it exists, coincides with a ~\ b.
This is indeed so, and we have a bit more.

Lemma. Let ay — b exist for some a1 > a. Then a — b exists and we have
a~b=a—-b=aA (a1 —D).

Proof. For = a; —b we have (a1 Ab) Ve = a1 and bAx = 0. Hence bA (aAz) =0
and (a AD)V (aAx)=aA (bVx)=a, the last equality since bV x > (a A D) V a.
Now let y = a —b. Then (a Ab)Vy = a and bAy = 0. Thus if y < ¢ then
a=(aNb)Vy<(aAb)Vec<bVe andif a <bVc then
y=yNa<(yAb)V(yVve)=0V(yAc)<ec. O
5.2.3. Lemma. Let a < b <c and let b — a and ¢ — b exist. Then ¢ — a exists and
c—a=(c—b)V(b—a).
Proof. Set t =b—aandy=c—b. ThusaVaex =b,bVy=candaAx =bAy =0,
and hence aVzVy=>bVy=candaA(zVy)=aAy<bAy=0. |

5.2.4. Lemma. Let a — b exist and let b < a. Then a — b is complemented with
complement c iff ¢ satisfies the equations

aVe=1 and aAc=0b. (%)
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Proof. Let (x) hold. Hence ¢ = bV ¢ and (by (H5°P))
(a—b)Ve=(a—b)VbVec=aVc=1,

and (e —b) Ac<aAc=>band hence (a —b)Ac=(a—b)AbAc=0.
Conversely, let ¢ be the complement of a—b. Then trivially aVe > (a—b)Ve =
l,andaAc=((a—b)Vb)Ac=bAc=bA(cV (a—b)) =b. O

5.3. In the sequel we will work exclusively in the co-frame S¢(L). We will use the
following specific properties of this lattice.

— SU(L)°P is zero-dimensional; hence we will be able to use the formulas from
Section 4.

— There are special sublocales, the open o(a) and the closed ¢(a) = Ta comple-
menting each other.

— We have the closure S, the smallest closed sublocale containing S.

— For each S € &(L) there exists the smallest dense sublocale 95 C S, namely
0S5 = b(A\S) (recall I11.10.3) (smallest dense in the sense that S 2 S and
whenever T' D S then T' 2 959).

— The order in S/(L) is C and the meets are the intersections; we will use the
symbols N, to keep this in mind, and also to avoid confusion with the A
used inside L.

5.3.1. Lemma. For any two sublocales S, T we have
TCSNT iff 9T CS.

Proof. =: T CSNT then AT > A(SNT) > AT, hence ANT = A(SNT) € S,
and 0T =b(AT)C S.

<: U IT C Sthen AT € S, hence A TeTNS,andT CTCSNT. O

5.4. The a-residua. For a sublocale S set
r(S)=5SnN(S~\9)
and further define for ordinals «
ro(S) =S, ra41(S) =7r(re(S)) and

rA(S) = ) ra(S) for limit ordinals A.
a<

5.4.1. Lemma. For every « there exists a closed, and hence complemented, A,
such that ro,(S) = SN A,. Consequently, the difference S —r,(S) always exists.
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Proof. ro(S) = SNL. Let ro(S) be SNA with A closed. Then rq41(S) = SNANB
(for B=(SNA~SNA)), hence a meet of S and a closed sublocale. Finally let
ro(S) = SN A, for a < A limit. Then

(S = N ma(S) = N (SNA) =850 ) Aa.

a<A a<A a<
For the consequence see 5.2.1(3). O

5.4.2. Proposition. Fach S — r,(S) is complemented. Consequently, if there is an
a such that ro(S) = 0 then S is complemented.

Proof. First, for any sublocale T" we have
T—r(T)=T—-(T~\T)=T—(T~\T). (*)
Indeed, by (H5°P) we have T'V (T \T) = T. Thus,

T-T~T=(TV(T~T)N(T~T) =Tn(T~T)
=T-(T~\T)=T-Tn(T~\T)=T~r(T).
Thus, T —r(T) =T N(T ~ T)c, an intersection of two complemented sublocales,
is complemented. In particular, S \ r1(S) and each 74(S) \ Ta+1(5) are comple-
mented. Hence if we already know that S — S, is complemented then also (recall
5.2.3)
S = ra+1(5) = (S = 7a(9) V (ralS) = rat1(S))

is. Now let A be a limit ordinal and let C\, be the complements of S —r,(S), a < A.
Set C' = A, .\ Co. We have

CaVra(S) = (CaVra(S)N((S—ra(S))VCa) =0V CL VOV (re(S)NCq) = Ca,
hence r,(S) < C, and consequently
CNS=(ANCa)NS= N(CanS)= N Can(ra(S)V(S—ral(S)))

a< a< a<
= Canra(S)= N ra(S) =rr(S).
a< a<
Finally, using the co-frame distributivity we obtain C'vV S = A, _,(Ca VvV S) = L
and hence C' is the complement of S — r»(S) by 5.2.4. O

5.5. We say that a sublocale S is doubly dense in a sublocale T" if both SNT and
T ~. S are dense in T'. Obviously

if S is doubly dense in T, it is doubly dense in T.
5.5.1. Lemma. A complemented S is doubly dense in no non-empty T'.

Proof. If C' is the complement of S then 7'\ S =T N C. Let T be non-empty.
Then 9T # 0 and hence we cannot have both 97" C S and 97 C C, that is, by
5.3.1, we cannot have both T C SNT and T CCNT =T\ S. O
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6. Isbell’s Development Theorem

6.1. Let s be a limit ordinal and

(Aoz)oz<n

a (transfinite) decreasing sequence of closed sublocales of L. Since the A, are
complemented we have the differences

S — A, (=S N A for any sublocale S,

and we can define, for even a (that is, @ = 2n or &« = A + 2n where A is a limit
ordinal; otherwise we speak of an odd ordinal)

By = Ay,
Bot+1 = Ba — Aaqa,
Bat+2 = Bat1 V AoHr?a
and for limit A\, 0 < X\ < &,
By =({Ba | a <A, aeven}.

Note that
B, 2 A forany 3> a.

6.2. Proposition. The sequence
By, Ba,...,Bs,... (« even)
decreases and the sequence
By,B3,...,Ba,... (a odd)
increases. Further, for any odd o and any even B, B, < Bg.
Proof. Let a be even. Then by 5.2.1 and (H5°P),
Bot2 = (Ba — Aa+1) V Aat2 < (Ba — Aat1) V Aat1 < Ba V Aat1 = Ba.
If a is odd we have
Bota = (Ba V Aat1) — Aat2 = (Ba—1 NAL) V Aat1) N AL
= (Ba—1 NAG NAG) V (Aat1 — Aag)
= (Ba—1 NAS)V (Agy1 — Apt2) = Ba V (Ag+1 — Apta) > Ba.

Now we know that the even sequence decreases because the definition of the Bj,
A limit, makes sure that the descent continues. For the odd sequence, however, we
have to be somewhat more careful. Let a be odd and let A be the first next limit
ordinal. For an even ordinal 8 with o < 8 < A we have B, < Bg41 < Bg and hence
Bo < By. Further, B, = C N Af < AS ;| and hence B, < By N AS | = Bxt1.
The last statement easily follows from B, < B, for even «, and from the
decreasing resp. increasing even resp. odd sequences. O
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6.3. Proposition. Set
M =({Ba | @ even} and J=\{B, | «a odd}.
Then
M=JV()Aa.
«

Proof. By 6.2 J < M, and since Ay12 < Bgyo we have

NAs =({Aat2 | @ even} < M

as well. Thus, we have to prove that M < JV ﬂa A,. Recall 4.2: it suffices to
prove that if C'N M # 0 then either CNJ # 0 or C N[, Aa # 0, for every
complemented C.

Thus, suppose that CN M # 0 and C'NJ = 0. Then for « even,
CNM<CNByr2=0CnN (Ba+1 \/Aa+2) = CmAa+2 < Aa+2

and since A, decreases, 0 # CNM <[, Aa. ]

6.4. Consequently, if one has [, Ao = 0 then
S =({Ba | @ even} = \{B, | a 0odd}.

The sequence (Aq)a<s is then said to be a development of this common value S.
We will assume, furthermore, that for each limit ordinal A

N Ao = Ay (6.4.1)

a<k

(any development can be easily so adjusted: it suffices to insert the meet at the
limit step, repeat it at the next, and proceed with the original Ay at the (A +2)th
place).

6.4.1. Observation. If (A,)a<x is a development of S and if C is closed then
(Aa N )<k is a development of SN C.

(The associated B, are B, N C.)

6.5. Lemma. Each S that is doubly dense in no non-empty T has a development.

Proof. If A is non-void closed, S is not doubly dense in A and hence some of the
ANS, AN S is a proper closed sublocale of A. Thus, for any closed A’,

ifA=A'"NSthen ANS#A, andif A=A"\Sthen ANS#A (6.5.1)
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(in the first case,
ANS=ANS)NSD2ANSNS=ANS=A4
and in the second one,
ANS=(AN9)NSD(ANSNS=A5=4
— here we use (H7°P)). Thus, if we set
Ag=95, Agr1=A,~S, and Ayio = Ayr1 NS for a even,

and Ay = () A, for A limit

a<A

we obtain a transfinite sequence (Aq)q which by (6.5.1) strictly decreases, with
the possible exception of the limit values where one can have Ax;1 = Ay, until
we obtain 0 for a limit ordinal k. Take (Aq)a<k-

For the corresponding sequence (B, ), we have

B, > S for even o, and B, < S for odd «
(by induction, if 8 = « + 1 is non-limit even we have

Bg =B,V Ag = (Ba—1~Aa)V Ag > (Bac1 N~ Aa) V (A NS)
> ((Ba—1 N Au)VAL)NS > B, 1NS =S,

and
Bg1= (B~ Apt1) = (Ba V Ap) \ Apt1

< (BaVAg) N (Ag N 5) < (SVAg) N (AN 5)
= (SN (Ag N 9)) V(Ag N (4N 9) <5,
and if A is a limit ordinal
Byi1 =By~ Axi1 =({Ba | aeven, a <A}~ (Ax N 9)
=({Ba+1VAsta | @ even, a <A} N (AN 9)
<SSV Aat2 | aeven, a < A}~ (Ax N 9)
= (SVN{Aat2 | aeven, a <A}) N (Ax N\ S5)
=(SVA)IN(AXNS) =N (AxN9))V(Ax~ (AN 9) <S8

and trivially By = ({Ba | @ even, a < A} > S).
Thus (since (.. Aa = 0) we have

a<k

S =({Ba | aeven} =\/{B, | @ odd}. O
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6.6. Theorem. The following statements about a sublocale S are equivalent.

1)
2)
3)
4) ro(S) = 0 for sufficiently large «.

(1) S is complemented.

(2) S is doubly dense in no non-empty sublocale.

(3) S has a development.

(

Proof. We have (4)=(1) by 5.4.2, (1)=(2) by 5.5.1, and (2)=-(3) by 6.4.1.

(3)=(4): First we will slightly extend our definition of development. For simplicity
in the notation we have considered sequences (Aq)a<x starting with Ag. All that
has been said holds equally well for a modified definition in which we consider
sequences (Aq)g<a<r starting with an ordinal 5 < &.

Note, however, that if we have a development (A )a<x 0of S then a restricted
development (Aq)g<a<r does not necessarily result in the same S. In particular
realize that

if (Aa)g<a<r is a development of S then S C Ag.

Let (AL)a<w be a development of a sublocale T'; consider the development
(AL N (T NT))a<n

of the residuum r(T") (recall 6.4.1).
We have Ay — A] < T < T < Aj, hence T \T < A~ (4p ~ A)) < A}
(because A < (Ap ~ A}) vV A}) so that

AN (TNT)— A N(T\T)= (A, N (AN (T\T)=0
and we have By = A and hence we have for r(T) also the development
(AL, N7(T))2<ack of r(T).
By induction we see that r3(S) has developments

(Ao Nrp-1(8) N15-1(5))pr<a<n

if 8 is non-limit, and

(Aa N ) 1y N 14(8))pr<a<n
v<B

if 3 is limit, with 8" increasing with 3. Since the original development (Ay)a<, can
be, without any effect on the resulting S, extended by a string of zeros between

and the first next limit ordinal we see that 7 (S) will be 0 for sufficiently large
O
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7. Locales with no non-spatial sublocales

We already know that sublocales of a space are not necessarily induced, not even
spatial. In the following two sections we will discuss the cases when they are (cf.
[189, 246]).

7.1. The set of all primes (meet-irreducibles) in L will be denoted by PrL, and the
set of all p € PrL.N Ta by Pr(a). Thus, L is spatial iff for each a € L, a = A\ Pr(a).
We will use the representation of the spectrum from I1.4.5, that is,

Sp'L = (PrL,oL) withoL ={%,|a€ L}, ¥, ={p|ap}
7.1.1. Lemma. For every p € Pr(a) there is a minimal q € Pr(a) such that ¢ < p.

Proof. Let C' C Pr(a) be a chain. Set » = A C. Then r is a prime. Indeed, let
aAb < r. Then for each p € C either a < p or b < p. Suppose b £ ¢ for some
individual ¢ € C. Then b £ p, and hence a < p, for all p < ¢ and finally a < r.
Now the statement follows from Zorn’s Lemma (AI.2). O

Consequently, if we denote by MinPr(a) the set of all minimal elements of
Pr(a),
A MinPr(a) = A Pr(a), and

L is spatial iff for each a € L,a = A MinPr(a).
7.2. Recall from II1.10.2
ba)={x—a|lzell={z|z=(—a)—a}={(r —a)—>alxel}

It is the smallest sublocale of L containing a, it is Boolean, and for each prime p,
b(p) = {p,1} (II1.10.1.1).

7.2.1. Proposition. For any sublocale S of L we have:

(a) S is prime in SC(L)°P iff S = b(p) for some p € PrL.

(b) mSp'(S) = \V{b(p) | p € Sp’(S)} (MM is as in 3.1).

(c) S is spatial iff S = \/{b(p) | p € Sp'(9)}.
Proof. (a): If S =b(p) ={p,1} then S £ O, and p € S C 51V Sy implies p = aAb
for some a € S and b € Ss. Hence, say, p = a € S1, and thus b(p) C 5.

Conversely, if S is prime in S¢(L)°P then S D {a, 1} fora = A S # 1 (because

S # 0). Let b € S be such that a < b. Then S € ¢(b) = Ta. But S C ¢(b)Vo(b) and
hence by primeness S C o(b). In particular, b € S C o(b) and b € o(b) N ¢c(b) = O,
that is, b = 1. Hence S = {a,1}. By II1.10.1.2, a is necessarily prime in L.

(b): The inclusion D is obvious since

U{b(p) | p € Pr(S)} = U{{p, 1} | p € Pr(S)} = Pr(S).
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The reverse inclusion is easy as well: for any A Y € mSp’(S),
Y C Pr(S) CU{b(p) | p € Pr(9)}

and hence \Y € \/ cp, (s b(p)-

(c) is an immediate consequence of (b) and 3.1. O

7.2.2. Corollary. Every sublocale of L is spatial iff SE(L)°P is spatial.
In particular, if SC(L)°P is spatial, then L is spatial.

Proof. By I1.5.3, S¢(L)°P is spatial iff each sublocale S of L is a join in /(L) of
primes of S{(L)°P. Use (a) and (c) above. O

7.3. By 7.2.1(a), (p — b(p)) is a one-one mapping of PrL onto Pr(S/(L)°P). Since
obviously A b(p) = p we have the inverse pair of bijections

f=(p—b(p)) .
PrL _ Pr(S¢(L)°P). (7.3.1)
g=(5=/\9)
This shows that the spectrum of SI/(L)°P (often referred to as the assembly of L,
see [246]) has essentially the same points as the spectrum of L. It has, however, a

different topology.
Recall the Skula topology from 1.4.1.2. We have

7.3.1. Proposition. The maps from (7.3.1) constitute a homeomorphic pair

!

>

(PrL,Sk(oL)) _ Sp’(S(L)°P).

g
In particular, if Sp’L is Tp then Sp’(S¢(L)°P) is discrete.

Proof. Let ¥ be in o(S((L)P). Since S = \/,. ;(c(a;) A o(b;)) for suitable open
and closed sublocales we have X = ;¢ ; (¢ (,,) N2 (,,)) and hence the sets X7 )
and E'o(b) constitute a subbase for the topology. We have

F ) = F7H{bM) [ c(a) £ b6(p)} = {p | c(a) 2 b(p)} =X,

and by complementarity f~![Z )] = PrL ~ .
The continuity of g follows similarly: for every a € L,

9720l = {b(p) | c(a) 2 b(p)}

and by complementarity g '[PrL \ /] = E;(a). O
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7.4. Lemma. Let a € L satisfy a = A\ MinPr(a). For each p € MinPr(a),

p— a= A{g € MinPr(a) | ¢ # p}.

Proof. Let b= A{q € MinPr(a) | ¢ # p}. Since p Ab = a, then b < p — a. On the
other hand, if ¢ € MinPr(a) and g # p, since p £ ¢, by the minimality of ¢, and
(p—a)Ap=pAa<a<gqby (H5), we have p — a < q. Hence, p > a <b. O

7.5. Essential prime elements. A minimal prime p of a is called essential [189] if

a = AMinPr(a) and a# A{q € MinPr(a) | q # p}.

Let EssPr(a) denote the set of essential primes of a.
7.5.1. Lemma. The following are equivalent for a € L satisfying a = /\ MinPr(a).

(1) p € EssPr(a).

(2) p € PrL and there exists b € L such that a =bAp and b £ p.

(3) pe PrL and (p — a) — a = p; in other words, p € Pr(b(a)).
Proof. (1)=(2): Take b = A{q € MinPr(a) | ¢ # p}. Then a = bApand b £ p
(because b # a).
(2)=>(3): Let p € Pr(a) and consider the b from (2). Then b < p — a and conse-
quently, using (H5) and (H3),

((r—a) =) Ab< (p—a)—>a)A(p—a)=(p—a) Aa=a<p.

Since b £ p then (p — a) — a < p. By (H9), (p — a) — a>p.

(3)=(1): Assume p is a prime of L and (p — a) — a = p. Then immediately
p € Pr(a). Let us show that p € MinPr(a). Assume a < ¢ < p with ¢ prime. If
q # p we have p — a < ¢ (because (p — a) A\p <a <qandp £ q). Thus

p—a=((p—a)Aqg<(p—a)Ap<a,

and hence p = (p — a) — a = 1, contradicting the fact that p is prime. Hence
p € MinPr(a).
Finally, let b = A{q € MinPr(a) | ¢ # p}. By 7.4, p — a = b. Consequently,

p:(p—>a,)—>a:b—>a,:b—>(b/\p):b—)p,
and therefore b £ p (as p # 1). Hence, a = b A p # b. O

7.5.2. Remark. It follows from the implication (1)=(3) above that for any a,b € L
such that b — a # 1, if p € EssPr(b — a) then b £ p. Indeed, if b < p we would

have
p=pP—0—a)—(b—a)

=((pAb) —a) = (b—a)=(b—a)—=(b—a)=1

contradicting the assumption that p is prime.
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7.6. Other characterizations. Here are two more characterizations of the locales
whose sublocales are all spatial ([189]).

7.6.1. Proposition. The following are equivalent for a locale L.

(1) Ewery sublocale of L is spatial.
(2) For every a # 1, EssPr(a) # 0.
(3) For every a € L, a = )\ EssPr(a).

Proof. (1)=(2): Suppose a # 1. Since, by 7.2.2, S¢(L)°P is spatial, we have by
I1.5.3 and 7.2.1(a),

b(a) =V Sp'(b(a)) = \/{b(p) | p € Sp'(L), b(p) < b(a)}.

But b(p) < b(a) means that p € b(a), that is, p = (x — a) — a for some z € L
and hence by (H10) p = (p — a) — a. Therefore

ba) = V{b(p) | p€SP'(L).p = (p — a) — a}.
Since a € b(a), a =AY fora Y CU{b(p) | p € Sp'(L),p = (p — a) — a} and we

can write

a>MNplpeSp'(L),p=(p—a)—a} = Ap|peSp'(L).p=a} >a.
Thus a = A Pr(a) = A MinPr(a). Since a # 1, the meets above are non-empty so
that there is a p € Sp’(L) such that p = (p — a) — a. By 7.5.1, p € EssPr(a).

(2)=(3): Let a € L and b = A EssPr(a). Suppose a < b. Then b — a # 1 and
hence there is a p € EssPr(b — a). By I11.3.1.1(H6), we have

(p—a)—a<(((pAb) = a)Ab)—a
=((pAd)=a) = (b—a)=(p—(0b—a)—(b—a)

By 7.5.1, essential primeness of p and (H9),
p—(b—a)—0l—a)=p<(p—a)—a

Thus (p — a) — a = p and p € EssPr(a). Hence p > b which contradicts 7.5.2.
(3)=(1): Let S be a sublocale of L and let a € S. We have a = A EssPr(a) in L.

Now if p € A EssPr(a) we have by 7.5.1(3) p = (p — a) — a and hence p € S so
that a = A{p | p € MinPr(a), p € S}. O

7.6.2. Corollary. The locale Lc(X) has a non-spatial sublocale iff X has a closed
subset F' for which Bic(ry has no points.

Proof. By 7.6.1 and 7.5.1, Lc(X) has a non-spatial sublocale iff there is a proper
A € Lc(X) such that b(A) has no prime element. Since b(A) = B.(a) = Bic(x-a)
this means that there is a non-void closed subset F' of X such that B ) has no
points.
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8. Spaces with no non-induced sublocales

In this final section we will discuss the spaces in which all sublocales are not only
spatial but even induced. This is simpler in the T case than in the general one.
Therefore, after a brief discussion of some necessary concepts we will prove the
theorem for this special case; then we will analyze what happens after dropping
the Tp hypothesis.

8.1. Scattered and weakly scattered spaces. Recall from 1.4.1 that a point = of a
space X is isolated (resp. weakly isolated) in S C X if there is an open U such
that SNU = {z} (resp. x € SNU C {z}). A space X is scattered (resp. weakly
scattered — corrupt in [246]) if every non-void closed S C X contains an isolated
point (resp. a weakly isolated point). Note that, since each isolated point of S is
an isolated point of S, in the former case it is the same as assuming an isolated
point in every S C X.

Equivalently, X is a (weakly) scattered space if each closed subset is the
closure of the set of its (weakly) isolated points.

8.1.1. Proposition. A space is scattered iff it is Tp and weakly scattered.

Proof. By 1.4.2 it suffices to prove that a scattered space is Tp. By hypothesis,
for each x € X the closure {x} has an isolated point y. Then y = = (otherwise,
x ¢ {y} = {z}NU for some open U would imply z € X \U and thus {z} C X\ U,
that is, {z} NU = (). Hence z is an isolated point of {z} so that for a suitable
openset U sz, U~ {z} =U \ {z}. O

8.2. The Tp case. Recall 1.1 and notice that the right adjoint of the homomor-
phism Q(j4) is given by

UNA—H{VeQX)|VNA=UnNA} =int((X N~ A)UU).
Therefore, for each A C X, the induced sublocale Ais just
A={int(X ~A)UU) | U e AX)}.
By 1.2 we already know that for a Tp-space X, the map
px: POX) — SULe(X))™

given by A C X — A is one-one. For which spaces X is px surjective? In order to
answer this we consider, for each sublocale S of Lc(X), the set

ox(S)=U{is(U)\U |U € Q(X)} (8.2.1)
where jg is the localic embedding S — Lc(X).
(That is, jS(U)=A{V €S |U<V}.)
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It is easy to check that
z €ox(9)iff x € j5(X \ {z}). (8.2.2)

(Indeed: the implication < is trivial since z ¢ X ~ {z}; conversely,
if € j5(U) \ U for some open U, then z € {z} C X \ U, so that

U C X ~{z} and thus = € j5(U) C j5(X \ {z})).

Now until 8.3, where we will start to discuss the general case, the space X
will always be Tp. Let A C X. From 1.4.2 it immediately follows that

zeint(AUX \ {z}) iff x € A. (8.2.3)

8.2.1. Lemma. For every A C X and every sublocale S of Lc(X) we have:

(a) ox(A) =X \ A.
(b) ox(S)C X~ A= ACS.
Proof. (a): It is a straightforward exercise to check that j% (X ~ {z}) = int(X ~
AU X ~ {z}). Thus, by (8.2.3) above, x € j5(X ~ {z}) iff 2 € X \ A.
(b): If ox(S) € X ~\ A then, for each U € Q(X), j5(U) € X N~ AUU so that
JjE(U) Cint(X ~ AUU). In particular,
Je(int(X N AUD)) Cint(X N AUnt(X N AUD)) Cint(X N AUU),

and hence j§(int(X N AUU)) = int(X N AUU), that is, int(X N AUU) € S. This

means that A C S, as stated. O

8.2.2. Lemma. Let F' be a closed subset of X and let W be the set of all isolated
points of F'. For A = X ~ F we have:

(a) ox(b(A) =X~ W.

(b) If b(A) is induced then b(A) = w.

(¢) If X is scattered then b(A) = w.
Proof. (a): First we observe that, by (8.2.2),

rzeox(b(A) iff zeXc(Fnint(AU{z})). (%)
In fact,

j;(A)(X\{x}) =(X~{z}) 2 A) > A=int(AU{z}) - A
=(X~Ncd(FNX~A{z}) > A=int(AUcl(FNX ~{z}))
=XNcdXN(FNX~{z}))) =X ~cd(Fnint(AU{z})).
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Now, if z € W then © € FNU C {z} for an open U. But
U=UNF)UUNA) C{z} UA

Thus z € U C int(AU {z}) and therefore z € F Nint(AU{x}). By (*), this means
that « ¢ ox(b(A4)).

Conversely, if z ¢ ox(b(A4)) that is z € cl(F Nint(A U {z})) C F then
Fnint(AU{z}) # 0. Hence there is a

ye FNint(AU{z}) CFN(AU{z}) = Fn{z} C{z}.
Thus z € int(A U {z}) (otherwise we would have
ye{yt C{z} CFNX N int(AU{z}),

a contradiction). Hence z € F Nint(A U {z}) C {x} which shows that x is weakly
isolated. By Tp it is isolated.
(b): If b(A) = B for some B C X then, using 8.2.1 and (a), we get

—~—

b(A) = B = (X \ ox(B)) = (X \ ox(b(4))) = W.

(c): The inclusion W C b(A) is always true (from 8.2.2(a) and 8.2.1(b)). Now let
X be scattered. Then W = F. Since b(A) C ¢(A4) and

A=X W =int(X W) =W(@O0) =AW,

we have b(A) CT (AW) =W C W. O

8.2.3. Theorem. For a Tp-space X, all sublocales of Lc(X) are induced if and only
if X is scattered.

Proof. Let F be a closed subset of X and let A = X \ F. By hypothesis, b(A) is
induced so, by the preceding lemma, b(A) = W. Then

F=X~A=X~(0—>A) A =X~W0) =X int(XW)=W

and X is scattered.
Conversely, let S be a sublocale of Lc(X) and A = X \ ox(S5). By 8.2.1,

ox(A) = ox(5). Now it suffices to check that by scatteredness, ox is injective. So
let S, T € Sl(Lc(X))°P, S # T. We may assume that there is some A € Lc(X) such
that A € S and A ¢ T. Then b(A) C S and b(A) € T and, by 8.2.2, b(A) = W
for some W. Then X ~\ W = ox(b(A4)) 2 S and X ~ W 2 T, which shows that
ox 1s one-one. O
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8.3. The general case. Since we will not assume Tp any more, px will not be
necessarily injective (distinct subsets may induce equal sublocales). Recall 2.2 and
also [.4.2: the Skula topology is now not necessarily trivial and will come handy
in the following analysis.

We will write intgy(-) for the Skula interior operator and clgx(-) for the
corresponding closure operator. We cannot use (8.2.3). Instead, we have:

Fact. For each A C X,
zeint(AUX ~{x}) iff =€ intsr(A). (8.3.1)
Proof. First notice that for each z € X, the family
Un{z} (xeUeQX))
forms a base for the Sk-open neighbourhoods of = (because
UNnX~\V)=U{Un{z} |z e UNX\V)}

for any U,V € Q(X)). So, for any = € intgi(A) we may conclude that x €
Un{z} C A for some U € Q(X). But now U C AU X ~ {z} so that z € U C
int(AUX ~{x}). Conversely, if v € U = int(AUX ~{z}) thenz € U C AUX ~{z}.
Hence z € U N {z} C A. O

By manipulating complements we then get
x € clgr(A) iff z € cl(AN {z}). (8.3.2)
Replacing (8.2.3) by (8.3.1) and using (8.3.2) we adapt the proofs of 8.2.1,
8.2.2 and 8.2.3 to obtain
8.3.1. Lemma. For every A C X and every sublocale S of Lc(X) we have:
(a) ox(A) = X ~ clsi(A).
(b) If A is Sk-closed then
ox(S)C XN A=>ACS. 0
8.3.2. Lemma. Let F' be a closed subset of X and let W be the set of all weakly
isolated points of F. For A = X \ F we have:
(a) ox(b(A) =X W.
(b) If b(A) is induced then b(A) = w.
(¢) If X is weakly scattered then b(A) = w. O

8.3.3. Theorem. For a space X, all sublocales of Lc(X) are induced if and only if
X is weakly scattered. O






Chapter VII

Compactness and Local Compactness

The cover definition of compactness is basically point-free; therefore there is no
surprise that the basic facts are very much like in the classical case. But a surprise
does come: the point-free variant of Stone-Cech compactification is fully construc-
tive (no choice principle and no use of the excluded middle). Thus in particular,
the fact that products of compact (regular) locales are compact is constructive,
unlike the Tychonoff Theorem of classical topology (see Section 4 — in particular
4.5 and 6.5).

In the latter parts of this chapter we present (a.o.) the famous Hofmann-
Lawson duality between locally compact frames and locally compact spaces. Thus,
for this very important class of spaces the point-free theory is quite parallel with
the classical one (here, however, the axiom of choice is necessary).

1. Basics, and a technical lemma

1.1. A cover of a frame L is a subset A C L such that \/ A = 1. A subcover of a
cover A is a subset B C A such that (still) \/ B = 1.

Note. In classical topology this corresponds to the notion of open cover,
that is, of a cover consisting of open sets. This is what we will almost
exclusively be concerned with. A brief encounter with another type of
covers will be duly emphasized.

Quite like in classical topology, a locale (frame) is said to be compact if each cover
has a finite subcover.

More generally, a frame is a-compact if each cover has a subcover of cardi-
nality less than a. Thus, “compact” is the same as “Ng-compact”. We will be also
interested in the Nj-compact frames, that is, in frames such that each cover has
an at most countable subcover. These are referred to as Lindeldf frames.

J. Picado and A. Pultr, Frames and Locales: Topology without points, Frontiers in Mathematics, 125
DOI 10.1007/978-3-0348-0154-6_7, © Springer Basel AG 2012
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1.2. Observation. Fach subframe and each closed sublocale of a compact (more
generally, a-compact) frame L is compact (resp. a-compact).

Proof. Both statements hold for the same reason: the joins (non-void, in the latter
case) — unlike for instance in non-closed sublocales — coincide with those in L
(I11.6.4(1)). O

1.3. Proposition. An image of a compact (more generally, c-compact) sublocale
S C L under a localic map f: L — M is compact (resp. a-compact).

Proof. Let j: S C L be the embedding. Consider the onto - (one-one) decomposi-
tion of f - j from IV.1.4

L ! > M
A A
J m
s = fI8

Since g is onto we have for the associated frame homomorphism g*: f[S] — S,
gg* = id. Now if \/,. ; a; = 1 in f[S] we have g*(\/,c; ai) = V,;c;9"(a;) =1in S
and hence g*(\/,cx ai) = Vg 9" (a;) = 1 for a finite K (or K of cardinality < a
in the more general case), and hence \/; - ai = 99" (Ve ai) = 1. O

1.4. The wami-Lemma. The following lemma will be useful more than once.
Recall from IV.5.6 the nucleus p generated by the prenucleus v = mom; where

m(U)={VAb) | Ax {b} CU}, and
m2(U) ={a,\V B) | {a} x BC U}.

We have

Lemma. Let Ly be compact and let (1,b) € u(U). Then (1,b) € v(U) = mam (U).

Proof. Let o be the first ordinal such that (1,b) € v4(U). Then, unless o = 0,
it cannot be a limit ordinal. We will show that o« = 1. Indeed, otherwise (1,b) €
v(vg(U)) for some non-limit § < « and hence (1,b) € v(v(W)) = ma(mmam (W))
(where W = vg_1(U)). Then b =/ B for some B such that {1} x B C mymami (V)
and for each y € B we have (1,y) € mmemi (V) and hence there is an A, such
that \/ A, =1 and Ay, x {y} C mam1 (V). By compactness there are finite C,, C A,
such that \/ C, = 1, and for every z € Cy, (z,y) € mom (V). By Lemma IV.5.6,
(VCy,y) = (1,y) € mem (V) and hence

(1,[)) = (1,VB) S 7T2’/T2771(V) = 7T27T1(V) = l/(V) = I/ﬁ(U)

contradicting the minimality of . O
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2. Compactness and separation

We will see that similar to classical spaces, compact I-Hausdorff locales are normal.
But the Hausdorff property is not quite the counterpart of the classical homony-
mous one, while regularity, complete regularity and normality are. Therefore we
will later consider rather the compact regular locales in contexts analogous to those
in which one classically considers the compact Hausdorff spaces. Nevertheless, we
will start with proving that a compact I-Hausdorff locale is regular.

2.1. Recall the d, = {(z,y) | # Ay =0} from IV.2.1.
2.1.1. Lemma. For U = (a® 1) Udr = |(a,1) UdL we have

momi (U) = {(e,9) [y < V{b | v <a v}

Proof. 1. Let y < \/{b |z < aVb*}. Set B={b|x <aVb} and forbe B
define 1 (b) = 2 A a and x2(b) = x A b*. Then (z1(b),b), (z2(b),b) € m1(U) and
hence (z,b) = (x1(b) V 22(b),b) € m(U). Thus, {z} x B C 71(U) and finally
(z,\V B) € mam (U).

II. Let (z,y) € mam1(U). Then {z} x B C m1(U) for some B such that \/ B = y.
Thus, for every b € B there is an A(b) such that x = \/ A(b) and A(b) x {b} C
l(a,1)Udy. Then for a z € A(b) either z < a or z < b* and hence z < a V b*, and
y<V{b|z<aVvd}. O

2.1.2. Proposition. A compact I-Hausdorff frame is reqular.

Proof. We have (1,a) € 1® a. Our frame is I-Hausdorff and hence, by V.2.3,
(1@a)Vdy, =(a®1)Vdy Now by 1.4, (1,a) € memi(](a,1) Udy) and, by the
lemma, a <\/{b|1=aVvbd'}=\{b]|b=<a} O

2.2. The following statement (including the proof) is quite like in classical spaces.

Proposition. Every regular Lindeldf locale (in particular, every compact regular
locale) is mormal; consequently, the relation < in such a locale interpolates, and
the locale is completely regular.

Proof. Let aVb=1in L. By regularity, a = \/{z | x < a} and b = \/{y | y < b}.
Thus, V{z |z <a}Vvb=1=aV\/{y |y < b} and by the Lindel6f property, there
are

T1,22,-- <a and  y1,y2, - <Db

satisfying
oo o0
Vavb=1=aV \ y.
i=1 i=1
We may assume that 21 < zo < -+ and y; < yo < ---. Set u; = z; Ay} and

v; = 7 A y;. We have
aVuv,=aV(z; Ny;))=(aVa;)AN(aVy)=aVy
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and similarly bV u; = bV ;. Consequently, taking v = \/;° | u; and v = /2, v;
we have

o o0
aVv=\/(aVy)=aV \ yi=1
i=1 i=1

and similarly bV u = 1. Finally, u; Av; = z; Ay Ay; Axj = 0 for every 4,7
(if i < j then x; A2} = 0 and otherwise if i > j then y; A y; = 0). Hence

uNv =\ (u Av;) = 0. O
2.2.1. Corollary. A compact I-Hausdorff locale is normal. (|

2.2.2. Proposition. Let L be compact and let M be regular. Then each dense localic
map f: L — M 1is onto.
In frame setting: each dense frame homomorphism h: M — L is one-one.

Proof. We will prove the statement on frame homomorphisms. By V.5.6 it suffices
to prove h is co-dense.

Suppose h(a) = 1. Since a = \/{z | © < a}, the set {h(z) | = < a} is a
cover of L and hence there are z1,...,z, such that \/I_; h(z;) = 1. By V.5.2.1,
x:xl\/-'-\/vn-<aandwehavex*\/a—1andh( ) =1. Now h(z*) < h(z)* =0,
hence by density z* = 0, and finally a = 1. ]

2.2.3. Corollary. A compact sublocale S of a regular locale L is closed.
Proof. Decompose the embedding j: .S C L into

j/:C j”:C

S - >g9 >L.
By V.4.8, S is regular. Since j’ is dense, it is onto by 2.2.2, and hence it is the
identity map. O

Note. In the classical setting the analogous statement holds with a Hausdorff space
in place of our regular locale. Here, the regularity is essential.

3. Kuratowski-Mrowka characterization

3.1. The famous Kuratowski-Mréwka Theorem characterizes compact spaces as
those spaces X for which the natural projection

py: X xY =Y

is closed for every space Y. We will prove the counterpart of this characteristic in
the point-free setting.
In this section we will use the symbols

ip=(@x—z®l): L-LoM, wy=@@—1®z): M—>LOM
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for the coproduct injections, but since we will be mostly interested in the latter,
we will write just ¢ for ¢ps if there will be no danger of confusion, and

p:LOM — M
for the right adjoint of ¢ (the “localic projection” of the product in Loc). Thus,

1oz <u iff = <pu).

3.2. Recall the closed localic maps and frame homomorphisms, and their char-
acteristics in I11.7.3, in particular the one in (4) stating that a localic map f is
closed iff

< fwVy & fi(z) <uv fi(y).

Since the implication = holds always (if « < f(u)Vy then f*(x) < f*f(u)Vf*(y) <
uV f*(y)), it is the < what is of the essence. Thus in our case, asking whether
the projection p above is closed amounts to the question whether

lez<uv(laey) = z<plu)Vy. (3.2.1)

3.3. Lemma. Let L be compact and let 1 & x < \/,c ;(a; @ b;) V (1 ©y). Then

< V{A b |KCJsuchthat \/ a;=1}Vy.
€K €K

Proof. By 1.4, (1,x) € mam (U) where
U= U l(a: ;) Ul(L,y).

ieJ

Thus there is a B such that {z} x B C 71 (U) and \/ B = « so that for each b € B
there is an A(b) such that

VAb)=1 and A(b) x {b} CU.

Set
B'={beB|bty} and B"={beB|b<y},

and for b € B’ set K(b) = {i | b <b;} so that

b< A b and A®D)x{b}C U l(a;bs).
i€K(b) €K (b)

Thus

(1) for each a € A(b) there is an i € K(b) with a < a; and hence ;¢ ) a; = 1,
and

) ViAiex bi lbe BY vy >V B=ux,

and the statement follows. O
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3.4. Now suppose L is not compact. Choose a cover A such that no finite K C A
is a cover, and define

L={UCL|1eU = 3finite K C A, 1(VK)CU}.

It is easy to check that Lisa topology on L and hence a frame, with unions for
joins and finite intersections for finite meets.

Lemma. Set _
c=V{a®Ta|aec A} (¢ LxL).

Then cV (1@ (L~ {1})) =1 and p(c) = 0.
Proof. Put x =cV (1® (L~ {1})). For a € A we have
a®ly=adL=(adla)V(ead(L~{1}))<cV(1a(L~{1}) =2

and since A is a cover we see that 1 = (\V A) & 1 < z.
Now let p(c) # 0. Then there is an = € p(c) such that = # 1. Consider the
frame homomorphism £: L — 2 defined by £(U) = 1 iff z € U and define

¢:L&L—L by ¢-iup=idand ¢-17 =¢

(thus ¢ = id ® ¢, if we consider L @ 2 as L with the first injection the identity and
the second one the trivial embedding 2 C L). Then

aifa<uw,
bla®1a) = p((a® A (1@ Ta)) =ant(le) =4
0ifa £ .

Hence ¢(c) < x while ¢(1 @ p(c)) =1 A1 =1 and hence 1 ® p(c) £ ¢ and finally
p(c) £ p(c), a contradiction. O

3.5. Proposition (Kuratowski-Mréwka Theorem for locales). A locale L is compact
iff the product projection p: L& M — M (the coproduct injection v: M — L& M,
in frame language) is closed for every locale M.

Proof. 1. Let L be compact. Let 1 @ <uV (1 ®y) with u = \/{a; Db; | i € J}.
Set
V{ A b | K CJsuch that \/ a; =1}.
€K €K
We have 1@ b < u since if \/;. ;- a; = 1 then

(1, A bi)e V (ai@b;) C V (a;i @ by)
ieK ieK ieJ
and hence b < p(u). Now by 3.3, © < bV y < p(u) Vy, and the implication in
(3.2.1) holds.

II. Let L not be compact. Use 3.4. As 1&1 < ¢V (1@ (L ~ {1})) while 1 £ L~ {1},
(3.2.1) does not hold. O



4. Compactification 131

4. Compactification

In this section we will present a point-free counterpart of the Stone-Cech com-
pactification of completely regular spaces, as constructed by Banaschewski and
Mulvey in [32].

4.1. A not very satisfactory but instructive compactification. Recall that an ideal
in a frame L (more generally, in a distributive lattice, but here we are not interested
in the general case) is a non-empty subset I C L such that

(I1) a,bel = aVvbel, and
(I12) b<ael = bel

Note. We assume the ideals non-empty, but allow for the (improper) ideal I = L.

4.1.1. Proposition. The set
J(L)

of all the ideals in L, ordered by inclusion, is a compact frame.

Proof. First note that any intersection of ideals is an ideal.
Second, any system I, j € J, of ideals has a supremum in J(L), namely

V I = {\VF | F finite € U I,}.
jeJ jeJ

Indeed, this set is an ideal (trivially we have (I1), and if x < \/ F' then by dis-
tributivity z = {a Ax | a € F} with {a Az | a € F} C J;c;1; ) containing all
the I;, and that if K is an ideal containing all the I; then necessarily \/ F' € K
for any finite ' C U er L
Now if K, I; are 1deals then trivially K N ( Ij) 2 Ve, (KNI, and if
FCUjes Ly andx—\/F1smKthenFCU EJ(i I,NK) )and z €/, eJ(KI’WI)
Fmally, J(L) is compact: indeed, if \/I; = L = 13) then in particular
1 €V I; and hence 1 = \/ F for some finite F' C |J I;. But then F' C (J;c, I; for
(|

some finite Jo C J, hence 1 € \/;; [ and L =V, I

4.1.2. The dense embedding oc: L — J(L). Consider the mappings
v=UI—\I):J(L)—=L and a=(a+— la): L — J(L).

We obviously have
vafa) =a and I Cav(l)

and hence these maps are adjoint, v to the left and « to the right; hence

V preserves joins.
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It preserves finite meets as well: we have

U(Il) /\’U(IQ) = \/Il AN \/.[2 = \/{a1 N ag | a; € Ij}
<V{a|aehin}=v(lNI)<ov()Av(l)

(the first inequality because of (I12): a1 A a2 < a; and hence it belongs to both
the I;’s; the second one is trivial). Thus, v is a frame homomorphism, and « is a
localic map.

4.1.3. Observation. « is a dense localic embedding.

(Indeed, it is obviously one-one, and if I # 0, that is, I # {0}, then
v(I)=VI#0.)

Thus, we have for each locale a dense embedding into a compact one — if we
wish we can view it as a compact extension of L in which L is dense. But it is not
very satisfactory: J(L) is considerably larger even if the L we started with was
already compact itself. In general we have to accept it as it is, but for completely
regular locales this drawback can be mended.

4.2. Regular ideals. An ideal I is said to be regular if

(R) for every a € I there is a b € I such that a << b.

4.2.1. Proposition. The set
R(L)
of regular ideals in L is a subframe of J(L). Hence it is a compact locale.
Proof. Let Iy, I be regular ideals and let a € I; N I5. There are b; € I; such that
a << bj. Then by V57a b ANbyel;NIs.
Now, let I;, j € J, be regular, ' C (J;c;1; finite. For x € F' choose j(z)

such that z € I, and an 2’ € ;) such that © << 2. Set I = {2’ | x € F}.
Then F" C ;e ;I and by V.5.7, V F << \/ F. O

4.2.2. The regular ideals o(a). For an a € L set
ola) ={z | v =< a}.

Obviously
each o(a) is a regular ideal.

Lemma. If a << b then o(a) < o(b).

Proof. Interpolate a << © < y << b. Then y € o(b) and, by V.5.7, 2* € o(a*).
Thus, 1 =2*Vy € o(a*) Vo(b) and o(a*) Vo(b) = L = 15py. lf 2 € o(a*) No(a)
then z < a* Aa =0 and hence x = 0, and o(a*) No(a) = {0} = 03(z). Use (rb2)
in V.5.2. ]
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4.2.3. Proposition. If L is completely reqular then R(L) is completely regular.

Proof. As R(L) is compact it suffices to prove it is regular. We have, for any ideal
I, by interpolativity of <<,

I'=U{o(a) |acl} =V{o(a)|acl}
and since L is completely regular, each a is the join \/{b | b << a} and hence
o(a) =U{c®) | b =< a} =V{o®) | b << a}.
By the Lemma in 4.2.2, I = J{o(b) | b << a, a € I} D V{K | K << I}. O

4.3. R(L) as a compactification. Let L be a completely regular frame. Then,
writing again v(l) = \/ I we have

vo(a) and I Cov(). (4.3.1)
The mapping v: BR(L) — L is a frame homomorphism for precisely the same
reason as the v in 4.1.2 and hence o is a localic embedding. This time we have

Proposition. Let L be compact. Then v and o are mutually inverse isomorphisms.

Proof. Let x € ov(I). Thus in particular z < \/ I, and «* vV \/ I = 1. By compact-
ness there are yq, ..., y, € I such that 2*Vy;V---Vy, =1.Buty =y, V---Vy, € I
and we have © < y and hence © € I. Thus, cv(I) C I and the statement follows
from (4.3.1). O

4.4. Functoriality. Let h: L — M be a frame homomorphism. Then for a regular
ideal I, h[I] has the properties (I1) and (R), and if we extend this set to

R(h)(I) = Lh[I]
we have a regular ideal and we easily see that
R(R(R)(I) = R(gh)(I) and R(d)(]) = I.
Thus, we have obtained a functor
R: CRegFrm — RegKFrm

(the latter stands for the category of regular compact frames). Furthermore, if we
specify the L in the definition above writing vy, : S8(L) — L we obtain a natural
transformation (indeed, the diagrams
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commute: vgR(h)(I) =\ |h[I] = VV h[I] = h(V I) = hvr(I)). Hence taking into
account that vy is onto, that is, a sublocale homomorphism, we conclude that
we have got a coreflection of CRegFrm onto RegKFrm resp. a reflection of
CRegLoc onto RegKLoc.

4.5. The last includes a rather surprising fact. If one checks carefully the con-
struction and the proofs one learns that everything has been done constructively
(meaning: without any choice principle, and even without the double negation).
Furthermore, the fact that a reflective subcategory is closed under products (see
ATI.8) is also a fully constructive matter. See also [46].

Now in classical topology the fact that a product of compact regular spaces is
compact is not constructive (it is equivalent to the Boolean Ultrafilter Theorem).
Hence we have here a constructive proof of something that has no such in the
classical setting.

The fact that a product of general compact spaces is compact (Tychonoff
Theorem) is even equivalent with the (unrestricted) Axiom of Choice. And even
here there is a constructive proof of the point-free counterpart (Johnstone [144],
see also Kiiz [163]) albeit by no means so simple as the reflectivity presented
here. Constructive procedures like this are one of pleasant features of point-free
topology.

5. Well below and rather below.
Continuous completely regular frames

5.1. Let us briefly recapitulate the relation < and its properties. We say that an
element a is well below b in a poset L if

for every directed D, b<supD = 3Ide D, a<d.
We will work in lattices. There this property can be reformulated to
b<\VA = Ffinite FCA a<\F

One obviously has
a<d <V <b = a<b (5.1.1)

and in a lattice
a; b, i=1,2 = a1Va Kb (5.1.2)

(but NOT as one would like to expect a < b; = a < by A by). Thus,
in a lattice, the sets {x | v < a} are directed.

We will consider the relation < in frames, but it should be noted that this
relation is a concept playing a very important role in a much more general context,
in particular in not necessarily distributive lattices [112].
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Recall that a lattice L is said to be continuous if for every a € L,
a=\{z|z<a}

(in the general case of continuous poset one has to assume that the sets {z | z < a}
are directed; here it is automatic). An easy but important fact is that

in a continuous lattice the relation < interpolates.

(Indeed, let a < b; we have b = \/{z | x < b} and applying the rule for
each individual z < b we obtain b = \/{y | y < < b for some z};
the last join is obviously directed and hence there are x,y such that
a <y <z <Kb. In particular, if a < b and b <\/ D with a directed D,
one has a d € D such that a < d).

Since we will be interested in continuous frames it is perhaps useful to realize
that in complete continuous lattices the frame distributivity follows from the plain
one: if ¥ < (\/,c; @) Ab then by (5.1.1) x < \/,. ; a; and @ < b; the former yields
x < \/pa; with a finite ' C J, and hence by distributivity = < (\/,;cpai) Ab =
Vier(ai A1) < Ve (ai Ab). Thus, (\/,c;a:;) ANb <\, (a; Ab) and the other

inequality is trivial.

5.1.1. Let X be a locally compact space. Then the frame Q(X) is continuous.
Indeed, if U is open and = € U choose an open V (z) and a compact K such that
zeV(x) CKCU. Then V(z) < U and U = ({V(z) | z € U}.

In fact, we will see in the next section that such frames Q(X) are, up to
isomorphism, precisely the continuous ones.

Note that an Q(X) with X compact is in general not necessarily continu-
ous (compactness does not imply local compactness). But under the regularity
condition it is, and we have more. See below.

5.2. The relations “well below”, “rather below” and “completely below” are
closely connected. We have

5.2.1. Lemma. (a) In any frame,
a<bkl = a<kb.
(b) If the frame is regular (resp. completely regular) then
akLb = a<b
(resp. a << D).

Proof. (a): If a < b then a* Vb =1 and hence if b <\/ D then 1 < a* Vv \/ D, and
b<a*Vdforsomede D. Thena=aAb<aANd<d.

(b): Let a < b. Since b = \/{z | z < b} and the join is directed, there is an z < b
such that a < x < b, and hence a < b. Similarly for <<. g
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5.2.2. Proposition. Fvery open sublocale of a reqular compact locale L is continu-
ous.

Proof. Let a € L. The associated open sublocale 0(a) is isomorphic with the sub-
poset |a (see IT1.6.1.1). Now |a is not a sublocale nor a subframe of L. Nevertheless
it has some pleasant features:

(1) the lattice operations, with the exception of the void meet 1 (which is now
a) coincide with those in L;

(2) the way below relation of |a coincides with that of L;

(3) although the relation rather below <, of |a does not necessarily coincide

with the < of L (we only have x <y = x <, y), if L is regular we have in
la, ©=V{y |y < «} with the stronger <.

Now let L be compact regular and let b € |a. We have b < a < 1in L (compactness
of L is the same as 1, <« 11) and hence if < b then # < b (in L, and by (2)
in |a as well). Since (see (3)), b = \/{z | # < b}, < as in L, we have by 5.2.1(a)
b=\V{z |z <b}. O

5.3. Proposition. A completely reqular frame is continuous iff it is open in its
Stone-Cech compactification.

Proof. The implication < is in 5.2.2. Thus, we have to prove that if L is continuous
then the homomorphism v: RL — L from 4.3 is open. That is, we need a regular
ideal A in L such that

’U(Il) = 'U(IQ) (that is, \/Il = \/.[2) iff L NA=I,NnA.

Set

A={z |z < 1}
It is obviously an ideal (by (5.1.1) and (5.1.2)). Furthermore, if x € A, that is,
x < 1, interpolate © < y < 1; then y € A and = << y by 5.2.1(b).

We have v(A) = \/{z | # < a} = 1 by continuity, hence 1 N A =1, N A
implies v(I1) = v(I3).

Finally let \/ I =\/ Iz and a € I; N A. The set I; N A is a regular ideal and
hence there is a b € I; N A such that a << b; as b < 1, we have a < b by 5.2.1(a).
Since ideals are directed and b < \/ Iz = \/ I there is an & € 5 such that a < z.
Hence a € Is. ]

5.4. Furthermore we have

5.4.1. Lemma. Let Ly, Ly be frames and v;: L; — L1 & Lo the coproduct injec-
tions. Let a; € L;. Then the subposet |(a1 @ az) C Ly @ La, together with the
homomorphisms

v = (x = () A (a1 ®a2)): lag — [(a1 ® az),

constitutes the coproduct of |a1 and |as.
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Proof. Let h;: la; — M be frame homomorphisms. Take the homomorphisms
a; = (x — a; Nx): L — la; and the g: Ly & Ly — M such that gi; = h;a;.
Then g(z1 @ x2) = h(z1 A ar) A h(xzz2 A az) and hence if (21 @ z2) A (a1 B az) =
(y1Dy2) A (a1 Bag) then g(a1®x2) = g(y1 Dy2) and hence there is a homomorphism
h: (a1 ® a2) — M such that h((x1 @ z2) A (a1 ® a2)) = g(z1 ® x2). Thus, for
x € lay we have h(i)(z)) = h(vi(z) A (a1 B a2)) = gui(z) = hi(z). O

5.4.2. Proposition. Finite coproducts of completely reqular continuous frames are
continuous.

Proof. Coproducts of regular compact frames are regular compact (see 4.5). Thus,
the statement follows from 5.3, 5.4.1, and 5.2.2. O

6. Continuous is the same as locally compact.
Hofmann-Lawson duality

6.1. An unusual use of Scott topology. We have already encountered the famous
Scott topology in I1.6.4. There it constituted the (lattice of open sets of the) space
we were interested in. In this section, however, we will consider the Scott topology
on a frame that is already a point-free view of a space itself. It is as if we had a
topological space (in fact, as we will see shortly, for an important class of frames
not just “as if”), and then took the set of its open sets for points of a new space,
introducing a topology on that.
Thus, we have a frame L and declare a subset U C L (Scott) open if

(1) TU =U, and
(2) if D C Land \/D € U then DNU #  (equivalently, if \/ A € U for an
A C L then \/ B € U for a finite B C A).

Checking that this constitutes a topology is an easy exercise.

6.2. Proposition (Modified Birkhoff’s Theorem). Let F' be a Scott open filter in
a frame L and let b ¢ F. Then there exists a Scott open prime filter G such that
b¢ GDOF.

Proof. Recall Al.6.4.3; we will do almost exactly the same, we only have to watch
the openness.
Let F be a chain of open filters in L such that none of its elements contains
b. Then |JF is an open filter again and it does not contain b. Thus, by Zorn’s
Lemma we can infer that in the poset of open filters (ordered by inclusion) there
is a G 2 F maximal with the property that b ¢ G. We will prove that it is prime.
Let uV v e G and u,v ¢ G. Set

H={z]|zVveG}
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Checking that H is a filter is straightforward, and we also easily see that it is Scott
open: if D is directed and \/ D € H we have \/ DVv € G, and since {dVv | d € D}
is also directed, there is a d € D such that d Vv € G, and d is in H. Obviously
G C H, and because u € H \ G, H is strictly larger. Thus, necessarily b € H,
that is, b Vv € G; again, b,v ¢ G and we can repeat the procedure with

H ={z|bVvzeG}

to obtain b € H and a contradiction b=5bV b € G. O

6.3. The following observation, together with showing that there are sufficiently
many open filters is one of the main moments of the duality theorem below: com-
pletely prime filters in a frame may not exist at all (for instance see 11.5.4) while
prime filters abound (every filter can be majorized by such).

6.3.1. Lemma. A filter F in a frame L is completely prime iff it is prime and Scott
open.

Proof. Let F be prime and Scott open and let \/ A € F. By the openness there is
a finite B C A such that \/ B € F', and by the primeness there is an a € B such
that a € F.

If F' is completely prime and if \/ D € F then there is, trivially, a d € D with
deF. |

6.3.2. Lemma. Let ¢ < a in a continuous frame L. Then there is an open filter F
such that a € F C Te.

Proof. Since L is continuous we can interpolate (see 5.1) inductively
a=ap>a1 >0 > > Ay > > C.

Set
F={x|x>a, forsome n}.

Obviously F is a filter contained in e, and if \/ D > a,, for a directed D, there is
a d e D such that d > a,,41. O

6.3.3. Proposition. Each continuous lattice is spatial.

Proof. We will prove that if a & b there is a completely prime filter P such that
a€ Pandb¢P.

Since L is continuous there is a ¢ < a such that ¢ £ b. Consider the F from
6.3.2. Since F' C T¢, b ¢ F and hence there is by 6.2 an open prime filter P such
that b ¢ P > a. By 6.3.1, P is completely prime. O

6.3.4. In other words,

each locally compact frame is spatial.

Consequently, each compact regular frame is spatial.
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6.4. We will use the representation of the spectrum as in 11.4.2, that is, as the
set of completely prime (now = Scott open prime) filters with the open sets ¥, =
{Fla€F}.

6.4.1. Lemma. A subset K C XL is compact iff (\{P | P € K} is a Scott open
subset of L.

Proof. Let K be compact and let \/ A € (\{{P | P € K}. Thus, \V A € P, that is,
P e Xy, forevery P € K and K C Xy 4 = J{E, | @ € A} and we have a finite
B C A such that K C | J{¥, | a € B}. Thus for cach P € K, \/ B € P, and hence
VBe{P|PeK}sothat \{P | P € K} is open.

On the other hand let (\{P | P € K} be open and let K C [ J{Z, | a € A}.
Then for every P € K, P € ¥y 4 hence \/ A € (\{P | P € K}. As this is open,
VB e{P|P € K} for some finite B C A and we infer that K C |J{2, | a € B}.

|

6.4.2. Lemma. Let a frame L be continuous. Then the spectrum XL is locally
compact.

Proof. Let P € ¥, that is,a = \/{c| ¢ < a} € P, and since P is completely prime
there is a ¢ < a such that ¢ € P. Consider an open filter F' such that a € F' C ¢,
and set

K={QeXL|FCQ}.
By 6.2, {Q| Qe K}=F (iftb¢ F, there is a Q € K such that b ¢ Q), hence it
is open and hence, by 6.4.1, K is compact. Now we have P € ¥, further if Q € X,
then F' C T¢ C @ and hence @ € K, and finally if Q € K then a € Q. Thus,

PeX. CKCX,
and we have found a compact neighbourhood of P included in ¥,,. O

6.4.3. Theorem (Hofmann-Lawson’s Duality). Denote by ContFrm the category
of continuous frames and frame homomorphisms, and by LKSob the category of
sober locally compact spaces and continuous mappings. Then the restriction of the
functors ¥ (that is, Sp viewed as a functor defined on Frm) and Q constitutes a
dual isomorphism of categories.

Proof. By 6.3.3 the functors restrict to a dual isomorphism of ContFrm with the
subcategory of Sob generated by the spaces of the form XL, L continuous. By
5.1.1 and 6.4.2 this is precisely LKSob. O

6.5. Notes on coproducts. (1) Restricting the duality further to
CR continuous frames vs. CR locally compact spaces
(“CR” stands for “completely regular”) and to

regular compact frames vs. regular compact spaces
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(for the latter recall 5.2.2) we see that in particular by 5.4.2,

finite products of completely regular compact spaces correspond precisely to
finite coproducts of completely reqular continuous frames,

and from the latter,

general products of regular compact spaces correspond precisely to the coprod-
ucts of reqular compact frames.

(2) Another phenomenon worth noting has to do with the last mentioned fact.
We have seen in 4.5 that the existence of products in the category of compact
regular locales (coproducts in that of compact regular frames) is a constructive
fact needing, in particular, no choice principle. Now the duality translates it to the
existence of products in the category of compact regular spaces, in other words
to the fact that products of compact regular spaces are compact. The last is not
choice-free (as it was already mentioned sooner, it is equivalent with the Boolean
Ultrafilter Theorem). There is no mystery: the choice is hidden in the proof of
spatiality. What happens is that a product of compact regular spaces is compact
unconditionally, but without a choice principle it might not have enough points.

7. One more spatiality theorem

7.1. Lemma (a variant of Baire’s Theorem). Let X be a compact regular space and
let U, C X, n €N, be dense open subsets. Then Uzozl U, is dense in X.

Proof. Let V be non-void open. Since X is regular we can find an open non-
void V4 such that V3 C V N U;. Suppose we have already found non-void open
Vi, i=1,...,n, such that

ViCVioinNUi—y and Vi 2V 2V, 2V 2:--.
Then choose a non-void open V11 such that V41 C V,, N U,. For thus chosen

sequence (V,), we have by compactness A= J,~, V, #0and AC VN, U,.
O

7.2. Proposition. Let X be a compact Hausdorff space and let (Uy), be a sequence
of dense open subspaces. Then the intersection of open sublocales

Fjl o(Uy)

of UX) (meet in SU(QUX))) is isomorphic to QUY) where Y = (2, U,.
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Proof. By II1.11.4.1,

0 o(Un) = Q(X)/R where R = {(V AU, V) | V € Q(X), n €N},

n=1

and the elements of Q(X)/R (the R-saturated ones) are the open W C X for
which
(3n, VNU, CW) = VCW. (7.2.1)

Let j: Y — X be the embedding map. Since we have
QHVNUy) =(VNnUpy)NY =VNY =) (V)
there is a homomorphism
h: QX)/R— QYY)

such that hp = (j) for the sublocale homomorphism p: Q(X) — Q(X)/R and
we have by II1.11.3.1, h(W) = Q(j)(W) =W NY.

Obviously h is onto. We have to prove it is also one-one. Since the frames in
question are regular it suffices to prove that h is codense (see V.5.6), that is, that

MW)=Y = W=X.

Consider a W € (X)/R such that W C X. Denote by K the (non-void) compact
subspace X \ W. For every V such that V N K # 0, that is, V ¢ W, we have by
(7.2.1)

Vn, VNU, €W, thatis, VNU,NK # 0.
Thus each U, N K is dense in K and hence Y N K = J,, (U, N K) # 0 by 7.1.
Thus, Y ¢ W and hence, finally, h(W) =Y NW #£Y. O

7.3. From 7.2 and 6.3.4 we now immediately obtain

Corollary. A meet of countably many open sublocales ( “a Gs-sublocale”) of a com-
pact reqular frame is spatial. |

8. Supercompactness. Algebraic, superalgebraic
and supercontinuous frames

8.1. A frame L is supercompact if each cover of L contains 1y, that is, the only
subcover consisting of one element. This may be not a most interesting concept:
it is a sort of \/-primeness, or \/-irreducibility of the top.

More interesting is the more general notion of a supercompact element a € L,
namely one for which a </, ; 2; implies that a < x; for some j € .J (of course,
again, it is the \/-primeness, or \/-irreducibility of a).

8.1.1. Lemma. An element a € L is supercompact iff there is a b € L such that

L~1a=lb.
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Proof. If a is supercompact consider b = \/{z | a £ z}. Then a £ b, by supercom-

pactness, and hence if x < b then a € z. If a € x then x < b by the definition.
On the other hand, if such b exists and a < \/,_; x; then \/,_; x; £ b, hence

z; £ b for some j, and a < z;. O

8.1.2. Note. Thus, the supercompactness of the whole of L simply means that 1
is an immediate successor of an element majorizing all the other elements. This
was what we meant by indicating that the supercompactness of a frame is a much
less interesting concept than that of the individual elements.

8.2. The super-way-below relation. This is the relation
a<&b
defined by the formula

b< Vuz, = 3FjeJ a<ux;.
ieJ

Thus
a 1s supercompact iff a <K a.

A frame L is supercontinuous if
Vae L, a=\{z|z<a}.
8.2.1. A frame L is said to be algebraic (resp. superalgebraic) if
VaeL, a=\{z|z<a<a}
(resp. Vae L, a=\/{z ]|z <z <a}).

8.2.2. Remarks. (a) More generally, algebraic lattices (or just posets, where we
have to assume the join in the definition directed) play a fundamental role in
theoretical computer science (in particular, theory of domains). They are of course
also of interest in topology, but it will be the superalgebraic ones in which we will
encounter an old acquaintance shortly.

(b) In other words, algebraic (superalgebraic) frames are those in which the set of
compact (supercompact) elements constitutes a (join) basis.

8.3. Proposition. A frame L is superalgebraic iff it is isomorphic to the frame
D (X, <) of down-sets of a poset (X, <).

Proof. Obviously ©(X, <) is superalgebraic: each individual |z is supercompact
(if @ € ;e Ui with U; down-sets then = € Uy, and hence |z C U; for some j),
and a down-set U is the union |J{|z | z € U}.
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Now let L be superalgebraic. Set
X ={z € L | x supercompact}
and endow X with the original order from L. Consider the maps
a=(a—la={reX |xz<a}): L - DX, <),
= (U~ \U): DX, <)— L.

Obviously both the maps are monotone. Now Ba(a) = a by superalgebraicity
and trivially a8(U) 2 U. Finally, if z € af8(U), that is, z < \JU, and z is
supercompact then x < wu for some v € U; but U is a down-set, and hence x € U.
Thus, also af(U) = U and «, § are mutually inverse isomorphisms. ([l

(For more about superalgebraic lattices and related notions see [86], and

other papers of M. Erné ([85, 87, 88]).)

8.4. Proposition. Let L be supercontinuous, and let h: L — M be a sublocale
homomorphism (quotient frame homomorphism) that preserves all meets. Then
M is supercontinuous.

(This is an instance of a more general fact from [86].)
Proof. For b € M consider
a=N{zeL|b<h(x)}.

Then h(a) = A{h(z) | b < h(z)} > b > h(a) (the latter inequality since b = h(x)
for some x and hence z > a).

Now let 2 << a in L and let b < \/,_;y; in M; let y; = h(x;). Then b <
h(\,;c;xi) and hence a <'\/,_; x; so that 2 < x; for some j, and h(z) < y;. Thus,

r<&a = hzr)<kb.

Since a = \/{z | z << a} we have b = h(a) = V/{h(z) | z < a} < V{y | y < b}
in M. O

8.5. Recall V.4. We will now use the following characterization of completely dis-
tributive lattices; L is completely distributive iff

for every Y CD(L), N{VA[|AeV}=V(ND).
Further, we will use the concept of separatedness: a poset (X, <) is separated if
for any a £ b there are ¢,d such that a £ d, ¢ £ b and TcU |d = X.

Both are from Raney [231], and also the following fact is, in essence, due to this
author.



144 Chapter VII. Compactness and Local Compactness

8.5.1. Proposition. For a complete lattice the following conditions are equivalent.

1
2
3
4

L is supercontinuous.
is separated.

(1)
(2) L
(3) L is completely distributive.

(4) L is a complete homomorphic image of a down-set frame.

Proof. (1)=(2): Let L be supercontinuous and let a # b. Then there is a ¢ < a
such that ¢ £ b. Set d = \/(L \ T¢). Then we cannot have a < d since else ¢ <
for some x € L \ T¢, a contradiction. Trivially, |d O L \ T¢, that is, TeU]d = L.

(2)=(3): Let L be separated. Set

a=N{VA|AeY} and b=V(NOD).

We trivially have b < a.

Suppose a % b. Choose ¢,d € L such that a £ d, ¢ £ b and L = TcU|d. Now
for an arbitrary A € Y, \/ A £ d and hence there is an a € A, a £ d, making a > ¢
and ¢ € A (because it is a down-set). Thus, ¢ € () while it was assumed that

c £ V(INY).

(3)=(4): Consider the down-set frame D (L) and the mapping v: ®(L) — L de-
fined by v(A4) = \ A. Since for the o = (a — |a): L — D(L), va = id and
av(A) D A, v is a left Galois adjoint and hence it preserves all joins. Finally, for
any Y C ©(L) we have

(V) =V(INY) = MVA| AV} =N {v4) [ Ac)],
that is, v preserves also all meets.

(4)=(1): Follows from 8.3 and 8.4. O



Chapter VIII

(Symmetric) Uniformity and Nearness

Uniformity, one of the most natural enrichments of the classical topology, is a
fundamental concept in frames and locales as well. It will feature in bigger or
smaller roles in almost all of the following chapters. Here we will discuss the (from
the point-free view, particularly natural) approach via systems of special covers.

1. Background

1.1. In classical topology there are, in principle, two ways of defining uniformity,
that is a structure capturing the idea of uniform continuity (and related phenom-
ena, like generalizations of Cauchy sequences and mappings preserving them).

One of them (going back to A. Weil, [272]) defines a uniformity on a set X
as a non-empty set U of subsets of X x X (the “entourages” or “neighbourhoods
of the diagonal”) containing the diagonal A = {(x,2) | © € X} such that

(El) vVoUeU = Velu,

(E2) U,VeU = UNVelU,

(E3) UeU = U '={(z,y)](y2)elU}el,
(E4)

E4) and for every U € U there is a V' € U satisfying

VoV ={(z,y) |3z (z,2),(2,y) €V} CU.

One then has an associated topology with M C X open iff for each x € M there
isa U €U such that Uz = {y | (y,x) e U} C M.

For the other approach, that appeared first in Tukey’s monograph [259] and
much popularized by Isbell’s book [135], let us first recall a few concepts. A cover
U of a set X is a set of subsets of X such that [JU = X. We say that a cover U

J. Picado and A. Pultr, Frames and Locales: Topology without points, Frontiers in Mathematics, 145
DOI 10.1007/978-3-0348-0154-6_8, © Springer Basel AG 2012
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is a refinement of a cover V, and write U < V, if for each U € U thereisa V € V
such that U C V. Finally, we write for a cover & and a subset A C X (resp. an
element z € X)

UxA=J{UeU|UNA#D} (resp. Uxz=Ux{z}=U{U el |U > x}).
Now a uniformity on X is a non-empty system il of covers of X such that

(Cl) U e hand U <V implies V € 4,
(C2) itU,VelthenU NV={UNV |Uecl, VeV}ei, and
(C3) for every U € i there is a V € Y such that {V«V |V € V} <U.

In the associated topology, a set M C X is open iff for each x € M there is a
U € U such that U = x C M.

The concept of uniform continuity is expressed by declaring a mapping
[ (X, 40) — (Y, D) uniformly continuous if

foreach V€U, {f 'V]|VeVied.

The resulting category of uniform spaces and uniformly continuous maps will be
denoted

UniSp.
We have

1.1.1. Fact A wuniformly continuous mapping is continuous in the associated
topologies.

Proof. Let M be open in (Y,%) and = € f~![M]. There is a V € U such that
Vi f(x) € M. We have {f~1[V] | V € V} € s now z € f1[V]iff f(x) € V, and
then V.C Vx f(z) C M, and f~1[V] C f~1[M]. Thus, {f7 V]|V € V}*z C
M. O

Note. In the definition of uniformity above one often uses, instead of (C3), a
formally weaker condition

(C3') for every U € i there is a V € Y such that {V*z |z € X} <U.

This, however, is in fact equivalent. Indeed, choose for U covers V, W € U
such that
{Vxz|zeX}<W and {Wxz|ze X} <U.
For Vy € V and = € Vj choose W, € W such that V x x C W,. Then V; C W, for
all x, and if we choose zg € Vy we have W, C W x xqg C U for some U € U, and
finally

VeV C | {Vrx|zeVIC YWy |zeV}ICWxz CU.

We have chosen the formula (C3) because the equivalence with the former
(entourage) definition is more obvious, and also because it will be handier in the
point-free context.
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1.2. The two definitions of uniformity are easily seen to be equivalent. The first
one, however, can be relaxed by dropping the symmetry requirement (E3) which
cannot be imitated in the cover description. This useful generalization will be
discussed in Chapter XII below.

There is a third way of describing uniformities in terms of certain families of
pseudometrics (called gauges), due to Bourbaki (1948) and used in Gillman and
Jerison’s book [113], which can be also treated in the point-free setting (see [202]).

1.3. Whatever definition we chose, we have to realize that the situation we will
have in the point-free context will radically differ in the following: in the classical
situation one has, first, a uniformity defined on an unstructured underlying set,
and a topology is derived from this structure; in the point-free context we start
with the space structure already given, and expect the uniformity to be a genuine
enrichment.

Thus, we have to answer the following question:

Take a uniformity £ on a set defined, say, as a system of covers, and a
topology 7. What makes 4 to induce 7 as the associated topology (in which V is
a neighbourhood of a point « iff there is a U € 4 such that U xz C V)?

It is not hard. First we will see that one can restrict the uniformity 4 to a
system of covers open in 7. More precisely, we have

1.3.1. Proposition. For each U € U define U° as the system of all interiors int(U)
of the sets U € U. Set U° = {U° | U € U}. Then:

(1) each U° is in U and (of course) U° < U;
(2) a mapping f: (X, 4) — (Y, D) is uniformly continuous iff

for each V € B°, {f7'[V] |V eV}ecu (*)

(3) U satisfies the conditions (C1)—(C3) above, with the proviso that in (C1) we
consider only the open covers V > U.

Proof. (1): For U € 4 consider the V from (C3). Now for each V' € V we have
V C int(U) for the U such that V+V C U. Thus, V < U° which makes U° a cover
and an element of 4.

(2) follows immediately from (1) and 1.1.1 (for the second implication, if () holds
and Y € U then {f7HV] |V eV} > {f71[V] |V eV}).

(3) is an immediate consequence of (1): if U,V € U are open covers then U AV is
an open cover, and if {V«V |V € V} <U then {V°«xV |V e V°} <U. a

Second, we have the following property of the open sets.

1.3.2. Proposition. U € 7 iff

U=V er|3IUecu suchthatd «V CU}.
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Proof. The union is trivially open. Now let U be open and let x € U. Hence
there is a W € U such that W x x C U. There is an open cover V € U such that
{V*«V |V eV} <W. Take a Vj € V such that = € 1, and a W € W such that
VxVy C W. Then x € W and hence W C U. Thus, for each z € U we have a
Y € U and an open Vj such that t € V C V=« V, C W CU. O

The facts in 1.3.1 and 1.3.2 allow us to define the uniformity and related
concepts in the point-free context. This will be exploited in the following sections.

2. Uniformity and nearness in the point-free context

2.1. Recall that a cover of a frame L is a subset A C L such that \/ A = 1. We
say that a cover A refines a cover B (or that A is a refinement of B) and write

A<B
if
Va € A3Jbe B suchthat a <b

(this notion and notation is sometimes used for arbitrary subsets A, B).
Further, set
ANB={aNnb|a€c Abe B}

Note that A A B is a common refinement of A and B, maximal in the preorder <
of covers.

2.2. For a cover A of L and an element = € L set
Ar=\V{a|a€ A, anz#0}.

This corresponds to the U *x V from the preceding section. Since the no-
tation in a frame is more transparent, we can omit the asterisk without
any danger of confusion.

Furthermore, if A, B are two covers we will write
AB ={Ab | be B}.

The following formulas are very easy to check.

2.2.1. Facts. (1) For any cover A, = < Az,

(2) A<Bandx <y = Ax < By,

(3) A(Bz) < (AB)x = A(B(Ax)), and

4) (Ag N NA)B1I A AByp) <(A1B1) A+ N (AnBy). O
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Also the following is an immediate

2.2.2. Fact. We have

ieJ ieJ
In other words, the correspondence (x — Ax): L — L preserves suprema; hence
it has a right adjoint (x — x/A): L — L, for which we have the obvious formula

z/A=\V{y| Ay < z}. 0
2.2.3. Proposition. Let h: L — M be a frame homomorphism. Then for any A C L
and x € L, h[AJh(x) < h[Az]. Consequently, for A, B C L, h[AJh[B] < h[AB].
(Note that the “<” in the latter is something else than the same symbol
in the former inequality.)

Proof. If h(a)Ah(z) = h(aAz) # 0 then aAz # 0. Now for b € B, h[A]h(b) < h[AD]
and hence h[A]h[B] refines h[AB]. O

2.3. The relation “uniformly below”. Let A be a system of covers on L. The
relation <14 on L (the subscript will be sometimes omitted) is defined by setting

r<day =q 3JACA Az <y.

It follows immediately from 2.2.3 that

2.3.1. Corollary. Let h: L — M be a frame homomorphism. Let A, B be sets of
covers of L resp. M, and let for every A € A there exist a B € B such that
h[A] > B. Then

r<ay = h(z) < h(y). O

The uniformly below relation has the following properties.
2.3.2. Lemma. (1) 2’/ <z <ay<y = 2/ <avy.
(2) If for any Ay, Ay € A there is a common refinement B € A then

T<ay,y2 = <4 (y1A\y2) and

1,02 <Ay = (x1Va2) <4 vy.
B)x<day = x=<y.
A r<ay = z*<ay.
Proof. (1) follows from 2.2.1(1).
(2): If Az <y; (i =1,2) then Bz < yy Ayg; if Ajz; <y (i =1,2) then Bz; <y
and hence B(x1 V x2) = Bx1 V Bxs <y by 2.2.2.
@B)IfAz<ythenl=\VA=\{a|larz=0}VV{a|arz#0}=V{a]|a<
¥}V Az < 2* V y. Now recall V.5.2.

(4): For the double pseudocomplement z** one has a Az** = 0 iff a Az =0
(see (%) in AL7.1.2). Hence Ax = Azx™*. O
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2.3.3. Note. If 2 < y we have the cover {z*, y}. Obviously {z*,y}x < y. Thus,

whenever a system A contains all finite covers, <l coincides with <.

2.4. Admissible systems. A system of covers A of L is said to be admissible if
VeeL, z=\{y|y<aczx}. (2.4.1)
Using the right adjoint from 2.2.2 this can be expressed as
VeeL, z=\{z/A|Aec A}

2.4.1. Proposition. (1) L is regqular iff there is an admissible system of covers A
on L iff the system of all covers of L is admissible.

(2) If A is admissible and B 2 A then B is admissible.

(3) If A is admissible on L then L is (join-) generated by |JA.

Proof. (1): If A is admissible then L is regular by 2.3.2(3). If L is regular then the
system of all covers is admissible by 2.3.3.

(2) is obvious.

(3): Set C(A,z) = {a | 3A € ATy € L, a € A and Ay < x}. Then by the
admissibility of A, z = \/C(A, ). O

2.5. Uniformity on a frame. A uniformity on a frame L is a non-empty admissible
system of covers A such that

(Ul) Ac A and A<B = BeA,
(U2) AABe A = AANBEeA,
(U3) for every A € A there is a B € A such that BB < A.

(A cover B such that BB < A is often called a star-refinement of A; thus, (U3) is
often expressed by saying that each A € A has a star-refinement in A.)

Recall the (C1), (C2) and (C3) from 1.1, and the propositions 1.3.1 and
1.3.2 (note that the latter motivates the admissibility condition). We see
that our concept of uniformity is a correct extension of the homonymous
classical notion; that is, uniformities on a topological space X = (X, 1)
coincide with the just defined uniformities on Q(X).

If A is a uniformity on L we will call the pair (L,.A) a uniform frame (or
uniform locale, according to the perspective chosen).

2.6. Nearness. An admissible system of covers of L satisfying (Ul) and (U2) will
be called nearness, and the (L,.A) is then referred to as a nearness frame. This
is a point-free extension of the concept of nearness as known in the classical con-
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text ([126], [128]) but in fact the admissibility condition is for a nearness more
restrictive than necessary. A weaker one will be discussed in Section 4 below.

One speaks of a strong nearness if, besides (U1) and (U2) one has, moreover,
(SN) for each A € A the cover {b | b <4 a € A} isin A.
(Note that (SN) holds true for a uniformity: if BB < A then obviously
B<{b|b<aacA})
From 2.4.1 we immediately obtain
2.6.1. Corollary. A frame admits a nearness iff it admits a strong nearness iff it
is regqular. g
2.7. Bases and subbases. Often one works with a basis of nearness, an admissible
system of covers A satisfying
(U2') For any A, B € A there is a C € A such that C < A, B.
Then one has the least nearness containing 4, the system of covers
B={B|3Ae€ A, A< B}
Note that the relation <z coincides with <1 4.
If A satisfies
(SN’) for each A € A there is a B € A such that B<{b|b<4a€ A}

then B is a strong nearness, and if A satisfies (U3) then B is a uniformity (then
one speaks of a basis of uniformity).

A subbasis of nearness is a system of covers A such that
B={B|3A4,...,A, € Asuch that A1 A---AN A, < B}
is admissible. Then, B is the smallest nearness containing A and, again, if A4
satisfies (SN’) resp. (U3) then B is a strong nearness resp. uniformity.

(Here we do not necessarily have <ig=<1 4. Therefore one has to be care-
ful when constructing nearnesses or uniformities by means of subbases.
Sometimes A itself is admissible and then, since A C B, B is admissible
automatically; but it is not always the case.)

2.8. Uniformizability and complete regularity. This is similar to the classical case.
2.8.1. Lemma. If A is a (basis of) uniformity then <14 interpolates. Consequently,

r<Ay = T =Ky

Proof. Let x <4 y. Then Az <y for some A € A and if we choose a B € A such
that BB < A we have x <4 Bz, and by 2.2.1 B(Bz) < (BB)z < Az < y and
hence Bx <14 y.

For the second statement recall 2.3.2(3) and V.5.7. O
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2.8.2. Theorem. A frame L admits a uniformity iff it is completely reqular.

Proof. If L admits a uniformity then it is completely regular by 2.8.1. Now let L
be completely regular. For a sequence a; << ag << -+ << a, (n > 1) define a
cover

* * * *
Alay, ... an) = {az,a] Nas, a3 ANaq,... a5 _o Nap,ar_1}

(as before, x* is the pseudocomplement of ),

If we interpolate a1 << u1 << v1 < a2 <L U+ << V1 < @, and set B =
A(ay,u1,v1, a2, U2, ,Un_1,a,) we easily check that BB < A(aj,az,...,an).
Thus, the system S of all the A(a1, az,...,ay) is a subbasis of a uniformity .A. Now
S is admissible since if << a then A(z,a)z < a; since S C A, A is admissible as
well. O

2.9. Fine uniformity. A union of uniformities is obviously a uniformity. Thus,
each completely reqular frame L has a largest uniformaity.

This uniformity is called the fine uniformity of L.
One has trivially the largest (strong) nearness on any regular L, the system
of all covers of L: in general a cover does not have to have a star-refinement.

A cover A of a general L is said to be normal if there are covers A,,, n € N,
such that

A= A1 and An 2 An+1An+1 for all n.

Thus, the fine uniformity of (a completely regular) L consists of all the normal
covers of L.

We will soon see that for instance in a compact regular frame each cover is
normal (Section 5 below); spaces in which this happen (the paracompact ones)
will be discussed in Chapter IX.

3. Uniform homomorphisms.
Modelling embeddings. Products

In this and the following sections it will be convenient to use the frame point of
view. In particular we will represent embeddings as a special type of surjective
homomorphisms.

3.1. Let (L, A), (M, B) be uniform (or just nearness) frames. A uniform homo-
morphism h: (L, A) — (M, B) is a frame homomorphism h: L — M such that

VA€ A, h[A]€B.
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If A, B are bases of uniformities (resp. nearnesses) this requirement transforms to
VA e A, 3B € B, h|A] > B.

Set
hl[A]] = {h[A] | A € A}.

Then the requirement (for uniformities resp. nearnesses resp. strong nearnesses,
not for the bases) can be written as

h[[A]] € B. (3.1.1)

3.1.1. The following is an easy

Observation. Let h: L — M be a frame homomorphism, let S be a subbasis of a
nearness A on L, and let B’ be a basis of a nearness B on M. Then h is a uniform
homomorphism (L, A) — (M,B) iff for each A € S there exists a B € B’ such
that B < h[A].

(Indeed, we obviously have h[A1] A--- AR[A,] = h[A1 A --- N A,

3.2. The resulting categories will be denoted by
UniFrm resp. NearFrm resp. SNearFrm.

We will often use the fact that

3.2.1. All dense uniform homomorphisms are monomorphisms in RegFrm resp.
NearFrm.

(Since the frames carrying the objects of these categories are — at least
— regular — recall V.5.6.)

3.3. Ue-surjections (embeddings of uniform and nearness sublocales).

3.3.1. Lemma. (1) Let h: L — M be a surjective frame homomorphism and let A
be a nearness on L. Then h[[A]] is a nearness on M. If A is a strong nearness
resp. uniformity then so is h[[A]].

(2) If g: (L, A) — (K, B) is uniform and if f: M — K is a frame homomorphism

such that the diagram
\ /

v
(K, B)

commutes, then [ is a uniform homomorphism (M, h[[A]]) — (K, B).
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Proof. (1): Let h[A] < B. If h(a) < b choose, first, an o’ € L such that h(a’) =,
and then set a, = a V a’; if b does not majorize any of the a € A choose ay
arbitrarily. Then A < A’ = {ay | b € B} and B = h[A]. Thus we have (U1).

If A, B € A then as we have already observed

R[A] A R[B] = {h(a) ANh(b) =h(aAb) | a € Abe B} =h[ANB].
If b = h(a) € M we have

b=h(V{z|z<aa})=V{h@) |z <aa}) <V{y |y <sb} <b

by 2.3.1; hence h[[A]] is admissible.
Let A be a strong nearness. Consider an h[A] € h[[A]]. If b <4 a then
h(b) <n[[A]] h(a) so that

hi{b | b<aaec A} <{c|c<Dpay hla)}

and hence {c | ¢ <[4y h(a)} is in h[[A]]. Finally, if A is a uniformity, A € A, and
if B € A is such that BB < A then h[B]h[B] < h[BB] < h[A] and we have (U3).

(2) is obvious. O

We will speak of h: (L, A) — (M, h[[A]]) as a ue-surjection (short for uniform
embedding surjection). In other words, h: (L, A) — (M, B) is a ue-surjection iff it
is a surjective uniform homomorphism and if each B € B is h[A] for some A € A.

(This concept models an embedding of a generalized uniform subspace
into a larger one as an induced subobject.)

Technically, we do not have to check it all. We have

3.3.2. Lemma. A surjective uniform homomorphism h: (L, A) — (M,B) is a
ue-surjection iff {h[A] | A € A} is a basis of B.

Proof. For the right adjoint h, of h we have < h,h(x) and, as h is onto, hh, = id.
Thus, if B > h[A] we have A’ = h,[B] > h.h[A] > A and hence A’ € A and
h[A'] = hh.[B] = B. O

It should be noted that the definition of a ue-surjection is in a way less
subtle than that of sublocale: the sublocale in question is simply endowed with
the smallest uniformity under which the localic embedding is still uniform. It is not
necessarily an extremal epimorphism in the category of uniform or nearness frames.
The monomorphisms in these categories are not necessarily one-one (which played
a role in identifying the extremal epimorphisms in Frm with natural subspace
embedding) — they are just dense. In Section 6 we will encounter very important
dense ue-surjections that are not one-one (and hence not isomorphisms, as an
extremal epi-mono-morphism should be).



3. Uniform homomorphisms. Modelling embeddings. Products 155

3.4. Since for a ue-surjection h: (L, A) — (M, B) each B € B is an image h[4] of
an A € A we have A < h.h[A] = h,[B] and hence h.[B] € A. In particular,

each hy[B] is a cover. (3.4.1)

Later we will need the following useful criterion.

Proposition. Let h: (L, A) — (M, B) be a dense surjective uniform homomorphism
and let A be a strong nearness. Let hy: M — L be the right adjoint of h (that is,
the corresponding localic embedding). Then h is a ue-surjection iff {h.[B] | B € B}
is a basis of A.

Proof. Let h be a ue-surjection. We have h(h.h(z) A z*) = h(xz) A h(z*) = 0 and
since h is dense, h.h(z) A x* = 0, that is, h.h(z) < 2**. For A € A and C =
{c|c<ae A} (¢ A) we have C < h,h[C] < {c** | c<a € A} < A by 2.3.2(4).
Thus {h.[B] | B € B} is a basis of A. On the other hand, if {h.[B] | B € B} is a
basis of A, each B € B is h[h.[B]] with h,[B] € A. O

3.5. Coproducts. Let (L;,.A;) be nearness frames (i € J). Consider the coproduct
Li: Li — L= @ L]‘
JjeJ

in the category of frames (recall IV.4).

Let A; € A; be a system of uniform covers such that A; = {1} for all but
finitely many 4. Set

BicsAi = {Dicsai | a; € Ai}.

3.5.1. Lemma. (1) Fach ®;c;A; is a cover of L.

(2) The system A = {@csA; | A;i € Aijy Ay = {1} for all but finitely many i} is
an admissible system of covers of L.

(3) A is a basis of nearness generated by the subbasis | J{u:[[A:i]] | i € J}.
Proof. (1): Let {41,...,i,} be all the indices for which A; # {1}. Then

V(@icsAi) = Vay, ©---@ay, | a;; € Ay}
=VA,eVA,9 -aVA4, =1ele---al1=1
by distributivity.
(2): We have @a; A ®x; = ®(a; A ;) # 0 iff for all 4, a; A z; # 0. Thus,

(Bics Ai)(Bicomi) = Dicy(Aix;) (3.5.1)
and @b; <4 De; iff b; <4, ¢ for all i. Consequently @c; = \/{@®b; | ®b; <4 Bcit,
and since each U € L is the join U = \/{®¢; | & ¢; < U} the statement follows.
(3): Obviously @iegA; = tiy [Ai) A+ - A, [Ai,] where iy, ..., i, are all the indices

n
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3.5.2. Proposition. (¢;: (Li, A;) — (D, Lj, A))iey is the coproduct of the system
((Liy Ay))ieg in the category NearFrm.
If all the A; are strong nearnesses then A is a strong nearness, and if they

are uniformities then A is a uniformity.

Proof. Obviously ¢; are uniform homomorphisms (as ¢;[A] = &;csA; where A; =
A and Aj = {1} otherwise). Now let h;: (L;, A;) — (M, B) be uniform homomor-
phisms and let h: L — M be the frame homomorphism such that ht; = h; for
all 4. Then for A € A;, h[i;[A]] = h;[A] € B and h is a uniform homomorphism by
3.1.1 and 3.5.1(3).

The statement on strong nearness and uniformity easily follows from the
formula (3.5.1) in the proof of 3.5.1(2). O

3.6. By 3.3.1(2), if hy,he: (K,B) — (L, .A) are uniform homomorphism we can
construct a coequalizer in NearFrm, SNearFrm or UniFrm by taking the co-
equalizer h: L — M in Frm and then the uniform homomorphism h: (L, A) —
(M, h[[A]])). By 3.5.2 we have coproducts. Thus (recall AII1.5.3.2) we obtain

Corollary. The categories NearFrm, SNearFrm and UniFrm are cocomplete. [
3.7. Spectrum. The adjunction from II.4 can be easily extended to uniform and

nearness frames. We will do it for the uniform ones, and will use the contravariant
description as in 11.4.4.

3.7.1. The functor Q. For a uniform space (X, 4l) set
QX U) = (Q(X),4°)

where $1° is the system of all covers from Ll containing only open sets. By 1.3.1 and
1.3.2, Q(X, 4) is a uniform frame. Now if f: (X,4) — (Y,Y) is a uniform map-
ping, Q(f) is a uniform homomorphism (1.3.1 again), and we have a contravariant
functor

Q: UniSp — UniFrm.

3.7.2. The functor X. Let (L, A) be a uniform frame. On the spectrum XL consider
Ya={X4a| A€ A} where Y4={%,]|ac A}

Using the obvious fact that X, # 0 implies a # 0 we see that (in the notation
from Section 1)

ZA*Zb:U{Za|a€A, Zamzbzza/\b#@}
gU{Za|a€A, a/\b#O}:ZAb.

We immediately infer that

(%)

c<a b = Ye <z 4 >
so that, by I11.4.1,
Y = Zv{c | c<iab} = U{Z(‘ | c g b} < U{Ec | Ye <4 Eb}.



4. Aside: admitting nearness in a weaker sense 157

Now by (%) again X4 X5 < X 4p and obviously XA AYXp = {X,NXp = Zanp | a €
A, b € B} = Yaap and hence ¥4 is a basis of uniformity which is by 1.3.2 in
agreement with the topology of L.

If h: (L, A) — (M, B) is a uniform homomorphism and X € Xz then by
I1.4.3.1 (translated as (Sh) ™! [S,] = Sp(a)),

{(Eh)7'[Ea] | a € A} = {Sp) | a € A} = Bh[A]

and hence YA is a uniform mapping (XM,¥3) — (XL,¥ 4) and we have a con-
travariant functor
>.: UniFrm — UniSp.

3.7.3. The adjunction. The formulas for ¢ and X in 11.4.6.1 provide us with ad-
junction units again. We only have to show that thus defined maps are uniform.
We have ¢1,[A] = {Z, | a € A}, and since

M Bl ={reX | Ax@) eSp}={re X |Uc ()} =0,

we have {\}'[Zv] | U € U} = U for any uniform cover U.
Note that in the covariant interpretation,

Q is the left adjoint and the spectrum is the right one,

like in the plain spectrum adjunction.

4. Aside: admitting nearness in a weaker sense

4.1. We have seen in 1.3.2 that the condition of generating the associated topology
7 on X by a uniformity i, namely,

VUer, U={xe X |IUcl®suchthat Y xx CU} (4.1.1)
can be replaced by the formally stronger
VUer, U={Ver|3U e suchthat U «V CU}. (4.1.2)

Therefore we have adopted this latter formula for the definition of admissibility in
the point-free context.

We have used the same formula for the admissibility of a nearness as well.
However, here the two definitions are not equivalent; thus, in fact the requirement
is too strong and we can think of relaxing it.

4.2. The condition (4.1.1) can be equivalently formulated with subsets instead of
points:
YUer, U=J{AC X |3U €U such that U +x A CU}.

and this can be easily mimicked in the point-free context.
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Recall Chapter III, in particular Sections 2 and 5. For a cover A of L set
A={o(a) | ac A}.

By 11L.6.1.5, A is a cover of S/(L), that is, \/ A = L. For any sublocale S C L set,
like in 1.1,

AxS=V{o(a)|ac A ol@)nS+£0}=o({a|ac Aoa)Nns#O}).

Now we will say that a system A of covers of L satisfying (U1) and (U2) is a weak
nearness on L if

Vu e L, o(u) =J{S C L a sublocale | 34 € A such that A% S C o(U)}. (4.2.1)

4.2.1. Lemma. (1) 0(a) NS # O iff o(a) NS # O. Thus, AxS = AxS.

(2) o(a) Ne(b) # O iff a £ b. Consequently, Axc(b) =o(\/{a|a€c A, asb}).
(3) ¢(b) Co(a) iffaVb=1.

Proof. We will write S* for the complement in S/(L), if it exists.

(1): We have o(a) NS # O iff S € o(a)* = c(a) = Ta iff there isan s € S, s ? a
it AS £ a.

(2): 0(a)Ne(b) O iff ¢(b) =T Z o(a)* = Ta iff a £ b.

(3): ¢(b) Co(a)iff ¢c(b)Nec(a) =0 iff c(bVa)=c(l)iff avb=1. O
4.2.2. Taking into account that o(u) C o(v) iff u < v we obtain

Corollary. A system A of covers of L is a weak nearness on L iff
Vue L, o(a)=\{c)|IAc A V{a|a€c A, asb}<u}. O

4.3. Proposition. A frame admits a weak nearness iff it is subfit.

Proof. If L admits a weak nearness then it is subfit by V.1.4(5) and Corollary
4.2.2.

Now let L be subfit. We will show that the system of all covers is a weak
nearness on L. Let ¢(b) C o(u). Then by 4.2.1(3), bV u = 1 and we have a cover
{b,u}. Now

{0, u} xc(b) < o(u)
since o(b) N ¢(b) = O. Thus, the join o(u) = \V{c(b) | bV u = 1} from V.1.4(4)
proves (4.2.1) for the system of all covers of L. O

4.4. Thus in particular admitting a weak nearness is not a hereditary property.
From 4.3 and V.1.5 we obtain

Corollary. A frame L is fit iff each of its sublocales admits a weak nearness. O
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5. Compact uniform and nearness frames. Finite covers

5.1. Proposition. A compact reqular frame L admits precisely one nearness, name-
ly the system of all covers, and this nearness is a uniformity.

Proof. Let A be a nearness on L. Let C be an arbitrary cover of L. Set B =
{b ]| b < c e C}. Now choose a finite subcover {by,bs,...,b,} of B, and covers
A; € Asuch that A;b; <c¢; € C. For A= A; A---NA,, we have Ab; < ¢;. Now for
each non-zero a € A there is a b; with a A b; # 0, and hence a < ¢;. Thus, A < C
and hence C € A.

Finally, since a regular compact frame is completely regular (VII.2.2), the
unique nearness on L has to be a uniformity (2.8.2). O

5.2. Corollary. Let L be compact and (M, A) an arbitrary nearness frame. Then
each homomorphism M — L is uniform. O

5.3. Recall 2.8. The system of all covers of a compact frame is, as we have just
observed, a uniformity. This happens for a much broader class of frames, the para-
compact ones (including, e.g., all the completely regular frames with a countable
admissible system of covers, to mention a class very different from the compact
frames discussed here). It is characterized by a number of interesting properties:
see the next chapter.

6. Completeness and completion

6.1. In a classical uniform space one has a very transparent concept of a Cauchy
point, roughly speaking, a filter of open sets containing arbitrarily small ones
(where the smallness is determined by the uniformity in question), representing
the neighbourhood system of an ideal point. For a precise definition see Chapter
X; at this moment we just need a rough idea. A uniform space (X, 4l) is complete
if each Cauchy point P represents an x € X, namely, the intersection (| P (the
center of P; one sometimes uses the formulation “a uniform space X is complete
if every Cauchy point in X has a center”).

For a point-free treatment, another property equivalent with completeness of
spaces will be more suitable. Namely,

— a uniform space X is complete iff for each uniform embedding f: X — Y the
image f[X] is closed inY,

in other words,

— a uniform space X is complete iff each dense uniform embedding f: X —Y
i a uniform isomorphism.
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This will be adopted as the definition of completeness in this chapter. The point
of view of Cauchy points will, however, not be neglected. It will be discussed in
Chapter X.

6.2. Recall the definition of a ue-surjection (mimicking embeddings of uniform
subspaces) in our context (3.3). A uniform frame (more generally, a strong nearness
frame) (L,.A) is complete if each dense ue-surjection h: (M,B) — (L, A) is an
isomorphism.

Note that in particular

every compact regular frame is complete. (6.2.1)

Indeed: for a compact regular L, any dense onto homomorphism M — L
with regular M is an isomorphism (VII.2.3.1); this makes M compact,
and hence there is only one uniformity (also) on M, and hence this
isomorphism is a uniform one.

6.3. A completion of a uniform frame (L, .A) is a dense ue-surjection (M,B) —
(L, A) such that (M, B) is a complete uniform frame.

6.4. Regular Cauchy maps. Let (L,.A) be a uniform frame (more generally, a
strong nearness frame) and M a frame. A mapping ¢: L — M (not necessarily a
homomorphism) is said to be a Cauchy map (with respect to A) if

$(0) =0, ¢(1) =1, ¢(aAb) = d(a) A¢(b), and
for every A € A, ¢[A] is a cover of M.
It is said to be regular if
Va€ L, ¢(a)=V{¢(@) |z <qaa}.

6.4.1. Lemma. Let A be a strong nearness on L and let h: (M,B) — (L, A) be a
dense ue-surjection. Then the right adjoint h,: L — M is a reqular Cauchy map
with respect to A.

Proof. By density, h.(0) = 0, and as h, is a right adjoint it preserves all meets
(we need the finite ones only, though); by (3.4.1), the h,[A] with A € A are covers.
Thus, h, is a Cauchy map and we have to prove the regularity formula.
For any z € M we have the implication
z<dp he(a) = h(z) <4 a.
(Indeed: h(z) <4 hh.(a) < a.) Consequently,
hi(a) = V{z | z < ha(a)} < V{z | h(z) <4 a}
< V{hh(z) | h(z) <aa} < Viho(@) | <aa} < hofa). O
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6.5. The frame C(L, .A). Let (L, .A) be a nearness frame. For a € L set
ta)={z|x<aa}.

Recall the down-set functor ® from I'V.2 and regard L (similarly as we have already
done) for a moment, as its underlying meet-semilattice. On the frame © L consider
the relation R consisting of all the pairs

(la,%(a)), ae L and (L,|C), Ce A

and set

C(L, A) = (DL)/R.

As in II1.11, it will be viewed as the frame of the saturated (more precisely, R-
saturated, but we will omit the prefix) down-sets U € D L.

6.5.1. The saturation conditions. Consider the following two conditions:

(R1) t¢(a) CU = a€U, and
(R2) {a}ACCUforaCeAd = acU.

We have

Lemma. A down-set U € DL is now saturated in the R above iff it satisfies (R1)
and (R2).

Proof. We have W = J{|b | b€ W}, t(a) C la and [C C L. Thus, we can rewrite
the saturation conditions to

Ya,b € L, (E(a)ﬂlbgU = Laﬂlbzl(a/\b)gU),
VCeAVaeL, (ICNlaCU = laCU).

Now take into account that |z CU iff z € U, |CN |la CU iff {a} AC C U, and
E(a AD) C t(a) N |b, and the statement easily follows. O

The following is an immediate

6.5.2. Observation. Fach |a is saturated.
((R1) follows from the admissibility, and if AA{b} C |a then forallc € A
we have ¢cAb < a, and hence b = (\/ A)Ab=\/{cAb|c€ A} <a € |a.)

6.6. The nearness resp. uniformity A'. For a cover A € A define
At ={la|ae€ A} CC(L, A).

6.6.1. Lemma. (1) Each A" is a cover of C(L, A).

(2) A*ANB' = (AN B)*.

(3) Atz < |(Ax). Consequently, A'B* < (AB)*.
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Proof. (1): \/{la | a € A} D U{la | a € A} = la O A A {1}, hence, by (R1),
le\ A and L C\/ A%

(2): In C(L,.A) the meet coincides with the intersection and we have |a N |[b =
L(a AD).

(3): If lan |z # {0} then a Ab# 0 and a < Az; hence |a C [(Ax). O
Now set
At ={AY | Ae A}.
6.6.2. Lemma. We have the implication
r<day = lz<a ly.
Proof. Use 6.6.1(3). If Az <y then A'|z C |(Az) C |y. O

6.6.3. Proposition. A is a basis of nearness on C(L, A). If A is a strong nearness
resp. uniformity then A' is a basis of strong nearness resp. uniformity.

Proof. First, by 6.6.1(1), A* is a system of covers. Since each U € C(L, A) is a
down-set, we have U = |J{|lu | u € U} = \/{lu | w € U}, and by 6.6.2 each |u is
the join \/{|v | lv <41 |u}. Thus, A" is admissible.

A' is a basis of nearness by 6.6.1(2).

If Ais a strong nearness we have for an A* € A'

{Ib]lb<ig lae A} >{lb|b<ga}=1{b|b<yga}t €A
Finally, if A is a uniformity and A € A take a B € A with BB < A; then, by
6.6.1(3), B'B' < (BB)' < A". O
6.7. The dense ue-surjection v(z, 4): C(L,.A) — (L,.A). We have the maps
v=U~VU):D9L—-L, A=(x—lz):L—->9DL
in the Galois adjunction
vpAn(z) =z, Apvp(U) 2T,
hence vy, on the left and A\, on the right. Since

vp(U) Ao (V) =\V{z Ay |z €U, yeV}
<V{z]zeUnNV}=v,(UNV) <ov,(U)Avr(V),
vy, is a frame homomorphism.

Now, vr(t(a)) = a = vr(la) and for a cover A, v (|A) =\ A=1=wv.(L)
so that vy, equalizes the relation R above and we have, by I11.11, a homomorphism

V(L,A): C(L,A) — L.

Since vr,(lz) = z, the map is onto, and obviously it is dense (\/U = 0 only if
U = {0}). Further recall that Ar(z) = |z is always in C(L,.A) and hence vy, 4)



6. Completeness and completion 163

has a right adjoint
Aw,a) = (@ — |z): (L, A) — C(L, A).
Now observe that v(, 4)[A']=A; hence v(y, 4y is uniform. Finally, since Az, 4)[A] =
A*, we can conclude using Proposition 3.4 that
v,a): C(L, A) — L is a dense ue-surjection.

6.7.1. Note. Recall the proof of Proposition 3.4. The condition with the right
adjoint implies that A is a ue-surjection in any case. One needed the strong nearness
property for the other implication. Thus, for a plain nearness we are mimicking

something more than just a dense uniform embedding. The difference between this
and the standard embedding will play a role.

6.8. v(r,a): C(L,A) — (L,.A) is a completion.

6.8.1. Lemma. Let (L, A) be a strong nearness frame and let ¢: L — M be a
reqular Cauchy map with respect to A. Then there is a frame homomorphism
f:C(L, A) — M, given by f[U] =V ¢[U], such that the diagram

(L, A) = C(L, A)
M

commutes.

Proof. By IV.2.3 we have a frame homomorphism f: ©L — M such that f(la) =
¢(a). Thus, f(U) =V ¢[U]. We have

f(t(a)) =V olt(a)] = V{d(z) | < a} = ¢(a) = f(la)
and
fUC)=f(U{lelceC})=V{f(le) [ ceC} =V [C] =1,

hence f preserves the relation R, and by II1.11.3.1 can be restricted to the desired
frame homomorphism f. |

6.8.2. Lemma. Let (L, A), (M, B) be strong nearness frames and let h: (M,B) —
(L, A) be a dense ue-surjection. Then there is a dense ue-surjection f: C(L, A) —
(M, B) such that the diagram

cr,A) =B
h
”(Lx y

commutes.
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Proof. By 6.4.1, h,: L — M is a regular Cauchy map with respect to A. Apply-
ing 6.8.1 we obtain a frame homomorphism f: C(L, A) — M such that f(U) =
V ki [U]. Then

hf(U) = h(V hU]) = V hhJU] = VU = o(U).

Now by 3.4 {h.[C] | C € A} is an admissible system of covers and hence h.[L]
U{R«[C] | C € A} generates M (recall 2.4.1(3)) and since f[C(L,.A)] D f[A[L]]
h[L] we have f[C(L,A)] = M.

If f(U) =V h.[U] =0 we have h,(u) =0 for all w € U and since hh.(u) = u,
U = {0}.

Finally, from hf = v we obtain for the right adjoints that f.h., = A. Thus,
f«[h«[C]] = C* and since the covers h.[C] generate B we see that f is a ue-
surjection. O

Iy

6.8.3. Theorem. For every strong nearness frame (L, A) there exists a strong near-
ness completion vy, ay: C(L, A) — (L, A), unique up to isomorphism. If (L, A) is
uniform then C(L, A) is uniform as well.
Proof. 1. C(L, A) is complete: Let g: (M,B) — C(L,.A) be a dense ue-surjection,
Consider the dense ue-surjection

h = U(L,A) "9 (MaB) - (La-A)

and the dense ue-surjection f: C(L,A) — (M, B) such that hf = v from 6.8.2.
We have, then, vgf = v and since v is dense and hence monomorphic, gf = id.
Finally, fgf = f and f is onto, hence also fg = id, and f, g are mutually inverse
uniform homomorphisms.

IT. Unicity: Let g: (M,B) — (L, A) be another completion. By 6.8.2 there is
a dense ue-surjection f: C(L,A) — (M,B). Since (M, B) is complete, f is an
isomorphism. O

7. Functoriality. CUniFrm is coreflective in UniFrm

7.1. Recall the definitions from 6.4. Now we will show how plain Cauchy mappings
can be approximated by regular ones.
For a Cauchy map ¢: L — M with respect to a strong nearness A on L set

¢°(a) = V{o(z) | v <a a}.
We have

Lemma. (1) If ¢,¢: L — M are Cauchy mappings with respect to a strong near-
ness A and if ¢ < ¢ then ¢° < 1.

(2) ¢° is a regular Cauchy mapping.

(Note the inequalities in (1): ¢° is, hence, the smallest Cauchy map
such that ¢ < ¢.)



7. Functoriality. CUniFrm is coreflective in UniFrm 165

Proof. (1): If v <4 a in L then Az < g for an A € A. Thus, for b € A either
b<aorbAxz =0, that is, b < z*; in other words, A < {a,z*} and hence
{a,2*} € A. Consequently, ¢ being Cauchy with respect to A, ¥(a) V ¢(z*) = 1.
Since $(2)A(a") < ¢(x) Ad(z*) = 0 we have ¢(z) = ¢(x) A (Y(z*)Vib(a)) < ¥(a)
and conclude that ¢°(a) < ¥(a).

(2): For A € Atake a B € Asuch that B < {z |z <4 a € A} (in the uniform case
we can take, of course, a B such that BB < A)). Then \/ ¢°[4] > \/ ¢[B] = 1.
Obviously ¢°(0) = 0 and by distributivity

¢°(a) N g°(b) = V{o(x) | 2 <aa} ANV{o(y) | vy <a b}
=V{o(@Ay) |z <aa,y<ab} <V{d(2) | z<aanb}
= ¢°(a AD) < ¢°(a) A °(b).

Now we know that ¢°° is a Cauchy mapping, obviously < ¢. Thus, by (1), ¢° <
¢°°(< ¢°) and by the definition of ¢°, ¢°(a) = ¢°°(a) = VV{¢°(x) | < a} so that
@° is regular. O

7.2. Now let h: (L, A) — (M, B) be a uniform homomorphism. Then
¢ = )\(M,B) ~h: L — C(M,B)

is a Cauchy map with respect to A (Aar,p) is Cauchy with respect to B; the
uniform property of h transfers it to A: check it as an easy exercise). Now by 7.1
we have

¢°: L — C(M, B)

regular Cauchy with respect to A. Then, by 6.8.1, we have a frame homomorphism
f:C(L, A) — C(M,B) such that fAi 4y = ¢°. Set

Ch=f.
Theorem. Denote by CUniFrm (resp. CSNearFrm) the full subcategories of

UniFrm (resp. SNearFrm) generated by the complete objects. Then the construc-
tion above yields a functor

C: UniFrm — CUniFrm (resp. C: SNearFrm — CSNearFrm).
Furthermore, the dense ue-surjections v(r, 4y constitute a natural transformation
v:J-CS51d

(where J is the embedding functor) providing a coreflection of UniFrm (resp.
SNearFrm) onto CUniFrm (resp. CSNearFrm).

Proof. We have Ch[A'] = ¢°[A] = {\V{|h(z) | x < a} | a € A}; if we take a B € A
such that B < {z | 2 < a € A}, the cover ¢°[A] is refined by h[B]*. Thus, Ch is a
uniform homomorphism.
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We have
vu,B)Ch(la) = v¢°(a) = \{vAh(z) | © <4 a}
= V{h(@) [ 94 a} = h(a) = hvr,4)(la).

Since the |a’s generate C(L,.A) we see that the diagram

C(L, A) "= (L, A)
Ch h
\ \

C(M.B), . = (M,B)

commutes.

Since v(pz,5) is dense and hence a monomorphism, there is only one g satis-
fying v(ar,g) -9 = h-v(r,4). Consequently we now easily infer that C(hg) = Ch-Cyg
and C(id) = id and that v: J - C 5 Id is a natural transformation.

Finally, since the v’s are dense ue-surjections, if (L, A) is complete, v(y, 4) is
an isomorphism; hence v is a coreflection.

7.3. General nearness frames. The reader has observed that the proofs in this
section were dependent on the nearnesses in question being strong. This is not just
a technical issue. In fact, completion of general nearness frames is not functorial
(see [31]).

Nevertheless we have a unique completion of general nearness frames. Define
in this context a strong ue-surjection as a dense ue-surjection h: (L, A) — (M, B)
such that

{h.[B] | B € B} is a basis of A

(the property from 3.4), and modify the definition of completeness and completion
using strong dense ue-surjections. For strong nearnesses (in particular for unifor-
mities) everything remains the same as before but for plain nearnesses the new
condition is stronger; it is, however, still satisfied by the vz, 4y (see 6.7.1). A near-
ness frame has now a unique (up to isomorphism) completion; but the modification
does not make it functorial.

Unlike in the strong and in particular uniform case, the subcategory of com-
plete nearness frames is not coreflective in the category of all nearness frames. But
still it behaves well in the following respect. One has that

all coproducts of complete frames are complete

(see [228]).

7.4. (Fully) Cauchy homomorphisms. In classical topology one also considers
mappings between uniform spaces that are not necessarily uniform, but preserve
Cauchy sequences (in metric spaces; in the more general context preserving Cauchy



8. An easy completeness criterion 167

filters is assumed) and speaks of Cauchy maps. This concept makes sense in the
point-free setting as well; it will be discussed in Chapter X together with other
properties of the Cauchy spectrum. Here let us introduce a relevant concept that
does not need the Cauchy filters at all.

A frame homomorphism h: L — M is a fully Cauchy map (L, A) — (M, B) if
there exists a frame homomorphism g: C(L,.A) — C(M, B) such that the diagram

U(L,A)

C(L.A) "= (L, 4)
g h
Y \
C(M.B), = (M,B)

commutes. This will be also discussed in Chapter X, together with Cauchy points.

8. An easy completeness criterion
In this very short final section we will introduce a simple completeness criterion.

8.1. A frame admitting a uniformity is regular and we know that for regular
frames, co-dense homomorphisms are one-one (V.5.6). Since vy, 4) is onto we
obtain that

- (L, A) is complete iff \| U = 1 for a saturated U implies that U = L.

8.2. As an easy application we see that

— the fine (strong) nearness (that is the nearness consisting of all covers) is
always complete.

Indeed: if \/ U =1 for a saturated U then, first of all, U is a cover and hence an
element of the nearness; we have {1} AU = U C U and hence, by (R2), 1 € U and
U=1L.

8.3. Here is a version of the criterion that can be sometimes expedient.

Proposition. A uniform frame (L, A) is complete iff L is the only U € DL satis-
fying (R2) and \/ U = 1.

Proof. Let U satisfy (R2). Then U = {a | #(a) C U} satisfies (R2) as well:
Let {a} A C C U. Choose D € A such that DD < C. Fix an = € &(a). For
d € D we have a ¢ € C such that Dd < ¢, and hence x A d € &(a A c) C U, as
aAceU. Thus, {z} AD C U and hence z € U. Hence £(a) C U and a € U.
Furthermore, U also satisfies (R1) (as we have a uniformity, the relation <4
interpolates and €(a) = | J{&(b) | b <t4 a}) and \/ U > \/ U = 1. Thus, 1 € U, that
is, 1 € &(1) C U, and hence U = L. O






Chapter IX

Paracompactness

Paracompactness behaves in the point-free context better than in the classical one.
It has all the properties known from spaces (full normality, various characteristics
by the properties of covers, see 2.3.4), and it is implied by metrizability. But we
also have a very pleasing fact that a frame is paracompact iff it admits a complete
uniformity (which is not true in the classical case), and this in turn, very much in
contrast with the classical situation, yields the reflectivity of paracompact locales
in the general ones (making them closed under limit constructions).

1. Full normality

1.1. As we have seen in VIIL.2.9, a completely regular frame has a largest uni-
formity, the so-called fine uniformity. Unlike the fine nearness on a regular frame,
simply consisting of all the covers, the fine uniformity does not necessarily contain
them all. Namely, it can very well happen that a cover of a completely regular
frame has no star refinement. This led to the notion of the normal cover A (see
VIII.2.9) such that there are covers 4,, with

A=A and A,,_1 > A, A, forallmn e N.

The fine uniformity is then the system of all normal covers.

1.2. The term “normal cover” was probably inspired by the behaviour of finite
covers in normal frames.

1.2.1. Lemma. In a normal frame there is for each cover {ai,...,an} a cover
{b1,...,bn} such that for alli, b; < a;.

Proof. By the definition of normality there exist by, v such that

bp AN\v=0, bV(aaV---Va,)=1 and a3 Vv=1.

J. Picado and A. Pultr, Frames and Locales: Topology without points, Frontiers in Mathematics, 169
DOI 10.1007/978-3-0348-0154-6_9, © Springer Basel AG 2012
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Thus, v < b% and a1 Vb} = 1, that is, by < a1, and we have a cover {by, az, ..., a,}.
Repeating the procedure for asV (b1 Vas V- - -Vay,) we get a cover {b1,ba, as, ..., an}
with by < as, {bl, ba, b3, aq,. .., an} with b3 < ag, etc. ]

1.2.2. Proposition. In a normal frame, each finite cover has a finite star-refine-
ment. Consequently, each finite cover is normal.

In fact, normal frames are precisely those frames in which each finite cover
is normal.

Proof. 1. Let A = {aj,a2,...,a,} be a finite cover. By 1.2.1 choose a cover B =
{b1,b2,...,b,} with b; < a;. Now C; = {b,a;} (i =1,2,...,n) are covers and we
have the finite cover

C=BANCLA---NCy.

We claim that CC < A. Indeed, fix an element of C,
c=b;N N\ ¢; (c;j either b} or aj),

and pick another = € C, o = by, A \]_, x;, (z; either b} or a;). Now if z Ac # 0
then x; # b}, hence z; = a;, and x < a;.

IT. Let each finite cover have a star-refinement. In particular if a V b = 1 there is
a cover C' with CC < {a, b}. Set

w =\{ceC|Cc<a}, wy=\{ceC|Cc<b} and u=wj;, v=u".

Then Cw; < a, Cws < band hence, by VII1.2.3.2, wiVa = 1 and uVb = wi Vb = 1.
Further, since wy V wy = 1, wi = wi A (w1 V wz) < ws* = v and hence a Vv = 1.
This shows that the frame is normal. |

Note that in the second statement we did not have to assume that each
finite cover has a finite star-refinement.

1.3. If not only the finite covers but all covers of a regular frame are normal one
often speaks of a
Sfully normal frame

(it will come under another name, paracompact frame in the following sections).
Note that we have formally assumed just regularity; however, such a frame is
normal by 1.2.2 and hence completely regular by V.5.9.1.

The fact that full normality implies normality is a source of examples of
completely regular spaces in which not every cover has a star refinement. See also
2.7.1 below.

We have already encountered an important class of fully normal frames,
the compact frames (see VIIL5). In the next subsection we will discuss another
interesting case.
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1.4. Countable admissible systems of covers

1.4.1. Recall the operation AB with covers A, B from VIII.2. We have

Lemma. If A is an admissible system of covers then so is also the system
B={AA| Ac A}.

Proof. Let y <4 y1 <4 Y2 <4 . Then Ayy < y1, Ay < yo and Asgys < x for
some Aj, As, A3 € A. Thus, if we set A = A3 A A A As we obtain A(A(Ay)) < x.
By VIIL.2.2.1(3), A(A(Ay)) = (AA)y, hence (AA)y < z and y < z. Now we have

r=\{y2 [ y2 <ax}=V{y1 | 3y2, y1 <4 y2 <4 7}
=V{y | 31,02, y <uyr <ay2 <az} <\V{y |y <s ) O

1.4.2. Recall the adjunction Bz < y iff © < y/B from VII1.2.2.2. For a cover A
of L and x € L set

b(A,z) ={a€ A|an(x/(AA)(AA)) #0}.

We have

Lemma. \/b(A,z) = A(x/(AA)(AA)) and A\ b(A,x)) < x/(AA).

Proof. The equality is in the definition of Ay.

Now, by the adjunction of Bx and y/B we have B(y/B) <y and z/(BB) <
(X/B)/B.

(The latter since y <z/BB iff (BB)y < x which implies by VII1.2.2.1(3)
B(By) < z and this then iff By < z/B iff y < («/B)/B.)

Applying that for B = AA we obtain

AV (A, 2)) = A(A(z/(AA)(AA)) < (AA)(z/(AA)(AA)))
(AA)((x/(AA))/(AA)) < z/(AA). O

IN

1.4.3. Theorem. FEach frame L admitting a countable system of covers is fully
normal.

Proof. We can assume that L admits a system of covers
A > Ay > 2 Ay >

(in fact, if (A]), is admissible then L also admits Ay = A}, A2 = A} A AL,
As = AL N AL A A, ete. since by VIIL2.2.1(4), A,z < A, Alx).
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We will prove that L is fully normal. Let C' be a general cover of L. Set

B=J{b(4p,0) | ceC, n=1,2,...}.

I. B is a cover: By 1.4.1,

VB=V V VbAyc)=V V An(c/(AnAn)(AnAy))

ceC neN ceC neN
ceC neN ceC

II. BB < C: Take an a € B, say, a € b(Ay,c). Set
n=min{i | Iz € C Jy € b(A4;,z) such that y Aa # 0}.

Note that the set is non-void, since a € b(Ag,c), and n < k. Choose ¢y € C' and
Yo € b(An, co) such that yo A a # 0. Since Ay < A,, we have a b € A,, such that
a < b, and hence yg A b # 0 and b < A,yo. Now if u A a # 0 for some u € B, say
u € b(A;,d), we have A; < A,, and hence there is a v € A,, such that u < v. Then
vAb>uAa#0,and since b < A,y we obtain, using 1.4.2,

u<v< An(AnyO) < An(An(v bn(Ana CO)))
§ An(CO/AnAn) S (AnAn)(CO/AnAn) S Co

so that Ba < ¢g. O

1.5. Proposition. Let L be a regular frame. Then the following statements are
equivalent.

(1) L admits a countable system of covers.

(2) L admits a countably generated nearness.

(3) L admits a countably generated uniformity.

Proof. Obviously (3)=-(2)<(1).

(1)=(3): Assume A; > Ay > --- > A, > --- (see the proof of 1.4.3). Then
we can set By = A; and if B,, is already chosen, we can choose, using full nor-
mality, B;, ,, such that B) B, ; < B, and set B,41 = B, | A Ayy1. Then
{B1,Bs,...,By,...} is an admissible basis of uniformity. O

1.5.1. Note. Imitating the assumption from the Uniform Metrization Theorem,
Isbell defined (in [136]) a frame L as metrizable if it admits a countably generated
uniformity. In the next chapter we will give this notion a more “metric” sense.
Anyway, accepting this definition so far on the face value, we obtain that

every metrizable frame is fully normal.
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2. Paracompactness, and its various guises

2.1. The concept of full normality from the previous section is equivalent to
another one, the paracompactness. The classical definition of a paracompact space
is that each of its open covers admits a locally finite refinement. We will formulate
it in a point-free way.

A subset X of a frame L is said to be locally finite (resp. discrete) witnessed
by a cover W if for each w € W there are only finitely many (resp. there is at
most one) x € X such that z A w # 0.

Now here is the crucial definition: a frame L is said to be paracompact if it
is regular and if each of its covers has a locally finite refinement.

2.2. Further we will need the definitions of a o-locally finite subset X, and of a
o-discrete subset X, of a frame L. In the former one assumes that X is a countable
union of locally finite sets, in the latter that X is a countable union of discrete
ones.

2.3. For the main theorem we will need an auxiliary technical definition. A frame
is said to be a (PC)-frame if

(PC) For each cover A of L there is a locally finite X C L such that X < A and
(V X)* =0.

2.3.1. Lemma. Let each cover of L have a o-locally finite refinement. Then L is a

(PC)-frame.

Proof. Let A be a cover and let B = |J._, B,, refine A, with locally finite B,

n=1

witnessed by W,,. We can assume that B,, C B,,+1. For b € B set
n(b) = min{n | b € B,}
and choose an antireflexive R well-ordering B such that
n(c) < n(b) = cRb.
Further set V,, = W, AB,, and set V = JV,,. Since \V V,, =V W,, A\ B,, =\ B,,,
we have \/ V =\/ B = 1. Finally, define for b € B
b=0bA(\V{c|cRb})*

and set X = {b | b € B}. Obviously X < A.

If 0 # 2 € L then x Ab # 0 for some b € B. Consider the first b, in the
order R, with this property. Then « < (\/{c | ¢Rb})* and hence z A b # 0. Thus,
(VX)" =0.

X is locally finite witnessed by V: Take a v € V', say, v = wA ¢ with w € W,
and ¢ € B,,. Whenever n(b) > n(> n(c)), we have cRb and hence v < \/{u | uRb}
and v A b = 0. Thus, ivaE;é 0 then b € B, and as v < w € W,, there are only
finitely many such b. O
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2.3.2. Lemma. Fvery (PC)-frame is fully normal.
Proof. For a cover B define
B*={\/S|SCB, \NS#0}.
Since obviously BB < (B*)* it suffices to prove that for each cover A there is a
cover B such that B* < A.

Let X < {c|c=<a € A} such that (\/ X)* = 0 be locally finite witnessed by
W. For 2 € X choose a(z) € A such that z < a(z), and define

B={beL|VxeX (b<a(x) or b<zx")}.

Take a w € W and consider the system x1,...,x, of all the elements of X such
that z A w # 0. We have

L= A (a(e) v op) = V{{\f € € {alar),a} x -+ {a(wn>,x2}} —s.

=1
Now since w < z* for z € X \ {z1,...,2,} we have
wAVB=wA\{beL|Vib<a(z;) or b<z])}=wAs=uw,

and since W is a cover we infer that \/ B = 1.

Finally let S C B, A S # 0. Then there is an 2 € X such that x A A S # 0
and hence s # z* for all s € S. Consequently s < a(z) for all s € S, VS < a(x),
and we conclude that B* < A. O

2.3.3. Lemma. Every (PC)-frame is paracompact.

Proof. We already know that L is fully normal and hence we can choose, for any
cover A of L, a cover B such that BB < A. Then, choose for B an X C L as in
(PC), locally finite witnessed by W. Further, let V' be a cover such that VV < W.
The set

D={(VABz|zeX}

is obviously a cover, and since VA B < B and X < B it refines A. Finally, D is
locally finite witnessed by V:

If v A (V A B)x # 0 then obviously Vo Az # 0. Choose a w € W such that
Vv <w. Then w A x # 0, and there are only finitely many such z € X. O

2.3.4. Theorem. Let L be a regular frame. Then the following statements are
equivalent.
(1) L is paracompact.
(2)
(3) Fach cover of L has a o-discrete refinement.
(4)

Each cover of L has a o-locally finite refinement.

L is fully normal.
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Proof. First, let us show that (4)=(3):

For a cover A choose A,, such that Ag = A and A,A, < A,_1. Let A; be
well ordered by an antireflexive R; write bRa for (bRa or b= a). For an a € Ay
set

a1 = a, py1 = Anyi1an, and ¢n(a) =\/{b, | bRa}.
Note that A, +1¢n(a) = ¢pt1(a) so that ¢, (a) < dpy1(a). Set
Ay ={tp =an Apnsi(a) |ac A} and A=A,
We have
V (Vb | BRa}) = V (Vb | bRa). ()

Indeed: It obviously holds for the a first in R; now if it holds for all cRa we have

V Vb | bRa} = V (V Vibu | bRe} Vain) = V (V{b | bRa} V)

n=1 n

1
=\/(¢n(a) (an A dnir(a)”) = \r{(%”() (an A dni1(a)))

n

= V(¢ni2(a) Van) = \n/(aﬁn(a) Van) = \T{(\/{bn | bRa}).

n

From () we immediately infer that \/ A >\/ 4; = 1; Thus, 4 is a cover. For an
a € A; we have a b € A such that A1a = A;a; < b. Since

An+1an+1 - AnJrl (AnJrlan) S (An+1An+1)an § Anan

we see that A, a, <b for all n and hence a,, < a,, <b. Thus, A refines A.

Finally, Zn is discrete witnessed by A, 1: For z € A, 11 take the a € A; first
in R such that x A @, # 0. If aRb we have x < A, 110, = ant1 < Ppy1(b) so that
A dpt1(b)* =0 and z A b, =0.

Now since (3)=(2) is trivial we have, by 2.3.1 and 2.3.2 the cycle
4)=3)=(2)= (PC)= (4.
Finally, since (1)=-(2) is trivial we have by 2.3.3 the cycle
(1) = (2) = (PC) = (1)

and the statement follows. O

2.4. As it has been already mentioned in 1.3, a fully normal regular frame is
completely regular. Hence, the regularity in the definition of paracompactness
(2.1) automatically entails complete regularity.
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2.5. Take a Lindelof frame L. For each cover C of L one has a countable subcover
A={a1,a2,...,0n,...};

this being a union of discrete subsets {a,} C X (witnessed, of course, by any cover)
makes A a o-discrete refinement of C'. Thus we obtain from 2.3.4 a substantial
extension of the full normality of compact frames.

Corollary. Each Lindeldf frame is paracompact (fully normal). O
2.6. From 2.3.4 and 1.5 (1.4.3) we obtain
Corollary. FEach metrizable frame (i.e., a frame with an admissible countable sys-

tem of covers) is paracompact. O

2.6.1. Remarks. (1) Each metric space (X, p) has a uniformity with the countable
basis A1, As, ..., A,,... where

Ap ={B(z;,) |z € X}, B(ze) ={y | pla,y) <e}.

Note that the substance of the metrizability theorem mentioned in 1.5.1 is in the
existence of a suitable metric once one has the countably based uniformity while
the just presented implication is trivial. Realize that

a space X is paracompact iff the frame Q(X) is.

Thus, as a special case of the fact 2.6 we have the classical theorem about the
paracompactness of metric spaces.

(2) Now by 1.2.2 we have that each paracompact space is normal. Thus, if we wish
for an easy example of a completely regular frame that is not paracompact we can
take some of the standard examples of the non-normal ones: for instance, the

(w1 +1) x (wo + 1) ~ {(wi,wo)},

or the square S x S of the Sorgenfrey line S (see, e.g., [161]).
There are non-paracompact spaces that are normal; such constructions are,
however, very involved.

3. An elegant, specifically point-free, characterization
of paracompactness

3.1. As an application of the completeness criterion VIII.8.1 we immediately

learned that (VII1.8.2)

a fine nearness frame (that is, a regular frame endowed with the system
of all covers) is always complete.
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If a uniform frame is complete as a nearness frame then it is, of course, all the
more so as a uniform frame. Consequently, we obtain from 2.3.4 an immediate

3.1.1. Corollary. The fine uniformity on a paracompact frame is complete. O

3.2. Recall VIIL.6.5. and write, more precisely,
tala) ={x |z <4 a}.
Now if A C B then obviously £4(a) C ¢5(a) and hence
if (R1) is satisfied for A, it is satisfied for B,
and trivially
the same holds for (R2).
Thus we obtain from the completeness criterion VIII.8.1 the

3.2.1. Observation. If (L,.A) is a complete uniform frame then each (L,B) with
A C B is complete. Consequently, if a (completely regular) L admits a complete
uniformity then

(L, fine uniformity)

is complete.

In general the fine uniformity is not the system of all covers; thus, admitting
a complete uniformity is a non-trivial property. This will be our concern in the
remainder of this section.

3.3. A technical proposition. Extrapolating the properties of the relations < 4 (and
the earlier <<) one defines a strong inclusion ([15]) on a frame L as an interpolative
binary relation < such that

(1) a<b = a<hb,

(2) z<a<b<y = z<y,

(3) a<b = b* <a”,

(4) a<b = a** <b, and

(5) a; < b, i=1,2, = a3 Aaz<<by Abz and a1 Vaz < by V ba.

A strong inclusion on L is admissible if for each a € L, a = \/{z | © < a}.

Let <1 be a strong inclusion, not necessarily admissible, on L. Define
Lo={a€eL|a=V{z|x<a}}.
3.3.1. Lemma. Define o’ = \/{z | x < a}. Then:

(a) o’ <aandd € Lg.
(b) If A, Ay are covers of L such that for each a; € Ay there is an a € A with
a1 < a then B={d' | a € A} is a cover.
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Proof. (a): The first is trivial. Now by interpolation,
a'=V{z |3y, e<y<ga} <V{z|y<d,e<y} <\V{z|z<d}

(b): If a1 < a then ay < a'; hence \/ B > \/ A; = 1. O

3.3.2. Recall V.6.1. Now we have a bit more.

Lemma. L, is a subframe of L and < is admissible on L.

Proof. If a,b € L4 then

anb=\N{z |z <ga} N\{y |y <b}
=V{zAy|z<a, y<bl<\{z]z<aAb}<aAb

(the penultimate inequality by condition (5)) and if a; € L4, i € J, then

Vai=VV{z|r<a<V{z|zaVa}<Va
ieJ ieJ ieJ ieJ
(the penultimate inequality by condition (2)).

Now about the admissibility. By interpolation, if a € L, then by 3.3.1,

a=\{z|z<a}=V{z |3y, <y <a}
< Vvy<V{z|z€Lgy 2<a}. O

y<a

3.3.3. Proposition. In any frame L, each normal cover has a normal locally finite
refinement witnessed by a normal cover.

Proof. Let A be a normal cover and let A = {47, Ay,...} be such that A, A4, <
A,—1. Then <=<4 is a strong inclusion. Since A, 1 is a star refinement of A,
by 3.3.1(b) we have a cover B, = {a’ | a € A, } and it is a cover of the L above.
Set B = {Bj, Bs, ... }. Since obviously

1y =x <Y,

B is admissible, and by 2.3.3 L is paracompact. Thus, each cover of L is normal
and has a locally finite refinement. Since every cover of L is also a cover of L the
statement follows. O

3.4. Lemma. Let A be a locally finite normal cover and let Cy,, a € A, be normal
covers. Then

C=U{{a}NnC, | ae A}

is a mormal cover.
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Proof. If A’ refines A choose for b € A" an a € A with a > b, and set C} = C,,.
Then [J{{b} AC} | b€ A’} refines J{{a} A C, | a € A} and consequently we can
assume, using 3.3.3, that A is locally finite witnessed by a normal W. By 3.3.3
again there is a locally finite B such that

BB<A and B<W.

For a € A choose normal covers U, such that U,U, < C,. Since B < W, the
system {a € A | a Ab# 0} is finite for any b € B and hence we can define

Dy=MN{Ua.|a€Aanb#0} and D={{b}AD,|be B}

We will show that DD < C which will finish the proof since the structure of D
allows to proceed by induction. Fix a b € B and a d € D, and consider a general
x € Bandy € D, such that (bAd)A(zAy) # 0. If Bb < a € A then z < a. Further,
Yy =y1/A---Ayy for some y; € U,, where aq,...,a, are the elements of A that meet
b. Hence a is one of the a; and y <y € U,. By the same reasoning we also have
ad<d € U,. Now take a ¢ € C, such that U,dy < c. Since dy Ay, > dAy #0
we have yp <cand z Ay <aAyr <aAc Thus, DbAd) <aAc. |

3.5. Theorem. [Isbell] A frame L is paracompact if and only if it admits a complete
uniformity.

Proof. = isin 3.1.1.

<: If L admits a complete uniformity then by 3.2.1 the fine uniformity F (that
is, the system of all normal covers) of L is complete. Let A be a general cover. Set

U={uelL|3BeF, {u} AB< A}.

Obviously U € ®L and A C U (since {a} A {1} = {a}).
Now let {x} AC C U for some C' € F. By 3.4 we can assume that C' is locally
finite. For each ¢ € C we have a normal cover B, such that {z Ac} A B. < A. Now

{} A NU{{ctABy |ceC=U{{zAc}AB. |ceC} <A

and since (J{{c} A By | ¢ € C} is normal by 3.4, € U. Thus, U satisfies (R2)
in (L,F). Moreover, \/U > \/ A (as A C U) and hence, by VIIL.8.3, 1 € U. But
this means that there is a normal B such that B = {1} A B < A, making A itself
normal. (]

3.5.1. Note. This characteristics of paracompactness has no classical counterpart.
Each paracompact space, of course, admits a complete uniformity, the fine one
consisting of all the open covers. But the converse does not hold. In fact, the other
implication has a rather surprising consequence as we will see in the next section.
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4. A pleasant surprise: paracompact (co)reflection

4.1. Paracompact spaces, because of the nice structure of covers (in any of the
aspects in 2.3.4), and also because of being a natural generalization of metric ones,
play an important role in geometry and elsewhere. But there is a drawback: they
are very badly behaved in constructions. For instance a product of paracompact
spaces is not necessarily paracompact; in fact even a product of a paracompact
space with a metric one is not necessarily so (see [136]; in fact, constructing an
example is not very difficult — certainly it is much simpler than finding a non-
paracompact normal space).

The situation in the point-free context is radically different. Paracompact
locales are not only closed under products in the category of all locales. They
constitute there a reflective subcategory and therefore are closed under all limits
(AIL.8.3); and of course one has colimits as well that can be obtained modifying
those from Loc. This will be proved in this short section, in the frame form, that
is, we will construct a coreflection of the category of frames onto the subcategory
of the paracompact ones. A first such construction appeared in the already cited
Isbell’s paper [136].

4.2. Recall from VIII.2.2.3 that for any frame homomorphism, h: L — M and
any A, BC L,
h[A]h[B] < h[AB].

Consequently,

4.2.1. Fact. The homomorphic image of a normal cover is a normal cover. O

Let L be a completely regular frame. Denote by F(L) the fine uniformity on L.
Since it consists of all the normal covers, we obtain from 4.2.1

4.2.2. Fact. Let L, M be completely reqular frames. Then each frame homomor-
phism h: L — M 1is a uniform homomorphism

h: (L,F(L)) — (M, F(M)). O
4.3. Construction. For a completely regular frame L take C(L,F (L)) and define
Par(L)
as its underlying frame. Further, define
7 : Par(L) — L

as the underlying frame homomorphism of v, r(r)): C(L, F(L)) — (L,F(L)).
Finally, denote by
Par(h): Par(L) — Par(M)

the underlying frame homomorphism of C(h): C(L, F(L)) — C(M,F(M)).
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4.4. Theorem. The subcategory ParFrm of paracompact frames is coreflective in
the category CRegFrm of completely regular frames, with the coreflection functor
Par and coreflection 7 = (71,)1.

Proof. Since C(L,F(L)) is complete (and uniform), Par(L) is paracompact by 3.5.
On the other hand, if L is paracompact, F (L) is the system of all covers and hence
(L, F(L)) is complete (recall 3.1.1) and 7z, is an isomorphism. O

4.4.1. By V.6.3.3 the category of completely regular frames is coreflective in Frm.
Thus we have

Corollary. The subcategory ParFrm of paracompact frames is coreflective in the
category Frm of all frames and the corresponding category ParLoc of paracompact
locales is reflective in Loc.

Therefore, ParLoc is complete and cocomplete and the limits in it coincide
with those in Loc. In particular, products of paracompact locales, taken in Loc, are
paracompact. O






Chapter X

More about Completion

1. A variant of the completion of uniform frames

1.1. Samuel compactification of a uniform frame. Recall the compactification from
VIL4. It will be now modified for uniform frames (L,.A). Here is how it will be
adapted.

(1) Instead of the regular ideals in L we will consider the A-reqular ideals I in
(L, A) defined by the requirement

Vael dbel, a<igqb

(note that by VIII.2.8.1 each A-regular ideal is regular; the converse does not
necessarily hold). The set of all A-regular ideals in (L, .A) will be denoted by

R(L, A).

(2) We will have again vz, 4): R(L, A) — L defined by v(I) = \/I. Instead of
the o(a) = {z | * =< a} we will take the £(a) = {z | <94 a} from VIIL.6.5.
(3) Similarly like in VII.4.4 we will define, for h: (L, A) — (M, B),

R(h)(1) = |AlI],

but this will be now correct for uniform A only: we need the implication
a<14b = h(a) <9 h(b) from VIIL.2.3.1.

1.1.1. Proposition. (1) R(L, A) is a compact regular frame and V(L,A) " R(L, A) —
L is a dense uniform homomorphism, left adjoint to €, 4y = (a — €(a)).

(2) (fﬁv) is a coreflection of the category of uniform frames onto the subcategory
of compact reqular frames (endowed with the unique uniformities).

Proof. (1) Proving that RR(L, A) is a subframe of J(L) goes along the same lines
as in VIL.4.2.1 (if a; <4 b then A;a; < b, hence Aa; < b for A = A; A Ay, and

J. Picado and A. Pultr, Frames and Locales: Topology without points, Frontiers in Mathematics, 183
DOI 10.1007/978-3-0348-0154-6_10, © Springer Basel AG 2012
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hence a1 V as <4 b, etc.), but the regularity needs a slightly modified reasoning.
We have to prove that

a<i4b = tla) < D).
For this aim interpolate ¢ <4 = <4 y <4 b. Hence for some A € A (A =
A1 AN As AN Ag where Aja <z, Asx <y and Azy <),

Aa<z, Ax <y, Ay<b.

Set z=\V{te A|tAx =0}. Then AxVz=1and henceyVz=1,and x Az =0.
Now Aa A z = 0 which is the same as a A Az = 0 (both claiming that there is no
u meeting both a and z). For ¢ = Az one now has

t(c)vE(b) =L and ¢(a)Ne(c) ={0},

the first since y € £(a) and z € €(c), the second since otherwise a A ¢ # 0. This
makes £(a) < €(b) as desired.

We obviously have vt(a) = a and €v(I) 2 I, hence the adjunction, and now
proving that v is a frame homomorphism goes as in VII.4.1.2. We have to prove
that vz, 4) is uniform, though (it is not automatic: the source is compact, not the
target). For this we have to show that for any finite cover Iy,..., I, of 97{(L,.A)
the cover

C1 :\/11,62 = \/IQ,...,CTL = \/In
of L is uniform. Since I V---V I, = L there are a; € I; such that a;V---Va, = 1.
Then there is an A € A such that Aa; < ¢;; obviously A < {c1,...,¢n}.
(2) The proof that (v(r, 4))(r,4) is a natural transformation is the same as VII.4.4.

Finally, for L compact, vy, is an isomorphism, since if a € ¢(\/ L) then a <4 \/ L
and then a < \/ L and we obtain tv([) = I as in VIL.4.3. O

1.2. Compact frames are complete and we have the dense uniform homomorphisms
vr,A): R(L, A) — (L, A). This looks as a sort of completion of (L, A) but it is
not (which is hardly a surprise). The trouble is that it is not a ue-surjection. In
close scrutiny the problem is that the subsets

Ka={ta)|ac A} CR(L), Ac A

naturally reflecting the uniform covers of L do not generally cover %(L)

This can be mended surprisingly easily: one can simply restrict the 9}(L) to
the intersection of all the open sets corresponding to the

Ka=VKa=V{ta)|ac A}, AcA

This intersection, that is,

M o(Ka)

AcA
is already covered by all the K4, and we can hope for the best. The rest of this
section will be devoted to proving that it really works.
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1.3. We will use the factorization procedure from III.11. We have
o(K4) =R(L,A)/Ra with Ra={(JNKaJ)|JeR(L,A}
and the desired intersection is
R(L,A)/R, R=J{Ra|Ac A}
The result (to be endowed by more structure shortly) will be denoted by
C(L, A).

1.3.1. An easy but important observation. Obviously, if A < B then K4 < Kp in
R(L, A). Recalling I11.11.4 (note the saturatedness conditions) we see that

the result will be the same if we take instead of A any of its bases.

1.4. Recall the definition of a uniform embedding surjection (ue-surjection, briefly)
from VIII.3.3.

1.4.1. Lemma. Let h: (L, A) — (M, B) be a dense ue-surjection, let h, be its right
Galois adjoint. Then for each b € M, R(h)(E(h.(b)) = €(D).

Proof. Note that h(h.(b)) = b and h.(b) is the largest a with h(a) = 0.
If z € t(a) then h(z) <p h(a), that is, h(z) € (b) and hence

R(h)(E(h (b)) < E(c)-

Now let y € €(b), that is, By < b for some B € B. Take an A € A such that
B = h[A] and an z such that h(x) = y. Then

h(Az) =h(M{a|a€ A, anx #0}) =\{h(a) ]| a€c A, h(a)Ah(x)# 0}

since h is dense. Thus, h(Az) < h[A]y = By < b, but this means that Az < h,(b)
and hence x € €(h. (b)), and finally y = h(z) € R(h)(h«(b)). O

1.4.2. Proposition. Let h: (L, A) — (M, B) be a dense ue-surjection. Then
R(h): R(L, A) — R(M, B)

is a frame isomorphism that, furthermore, restricts to an isomorphism é(L, A) —
C(M,B).

Proof. 1t R(h)(I) = {0}, that is, | h[I]={0} , we have by density of h that I = {0}.
Thus, R(h)(I) is dense and since it is a homomorphism between compact regular
frames, it is one-one. Further, for each regular ideal we have

I'=Uft(a) |ael} =V{tla)|acl}
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and hence, to show that R(h) is onto it suffices to prove that each €(b), b € M, is
an image and this follows from 1.4.1.

By 1.4.1 we have f)v%(h)(Kh*[B]) — Kp and hence R(M, B) is the copy of

R(L, A') where A" = {h.[B] | B € B}. Since A’, by VIIL3.4, is a basis of A, we
have the second statement by the Observation 1.3.1. O

1.5. C(L,.A) as a uniform frame. Denote by
w: R(L, A) — C(L, A)
the sublocale map from I11.11.2 associated with (L, A). For the
v =wv.a: R(L,A) — (L, A)
we have v(KaNI)=\/1I=wv(I) and hence there is a
V=) C(L,A) — (L, A) such that vp=o.

We have again v(I) = \/ I, and we see that

v s dense.
Further we have (K 4) = p(L) = 1 and hence all the

Ka = plKal

are covers. From the obvious fact that €(a) N€(b) # {0} iff a A b # 0 we readily
deduce that _
A={Ka|Ac A}

is a basis of uniformity on the frame G(L, A), which will be from now on viewed
as the resulting uniform frame.

Observation. v: C(L, A) — (L, A) is a dense ue-surjection.
(Indeed, v 1 €(a) = a and hence v[4] = A.)
Finally, we can complete 1.4.2 to

1.5.1. Proposition. Let h: (L, A) — (M, B) be a dense ue-surjection. Then the re-
striction ¢: C(L, A) — C(M, B) is a uniform isomorphism making a commutative
square

V(L,A)

C(L,A) (LA

é=h h
v v
> (M, B)

V(Mm,B)

C(M, B)
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Proof. Use 1.4.1 and VIIL.3.4 again. The frame isomorphism ¢ sends a basis of
the uniformity of C(L,.A) into a basis of the uniformity of C(M, B). O
1.6. Theorem. v(;, 4): C(L, A) — (L, A) is a completion of (L, A).

Proof. We will write briefly L for (L, A) and M for (M, B).

I. First we show that C(L) is complete. Let f: L — C(M) be a dense ue-surjection.
Consider the commuting square as in 1.5.1

~ VL

C(L) - L
f
v
$=var f C(M)
VM
VY v
¢y . M

Set g =vr¢ ! . Then vy fg = varfvrd™' = varged~' = var and since vy is dense
and therefore monomorphic, fg = id. Then, as ¢ is onto, we also have gf = id,
and f is an isomorphism.

II. Let L be complete and let h: L — M be a dense ue-surjection. Then in the
commutative square

C(L) ~L
¢=h h
Y v
C(M) > M

not only ¢ but_also vy is an isomorphism and we have the isomorphism ¢ =
¢(vp)~t: L — C(M) with varep = h. O

1.7. Thus, C(L, A) is isomorphic to the completion C(L, A). But keep in mind that
the construction C is substantially more general, since it works for general nearness
frames. Here we need completely regular frames and uniformities, otherwise the
compactification R would not work.
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2. Two applications

2.1. A uniformity is said to be totally bounded if it has a basis consisting of some
of the finite covers.

2.1.1. Lemma. Let a cover A have a finite star-refinement B = {by,...,b,}. Then
Ka=1L.

Proof. Choose a; € Awithb; <14 a;. Then K4 D \/;_ t(a;) 2 byV---Vb, =1. O

2.1.2. Proposition. A completely reqular frame is compact iff it admits a totally
bounded complete uniformity.

Proof. The unique uniformity of a compact regular frame is complete (VIII.6.2)
and obviously totally bounded.

Now let a completely regular frame admit a totally bounded complete unifor-
mity and let A be a basis of this uniformity consisting of some finite covers. Then
each R is the trivial relation {(,I) | I € R(L, A)} and hence C(L, A) = R(L, A)

is compact. Since (L, A) is complete, it is isomorphic with C(L, A). O
2.2. The following may come as a surprise.

Theorem. The completion of any uniform frame with a countable basis of unifor-
mity is spatial. Moreover, it is a dense sublocale of a compact Hausdorff space.

Proof. The frame E)N‘i(L, A) is compact regular and hence spatial by VI1.6.3.4. Now
we can choose the A in the construction countable, and hence the (), 4 0(K )
from 1.2 is a countable intersection of open sublocales. Now since L is a sublocale

of (N4e4 0(/4) and this is sublocale of R(L, A), and since L is dense in R(L, A),
all the o(K4) are dense in 5{(L,A) and we can apply VII.7.3 to obtain that
C(L,A) =N aca0(Ka) is spatial. O

2.2.1. If (L, A) has a countable basis than so has the C(L,.A). From the classical
Uniformity Metrization Theorem (which will be also discussed later in detail in
Chapter X) we now obtain

Corollary. Each uniform frame with countable basis of uniformity can be embedded
imto a metric space as a dense sublocale. O

2.2.2. Notes. (1) The (L, .A) with a countable basis itself can be, however, far from
spatial itself. Realize that, because of the unicity of completion, a complete uniform
frame is a completion of any of its dense uniform sublocales. Thus for instance the
Booleanizations (see AL.7.6) of compact metric spaces, typically lacking points.

(2) In the previous remark we mentioned compact metric spaces, about which
we already know that they are complete. In fact every metric space complete in
the classical sense is complete as a uniform frame; this will be another important
consequence of 2.2 (see 5.3 below).
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3. Cauchy points and the resulting space

3.1. Viewing a point in generalized geometry as an entity with position but no
extent was felt as somewhat unsatisfactory a long time before there was anything
like a point-free topology. In fact, the pioneering paper by Carathéodory ([59],
1913), in which points are represented as systems of diminishing places, even
preceded by one year Hausdorff’s foundation of “pointy” topology in [125]. This
idea reappeared again and again; perhaps the most relevant treatise was presented
by Freundenthal ([105], 1942).

In a general frame, the first that comes to mind is the idea of a filter. Only,
we lack the means to express the intuitive idea of containing arbitrarily small el-
ements. For this purpose we can use the enrichment of the structure of frame by
a uniformity A (or just nearness). Thinking of the individual covers A € A as
“measures of fineness”, or “granulations”, we can express the desired granular di-
minishing by the notion of Cauchy filter (more precisely, A-Cauchy filter), namely
a filter F' such that

VAe A, FNA#D (Cau)

(that is, however fine a granulation we choose, there will be an element of F' as
small as the desired size of the grains).

This is still not quite satisfactory. Consider the following negative example.
On the real line take the filters

F, ={U | U 2(0,¢) for some € > 0}
and

F_ ={U | U 2 (—¢,0) for some £ > 0}.

Both of them are Cauchy with respect to the standard metric uniformity. But
there is something wrong.

(1) We would like to think of the elements of the filter representing an abstract
point as of its neighbourhoods. But some of the elements of F; resp.F_ do
not surround 0, the only candidate for their abstract limit.

(2) One point is represented by different ends.

To avoid this we will add one more condition, the A-reqularity. A filter is A-
reqular (briefly, reqular, but there is a certain danger of confusion and one has to
be careful) if

YVaec F3beF, b<4a. (A-reg)

3.2. Thus we have come to the concept of a
Cauchy point in (L, A) as a regular Cauchy filter.
In a uniform frame we can approximate any Cauchy filter by a Cauchy point. Set

Fe={b|3Ja€F, a<yb}.
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‘We have

3.2.1. Lemma. Let F' be a Cauchy filter in a uniform frame (L, A). Then F° is a
Cauchy point.

Proof. For A € Atake a B € Asuchthat BB < A. Takeabe FNBandana € A
with Bb < a. Then a € F°N A. Further, in the uniform case, <4 interpolates, and
hence F° is regular. O

3.2.2. The condition of regularity obviously disposes with the objection (1) above.
But it makes for the unicity as well. We have

Proposition. A regular Cauchy filter is a minimal Cauchy filter. In case of a uni-
formity, the regular Cauchy filters are precisely the minimal ones.

Proof. Let F be a regular Cauchy filter and let G C F be a Cauchy one. For an
x € F choose an A € A and a y € F such that Ay < z. There is an a € GN A; as
a € GCF,wehaveaAy#0and hence a < Ay < x, and = € G.

If F is a minimal Cauchy filter in a uniform frame, consider the F° C F|
which is now a Cauchy filter. Hence F'° = F' and F is regular. O

3.2.3. Remarks. (1) We already have met with a concept of a point, namely an
element of the spectrum XL (I1.4). Note that in a regular space the spectrum
points, the completely prime filters, are precisely the Cauchy points with respect
to the fine nearness. Indeed: if F' is completely prime and A is an arbitrary cover
then \/ A =1 € F and hence there is an a € AN F; further, if a € F take the join

a=\V{b|b=<a}=V{b|b<a}

to obtain by the complete primeness a b < a with b € F. On the other hand, if F
is a Cauchy point with respect to the fine nearness and if a = \/ a; € F' consider
a b < ain F and the cover 1 = b* V' \/ a; to obtain an a; € F' (b* is certainly not
in F since b is).

(2) Thinking of “surrounding” the limiting point would be, more precisely, ex-
pressed by reqularity (Va € F 3b € F, b < a). In general, the A-regularity is a
slightly stronger requirement. It is technically much more expedient for our pur-
poses, and in view of VIII.2.8.2 the difference is marginal.

3.3. We will denote by
U(X,A)

the set of all the Cauchy points in (X, .A). It will be endowed, first, by the topology
defined by the basis

{U, |ueL} where ¥, ={P e V(L,A) | ue P}
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(it is indeed a basis of a topology: we obviously have ¥,, N W, = W, ,,). In the
following section we will make W(L, A) to a uniform space.

3.4. Enough Cauchy points. We will say that a uniform frame has enough Cauchy
points if
Va,be L (a%b = IP € V(L,A), b¢ P> a). (ECP)

In other words, if the Cauchy points separate the elements of L; or, since a < b
implies that ¥, C Wy, if
a S b = l:[/a g \Ilb (ECPl)

(note that the system {V,, | u € L} is only a basis, not the whole of the topology,
and that we do not generally have J¥,, = Wy ,,; hence, (EPCI) cannot be
interpreted as that the mapping a — W, is an isomorphism).

3.4.1. Cauchy points can abound even when the spectral points are scarce. Here are
a few facts showing how rich the class of nearness frames having enough points is.

We will start with a trivial
Observation. Any open nearness sublocale of a nearness frame with enough Cauchy
points has enough Cauchy points.

(Represent the sublocale as the |u (recall II1.6.1.1) with the uniformity
A" ={AN{u} | A€ A}. Then we can separate a £ b by the F A {u}
where F separates them in (L,.A).)

The following is more important.

3.4.2. Proposition. Every nearness frame (L, A) with a countable basis of A has
enough Cauchy points.

Proof. Let {4, | n € N} be a basis of A. We can assume that
A >2A > A >

Let a £ b. Since a = \/{a' Ac | a <4 a, ¢ € A1} there is an ay and a ¢; € Ay
such that
ar <aa, a;<c; and a3 £b.

Now let us have a;,¢;, 1 =1,2,...,n, such that
a; <94 ai—1, a; <c¢; €A; and a; £ b.
Since a, = \/{a' Ac | a <4 an, ¢ € A,} there is an a,41 and a ¢, 11 such that
An+1 <A Ay Ayt < Cpy1 € Apyr and apgq £ 0.

The set
F=A{z|3n, >a,}

is obviously a Cauchy point containing a but not b. O
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Note. Thus for instance the Booleanizations (recall AI.7.6) of metric spaces have
enough Cauchy points although the spectra are often (for instance if the space is
connected) void.

3.4.3. Proposition. Let (L, A) have enough Cauchy points, and let

p: (L, A) — (M, B)
be a dense ue-surjection. Then (M, B) has enough Cauchy points.
Proof. Let ¢: M — L be the right adjoint of p. Thus, since p is onto,

p(@y)) =y and z < (p(z)).

In particular,
o(y) is the largest element x of L such that p(x) = y. (%)

Now let @ £ b in M. Then ¢(a) £ ¢(b) (else a = pp(a) < pp(b) = b), and hence
there is a Cauchy point F' in L such that ¢(a) € F and ¢(b) ¢ F. Consider
G = 1p[F]. We have p(z) A p(y) = p(z A y) and by density 0 ¢ G so that G is a
proper filter. If p(z) € G with « € F and y < x with a y € F' we have p(y) < p(x)
and G is regular. For a cover B = p[A] of M, A € A, we have an z € AN F and
hence p(z) € BN G. Thus, G is a Cauchy point.

Now obviously a = pé(a) € F. If we had b = p(c) € G for some ¢ € F we
would have by (%) ¢ < ¢(b) and ¢(b) € F, a contradiction. O

3.4.4. Proposition. Let (L;, A;), i € J, have enough Cauchy points. Then

(L, A) = D (Li, Ai)

icJ
has enough Cauchy points.

Proof. It suffices to prove that if ®a; £ ®b; then there is a Cauchy point F' in
(L, A) such that ®a; € F and @b; ¢ F. Since da; £ @b; we have a k € J such
that aj £ by, and a; # 0 for all i. Now choose a Cauchy point F}, in (Lj, Ai) such
that by ¢ F 3 ay, and for ¢ # j choose arbitrarily Cauchy points F; containing a;.
Set

F={u|3z; € F;, ®x; Cu}.

Obviously F is a regular filter. It is Cauchy: take an @ A; as in VIIL.3.5.1 with
A; = {1} for i ¢ K where K is a finite subset of J. For i € K choose x; € F; N A;,
otherwise set x; = 1. Then da; € FNEP A;.

Finally obviously ®a; € F and ®b; ¢ F. O
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4. Cauchy spectrum

4.1. Recall the basic open sets ¥, of the topology of ¥(L, .A) from 3.3. For a cover
A of L set

\I’A:{\PQ‘GEA}.

Now for the whole of A write
\IJAZ{\I/A|A€.A}.

4.1.1. Lemma. (1) Fach U 4 is a cover of U(L, A).
(2) For an A€ A and b € L we have

WAV, C Wgyp;

consequently VoV p < Uyp.

(3) For any two A,B€ A, U4 ANUp =Tnp.

(4) W 4 is an admissible system of covers on U(L,A).

Proof. (1) A point P € W(L, A) is a Cauchy filter and hence there is an a € PN A.
Then P € ¥,,.

(2) If O, N, = Uypp # O then necessarily a A b # 0 so that a < Ab and hence
\I]a g \IJAb~

(3) UAAUE = {U,NTy =T,y |a€Abe B} ={U.|cc ANB} = U ,p.
(4) It suffices to prove that for any a € L,
\I’a = U{\Ilz | \IJ:E <‘I/A ‘l]a}~ (*)

We have ¥, = {P € U(L,A) | P 5 a}. Choose an z € P with © <4 a. Then
P €T, By (2),
r<daa = VY, g, Y,

hence ¥, <v, ¥, and we conclude the equality (*); note that this is not a direct
consequence of a = \/{z | * <4 a}: the mapping a — ¥, in general does not
preserve suprema. O

4.1.2. Corollary. Let A be a nearness resp. uniformity on L. Then ¥ 4 is a nearness
resp. uniformity on ¥(L,A). O

From now on,

we will regard V(L, A) as endowed by the nearness resp. uniformity U 4.
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4.2. Completeness of spaces. By a nearness space we understand (of course) just
the relaxation of the concept of a uniform space by omitting the star refinement
requirement (in the standard classical literature — see [128] — one speaks of a
reqular nearness; the term nearness is sometimes used for a still more general
notion [126]).

For a nearness space (X, 4l) define a mapping
e (X 4) = TQ(X,U)

by setting
ex,u(x) =U(x) = {U open | z € U}.

Since U(x) is completely prime it is indeed a Cauchy point (recall 3.2.3) but it
is also directly seen from the definition of the topology induced by a uniformity
(resp. nearness).

4.2.1. Proposition. €(y y() is a dense ue-surjection.
Proof. Obviously ¢ is one-one (the space is T). We have
e Wy ={zclU|Ux) eVy}={z|2€U}=U (%)

and hence the topology of X consists precisely of the preimages of the basis of the
other space, and ¢ is a topological embedding.
In fact, by (%) again we have for each ¥y, € Uy,

{8_1[\I/U} | Uy e Uyt =U

and hence ¢ is a ue-surjection.

Finally, it is dense: if ¥y # () then necessarily U # () and U(x) € ¥y for any
zeU. O

4.2.2. A classical definition of the completeness of a uniform space (X, 4l) is that
each Cauchy regular filter of open sets (that is, in our terminology, a Cauchy point
in Q(X,40)) has a center; that is, it is U(x) for some x € X.

This leads to the following definition. A uniform (or, more generally, nearness)
frame (L,.A) is said to be Cauchy complete if each Cauchy point is completely
prime (note that for (L, A) = Q(X,4) this is precisely the requirement above:
such X is regular T and hence sober so that each completely prime filter is some
of the U(z)).

Thus, (L,.A) is Cauchy complete if the Cauchy points are precisely the
prime filters: the other implication is automatic — recall 3.2.3.

This completeness of spaces is equivalent with the statement we have imitated
in VIIL.6.1 to obtain a definition of a complete uniform frame.
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‘We have

4.2.3. Proposition. The following statements on a nearness space (X, ) are equiv-
alent.

(1) Each dense ue-surjection (X, ) — (Y,0) is an isomorphism (uniform home-
omorphism).

(2) e(x,q is an isomorphism.

(3) QX, L) is Cauchy complete.

Proof. (1)=(2) follows from 4.2.1.

(2)=(3): If £ is an isomorphism then each Cauchy point of (X,4) is a U(x), an
obviously completely prime filter.

(3)=(1): Let (X,4) C (Y,) be a dense nearness subspace. Pick an arbitrary
y €Y and set
F={UnX|yeUeQY)}

F'is a Cauchy point:

First, by density it is a proper filter. Next, for a cover U € U thereisa V € U
such that Y = {V N X | V € V}. Take a

Ve{WeQ)|Wsz}n).

Then VN X € UNF and we see that F is a Cauchy filter. If y € U € Q(Y") we
have a W € U and V € Q(Y) such that (in the notation of VIIL.1.1) WV C U.
Now W' ={WNX | W e W} is in 4 and we have

Wx(VNnX)CWxV)NXCUNX

and we see that F' is regular.

Thus, F' = U(z) for some x € X. Since Y is in particular a Tj-space we
conclude that y =z € X. O

Note. Thus, (X, 4l) is complete in the classical sense if Q(X, i) is Cauchy complete
while Q(X, ) being complete in the sense of VIIL.6 is in general a considerably
stronger property (no wonder; there are much more generalized spaces to embed
into to test the property). We will meet below in 5.3 an important class of spaces
in which the two properties coincide, though. In his pioneering article [136], Isbell
proposed to call the (X, 4) with Q(X, 1) complete as uniform frames hypercomplete
but this terminology is not much used.

4.2.4. Theorem. If (L, A) is a uniform frame, or if it has enough points, then
U(L,.A) is Cauchy complete.
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Proof. Let F be a Cauchy point in ¥(L,.A). Set
F={a|¥,eF}

Then F is a Cauchy filter: indeed, if A € A consider the ¥ 4 and a U € ¥4 N F.
Then U = V¥, for an a € A and as this ¥, is in F finally a € F.

I. If (L, A) is uniform take the Cauchy point F*° (see 3.2.1). If U > F° choose a
W, such that U D ¥, 3 F°. Now a € F° C F, hence a € F and ¥, € F and
finally U € F. Thus, U(F°) C F and U(F°) = F by 3.2.2.

II. If (L, A) has enough Cauchy points then F itself is already regular and hence
a Cauchy point. Indeed, let a € F, that is, ¥, € F. Consider a ¥;, € F such that
WAV, C U, for some A € A. If ¢ € A and cAb # 0 then there is a Cauchy point P
with ¢ Ab € P, and hence P € ¥.N ¥, proving that ¥, C ¥, so that by (ECP1)
in 3.4, ¢ < a and we see that Ab < a.

Now U(F') C F for the same reason as in I, only more directly: if U D ¥, > F
then a € F and ¥, € F. O

4.3. ¥ as a functor. From now on we will work with uniform frames and spaces
only.

4.3.1. Lemma. Let h: (L, A) — (M,B) be a uniform homomorphism. If F is a
B-Cauchy filter then h=1[F|] is an A-Cauchy filter.

Proof. Obviously h~1[F] is a proper filter. If A € A then h[A] € B and hence there
is a b € F N h[A]; now for any a € A with h(a) =b we have a € ™1 [F]NA. O

4.3.2. Consequently, using also 3.2.2, we see that we can define a mapping
Uh: U(M,B) — ¥(L,.A)

by setting

Proposition. U4 is a uniformly continuous mapping V(M,B) — ¥(L, A). Further,
¥(id) =id and ¥(gh) = Vh- Vg.
Thus we obtain a contravariant functor
V: UniFrm — UniSp;
by 4.2.4 we can also view it as a functor
U : UniFrm — CUniSp

where CUniSp is the full subcategory of UniSp generated by the complete uniform
spaces.
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Proof. We have
(Th) W, ={P e ¥(M,B)|ach [P}
={Pe¥(M,B) |3z, h(z) € Pand <4 a} (%)
= U{¥h@) |  <aa}.

This union is an open set and hence Wh is continuous.

Now let A € A. Choose a C € A such that CC < A and set B = h[C]. For
ac € C thereis an a € A with ¢ <4 a and, by (x), (Th) "1 [¥,] D Wy, and we
obtain

{(¥h)~ W] |a € A} > {¥, | be B}.

Thus, Uh is uniformly continuous.
Finally,

Uh(Pg(F)) = (W~ (g™ [F])°)° C ((gh) ' [F])° = ¥ (gh)(F)

and we infer the equality from 3.2.2. O

4.4. Cauchy spectrum. Define mappings
T(L,A) : Q\I/(L, A) — (L’A)

by setting
TU)=\{zeL |V, CU}.

4.4.1. Proposition. If (L, A) has enough Cauchy points then 7(p 4y is a uniform
homomorphism.

Proof. First, T preserves all finite meets: obviously 7(¥(L,.A)) = 1, and
TWU)AT(V)=V{z Ay | V. CU, ¥, CV}
=\V{z|¥.CUNV}=1(UNV

)-
Now define a mapping ¢: (L, A) — QU(L,.A) by setting ¥(a) = \I/ For each
open U C ¥(L, A) and a basic ¥, C U, x < 7(U) and hence ¢(z) = ¥, C ¢7(U)
proving that
U cyr(U). (S)
On the other hand, since we have enough Cauchy points we have by (ECP1) in 3.4
m(a) =\H{z [ ¥, SV} =\{z |z <a}=a

and hence 7 is a left Galois adjoint and consequently it preserves all joins.
Now for a basic uniform cover ¥4 of (L, .A) (with A € A) we have

P[Wa] = {7(Va) | a € A} = {70h(a) [a € A} = A

and hence 7 is a uniform homomorphism. (I
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4.4.2. Denote by
UniFrmEc

the full subcategory of UniFrm generated by the uniform frames with enough
Cauchy points; further, recall that for complete uniform spaces (X, 1) the mapping
€(x,y) is an isomorphism (4.2.3).

Theorem. Restrict the functors ¥ and ) to
V: UniFrmgc — CUniSp and 2: CUniSp — UniFrmgc.

Then these contravariant functors are adjoint on the left with the adjunction units
7= (T4 and e = ((x 4))(x .10

Proof. 1. First we show that 7 and ¢ are natural transformations.
For h: (L, A) — (M, B) we have, by the (x) in 4.3.2,

T(QUA(P,)) = T((Ph) ! [Wa]) = T(U{¥n) | = <4 a})
=\V{yeM | ¥, C V) | z<9aal} =c

We will compute the join c. Since obviously (J{ Wy | <4 a} C ¥j(,) we obtain
using the (ECP1) from 3.4

c< Wy | ¥y S} = Viy |y < h(a)} = h(a).

On the other hand, h(a) = \/{h(x) | + <4 a} and each z = h(x) with z <4 a
appears in the join defining ¢; hence also h(a) < ¢. Thus

T(QUA(T,)) = h(a) = h(ty(a)) = hr(Ta).
For a uniformly continuous f: (X, ) — (Y,2) we have
VQ(f)(e(@) = (N U@ ={V | V]2 2}°
={V IV f@)}* ={VIV>[f)}=clf(z)
so that € is a natural transformation, in our case (recall 4.2.3) a natural equiva-
lence, and hence e~ ! is a natural equivalence as well.
II. Now consider the composition

-1
Q(E(XM)

)
QX U) = QUQ(X,U)

TQ(X,U)

> Q(X,U).
Since (X,U) is complete we have Uy = {U(z) | z € V}} = g(x1)[V]. Thus,

T(Qe™)(U) = 7(e[U]) = U{V € QX) | ¥v C £[U]}
=UlVeQX) |elVCelU} =U{V e QX) |VCU}=U

and the composition is the identity.
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III. Finally consider

(7L 5\;1)(
WA TE 0w, ) s w(r, A).

We have 7(¥,) = 7¢(a) = a and hence
TP ={V,|a€P}={V, | PeV,} C{U|PecU}=UP),
hence by 3.2.2
e (U(M)(P) = (T HP]°) =7 U(x)) =7 (e(P)) = P
and the composition is an identity again. (I

4.4.3. Note. If we interpret the adjunction above localically (that is, replacing the
category of uniform frames by its dual of uniform locales), the functor ¥ becomes
a left adjoint and 2 becomes the right one. This contrasts with the standard
spectrum adjunction where €2 is the left adjoint.

Not very surprisingly: the functor ¥ is after all sufficiently different from
the U. Perhaps there is some more surprise in the fact that another restriction of
the same functors, namely replacing the category UniFrmgc by that of Cauchy
complete uniform frames produces an adjunction with ¥ to the right and 2 to the
left, with the adjunction units € and

V= (Y (LA = QULA)

consisting of the maps already used in the proof above (see [42]).
This seemingly paradoxical behaviour is perhaps of some interest. It has to
do with the following. The (systems of) maps 7 and v have in general the property

a<t¢(a) and U <yrU. (<)

Now in the case of enough points the first collapses to equality. Then (<) makes
7 the left Galois adjoint and v the right one, while in the Cauchy complete case
we have the equality U < 47U with the converse result.

5. Cauchy completion.
The case of countably generated uniformities

5.1. Lemma. Let (X, ), (Y, ) be uniform spaces. Then a uniform homomorphism
h: QY, D) — Q(X,4U) is a dense ue-surjection iff h = Q(f) for a dense uniform
embedding f: (X, ) — (Y,) in the classical sense.

Proof. Since the spaces are sober, h = Q(f) for a (unique) continuous map
f (X, 8) — (Y,9). Obviously f is one-one (consider f(x) = f(y) with @ # y
and an open U containing x but not y; if U = f~1[V] then f(y) = f(z) € V
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and f(y) ¢ V, a contradiction). All the other requirements can be reformulated
directly in Q(f). O

5.2. Proposition. Let (X, A) have enough Cauchy points. Then the mapping
T(L,A) : Q\I/(L, A) — (L“A)
s a dense ue-surjection.

Proof. We already know that it is a uniform homomorphism. Recall the mapping
¢ from the proof of 4.4.1. Since 7 is the identity, 7 is onto and since U C ¢7(U)
(formula (C) in the proof) and 1 (0) = ¥y = (), the homomorphism 7 is dense.
Now recall VIIL.3.4. We have 7. = ¢ and hence ¥4 = 7,[A]. Thus the basis
U 4 of the uniformity of ¥(L,A) is {7.[4] | A € A} and hence 7 a dense ue-
surjection. O

By 4.2.4, U(L,.A) is Cauchy complete (because of enough Cauchy points).
The dense ue-surjection

T(L7.A): Q\IJ(L,A) — (L7A)
will be called
the Cauchy completion of the nearness frame (L, A).

5.2.1. Recall VIIL.6.8.2. From 5.2 we immediately obtain

Corollary. There is a dense ue-surjection h: C(L, A) — QU(L,A) such that the
diagram

C(L,A) " =QU(L,A

\ T(L,A)
U(L,A)

\
(L, A)

commutes. O

5.3. Theorem. Let A have a countable basis. Then the Cauchy completion coin-
cides with the completion (up to isomorphism). In particular, a Cauchy complete
nearness frame with countable basis of nearness (in other words, a Cauchy com-
plete metrizable frame) is complete.

Proof. First, by 3.4.2 (L, A) has enough Cauchy points and therefore the Cauchy
completion is correct. By 2.2, C(L, A) is spatial, that is, there is an isomorphism
¢: Q(X,U) — C(L,.A). Take the dense ue-surjection h from 5.2.1; then by 5.1 there
is a classical uniform embedding f: U(L, A) — (X, ) such that h¢p = Q(f). Since
U(L,.A) is complete in the classical sense (see also 4.2.3), f is an isomorphism,
hence so is also Q(f) = h¢, and since ¢ is an isomorphism, finally, h is one. O
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6. Generalized Cauchy points

6.1. In classical topology one has the two equivalent features of completeness:

— every Cauchy point is (a neighbourhood system of) a point,
— every dense embedding is an isomorphism.
In our context we have the completeness defined by the embedding property and

so far lack the counterpart of the former characteristics. But there is one, as we
will show in this short section.

6.2. A point of the spectrum of L can be viewed as a completely prime filter or
equivalently as
a frame homomorphism h: L — 2.

Now a Cauchy point P in (L,.A) can be similarly translated to a map ¢: L — 2
with the properties that

(1) ¢ preserves finite meets and ¢(0) = 0,

(2) for each A € A, \/{¢(a) | a € A} =1, and

(3) for each a € L, ¢(a) = \/{¢p(z) | x <4 a}.

But this is a special case of a concept we already have: a Cauchy point is
thus equivalently represented as

a regular Cauchy map ¢: L — 2

(recall VIIL.6.4).

6.3. Replacing 2 by a general frame T let us speak of frame homomorphisms
L — T as of generalized points in L, and of regular Cauchy maps L — T as of
generalized Cauchy points in L. Now we have

Theorem. A nearness frame is complete if and only if each generalized Cauchy
point in L is a generalized point.

Proof. =: Let (L, A) be complete and let ¢: L — T be a generalized Cauchy
point. By VIIL.6.8.1 there is a frame homomorphism h: C(L, A) — T such that
hAr = ¢. Since (L, A) is complete, A, is the inverse to the isomorphism vz, 4)
and hence a frame homomorphism, making ¢ a frame homomorphism.

<: Let each generalized Cauchy point, that is, regular Cauchy map, be a gener-
alized point, that is, a frame homomorphism. Take the mapping

A=Az, = (arla): (L, A) — C(L, A).
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We have |0 = {0} and |1 = L. Further, by VIIL.6.5, for A € A,

(U{la laeA) = 1A,L> € R,

hence
V{Xa) |a€ A} =11in C(L, A),
and for each a € L
(la,?(a) = Ullz | = <4 a}) € R,
hence
Ma) =V{\(z) | z <4 a} in C(L,.A).

Thus, A is a regular Cauchy map and hence a frame homomorphism. Since the set
{la | a € L} generates L, X is onto, and since v(z, 4)A = id, it is an isomorphism.
O



Chapter XI

Metric Frames

We have already mentioned that metrizability was defined by Isbell as the existence
of a countably generated (admissible) uniformity. In this chapter we will show that
in such a case there is indeed a diameter function with the properties mimicking
those of the diameter in a classical metric space. We show a link of thus ensuing
metric frames with metric spaces by a specialized spectrum adjunction, present
metrization theorems extending those of the classical theory, and, finally, discuss
the resulting categories.

1. Diameters and metric diameters

1.1. Denote by Ry the set of all non-negative reals plus +o0o. A diameter on a
frame L is a mapping
dl L — R+

such that

(D1) d(0)
(D2) a<b = d(a) <d(b),
(D3) aAnb#0 = d(aVb)<d(a)+db),and
(D4) for every € > 0, the set
Ul ={a|d(a) <e}

is a cover of L.

A diameter d on L is said to be admissible (or, L is said to admit d) if the system
of covers
Ud) = {U¢ | e >0}
is admissible in the sense of VIII.2.4.
The pair (L, d) is then referred to as a metric frame.

J. Picado and A. Pultr, Frames and Locales: Topology without points, Frontiers in Mathematics, 203
DOI 10.1007/978-3-0348-0154-6_11, © Springer Basel AG 2012
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1.1.1. Set
«da = \/{x | Uz < a}.

In this notation the admissibility can be expressed as the requirement that
Va, a=\/{<la|e>0}. (1.1.1)

(Note that by VIIL.2.2.2, Uda < b iff a < <?b; thus, <¢(—) is the right Galois
adjoint of UZ(—).)

A frame is metrizable if it admits a diameter.

1.2. The definition of a diameter mimics the properties of the classical diameter

diam,(U) = sup{p(z,y) | z,y € U}

in a metric space (X, p). After the experience with the admissibility of point-free
uniformities confronted with the classical relation of a topology and uniformity
(VIIL.1), the reader will certainly easily check that the admissibility corresponds
to the classical relation of a metric with the induced topology.

We are interested in the relation of countably generated uniformities and
diameters. The system of covers U(d), of course, creates a countably generated
nearness, and this in turn implies the existence of a countably generated uniformity
(recall IX.1.5). To have an immediately associated uniformity in analogy with the
metric uniformity generated by a metric, our assumptions are too weak. To do
better we can consider the following condition.

A diameter d is star-additive if

(DS) For alla € L and S C L such that aAx #0 for all z € S,
d(a VvV S) < d(a) +sup{d(z) +d(y) | z,y € S}.

Note that (DS) (together with (D4)) implies (D3): for each € > 0, if a Ab # 0
choose an z such that d(z) < ¢ and « A a A b # 0; then by (DS),

d(aVb) <d(z)+d(a) +d(b) < d(a)+d(b) +e.

1.2.1. Observation. If d is a star-additive diameter then U(d) is a basis of unifor-
maty.

(Indeed, by (DS), UlUZ < U{.)

We will then speak of U(d) as of the metric uniformity associated with the

(star-additive) diameter d.

1.3. Diameters induced by metrics have a stronger property which is expressed
in the following definition.
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A diameter on a frame is said to be a metric diameter if, moreover,

(DM) for every a € L and € > 0 there are u,v < a such that d(u),d(v) < ¢ and
d(a) < d(uVwv)+e.

Note that this condition is obviously equivalent with

(DM') for every a € L and € > 0 there are u,v with u A a # 0 # v A a such that
d(u),d(v) < e, and d(a) < d(uVv)+e

which is sometimes handier.

We will see soon that by restricting ourselves to metric diameters we do
not lose generality: a frame admits a diameter iff it admits a metric one, and a
star-diameter can be replaced very closely by a metric one; furthermore, we gain
considerable technical advantages.

1.3.1. For a diameter d define

d(a) = 611>1f(; sup{d(uVv) |[uANa#0#vAa, du),dv) <e}
= 811>1t(") sup{d(u Vv) | u,v < a, d(u),d(v) < e}

(the equivalence of the two formulas is obvious). We have

Lemma. d(a) < d(a), and for any a,b € L, d(aV b) > d(aVb) — d(a) — d(b).

Proof. The first is trivial. Now the second obviously holds if some of the a,b
is 0. Thus, assume that a # 0 # b and choose u,v with d(u),d(v) < e and
uANaz#0#£vAb Then

daVvd)<daVuVuoVvbd) <duVwv)+d(a)+db)
and hence
d(aVvb)—d(a)—d() < d(uVv) <sup{d(uVv) | uAa#0#vAa, du),dv) <e}.
]
1.3.2. Proposition. (a) d is a metric diameter.
(b) For every a € L and every € > 0, Uga = Ula.
Proof. (a): The mapping d obviously satisfies (D1), (D2) and (D4).

(D3): Let a Ab # 0. For an € > 0 choose an 7 > 0 such that

a=sup{duVv) |ura+0#£vAa, du),dv)<n}<da)+eand

B=sup{d(uVv) |uNb#0£vAb, du),dv) <n}<dbd)+e.
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TakeacEU,‘f such that 0 # ¢ < aAbandlet zA(aVb) #0#yA(aVb).If
xAa#£0#yNaorxAb#0#yAbwehave d(xVy) < aresp. < § and otherwise
d(zVy) <d(@Ve)+d(yVe) < a+p, hence d(zVy) <+ in any case, and we
obtain d(a Vb) < a+ [ < d(a) 4+ d(b) + 2¢.

(DM): By 1.3.1 we have

d(a) < ig% sup{d(u Vv) + 2¢ | u,v < a, d(u),d(v) < &}

< ig% sup{d(u V) | u,v < a, d(u),d(v) < e} + 2e.
€

(b): Since d < d we have Uda < Uga. On the other hand let uAa # 0 and d(u) < e.

Choose an 1 > 0 such that d(u) + 2n < e. We have
u:\/{x/\u|x€U:f}. (%)

Fix an xg € U;l such that zg AuAa # 0 and take a general x € U#. Then by 1.3.1

d((zo V) Au) <d((xo V) Au)+d(xo Au)+dxAu) <du)+2n<e

so that (xg V 2) Au < Uda, and by (x) finally u < Ula. O
1.3.3. Corollary. In the notation of VIII.2.4, Y@= () Consequently, d is
admissible iff d is. O
1.3.4. Corollary. L is metrizable iff it admits a metric diameter. O

1.4. Proposition. (a) A metric diameter is star-additive. Thus, it induces a uni-
formity (recall 1.2.1).

(b) A metric diameter is continuous in the sense that
for every up-directed S, d(\/ S) = sup{d(a) | a € S}.

(c) If d is a metric diameter and S C L is such that a <\/ S then for each e >0
there are x,y € S such that d(x Vy) > d(a) — €.

Proof. (a): Let € S imply a A « # 0. Then we have for u, v with d(u),d(v) < €
such that uA(aVV S) # 0 # vA(aVV S) either uAa # 0 # vAa or uha # 0 # vAx
for some x € S, or u Ax # 0 # v Ay for some z,y € S. We will consider the last
case, the others are only simpler. We have, then,

dluvv) <duvVzVaVyVv)<d(a)+dz)+d(y)+ 2.

(b): Let u,v be such that d(u),d(v) < e and u AV S # 0 # v A\ S. Since S is
directed there is an a € S such that u A a # 0 # v A a,

duVvv) <duVvaVvwo)<du)+d(a)+dwv) <sup{d(a) | a € S} + 2¢.
The inequality sup{d(a) | a € S} < d(V S) is trivial.
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(c): We can assume d(a) # 0. Then for sufficiently small € we have 0 # u,v < a
such that d(u),d(v) < 3 and d(a) < d(uV v) + 5. There are x,y € S such that
uAz#0and y Av # 0. We have

duVvov) <duvVoVzVy) <du)+dv)+dzVy) <dzVy)+2;
and hence d(a) < d(z Vy) +e. O

Note. By 1.3.3 and 1.4(a), for any diameter whatsoever the relation <j(g) inter-
polates.

1.4.1. In fact, a star-additive diameter is not very far from a metric one. We have

Proposition. Let d be a star-additive diameter. Then d<d<?2d.

Proof. Take an 7 > 0, a # 0 and an € > 0 such that

d(a) > sup{d(u V) | u,v <a, du),dv) <e}—n. (%)

We can assume that ¢ <n. Set M = {u € U;‘f | 0# u < a}, choose a up € M and
consider the set S = {uVug | w € M}. Then by (DS)

d(a) < d(up) + sup{d(u V up) +d(v Vug) | u,v € M}
and hence there are u,v € M such that

d(a) < d(uV ug) +d(vV ug) + 21.

Now by (x) d(a) < 2d(a) + 4n. O

2. Metric spectrum

2.1. Contractive homomorphisms. Let (X, p), (Y, o) be metric spaces. A mapping
f: X — Y is said to be contractive if

Vr,y € X, o(f(z), f(y)) < pz,y)

which is obviously the same as
Va,y € X,Ve >0, pla,y)<e = o(f(x), f(y)) <e.

The category of all metric spaces and contractive homomorphisms will be de-
noted by
Metr.

Note that in Metr the isomorphisms are precisely the isometries, that is, the maps
such that o(f(z), f(y)) = p(x,y).

2.1.1. Lemma. A mapping f: X — Y is contractive with respect to p,o iff in the
resulting diameters for each U € Q(X) with diam,(U) < e there is a V € Q(Y)
with diam, (V) < e and U C f=V] (that is, f[U] C V).
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Proof. =: Let U € Q(X) be such that diam,(U) < e. Choose an > 0 such that
diam, (U) + 2n < € and set

V={y|3zeX, oy, flz)) <n}

Then U C f~YV]. If y1,y2 € V choose x; € U such that o(y;, f(z:)) < n. Then
o(y1,y2) < oy, f(21)) +o(f(w1), f(22)) + o(f(22),y2) <0+ plw1,72) + 1 < e
Hence diam, (V) < e.

<: Suppose p(z1,22) < o(f(z1), f(z2)) = €. Choose a U > z1,x2 such that
diam,(U) < e (for instance, {x € X | p(x,x1), p(x,z2) < n} with sufficiently
small n). Let U C f~1[V] with diam,(V) < e. Then f(x1),f(z2) € V and
o(f(z1), f(x2)) < &, a contradiction. O

2.1.2. This leads to the following definition.

Let (L,d),(M,d") be metric frames. A (frame) homomorphism h: L — M is
said to be contractive if for every b € M with d'(b) < e there is an a € L such that
b < h(a) and d(a) < e.

The resulting category will be denoted by

DFrm

and its full subcategories generated by the (L, d) with metric resp. star-additive
diameters by

DyFrm  resp. DgFrm.

The opposite categories of metric locales will be denoted by
DLoc, DpyLoc resp. DgLoc.

By 2.1.1 we see that the formulas Q(X, p) = (2(X), diam,) and Q(f) as in II.1.3
define contravariant functors

Q: Metr — DFrm  resp. : Metr — Dy Frm
and in the covariant modification as in 11.2.4,

Lc: Metr — DLoc resp. Lc: Metr — DyLoc.

2.2. Lemma. Let F be a completely prime filter in a metric frame (L,d). Then for
every a € F there exists an € > 0 such that for all b # 0 with d(b) < ¢ we either
have b < a orb ¢ F.

Proof. By the complete primeness and (1.1.1) there is an & > 0 such that <%a € F.
Now if d(b) < € then either bA<a #Oandb<aorbA<da=0andb¢ F. O
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2.3. The spectrum. For a metric frame (L, d) consider, first the standard spectrum
SpL =YL = ({F | F' completely prime filter in L}, {¥, | a € L})
as in 11.4.3-4.4. For F,G € XL define
p(F,G) = pqa(F,G) = inf{d(a) | a € FNG}.

2.3.1. Proposition. p is a metric on SpL = XL and the induced topology coincides
with the standard topology of the spectrum.

Proof. 1. p(F, F) = inf{d(a) | a € F} = 0 because for any ¢, \/U? =1 € F and
hence we have an a € F with d(a) < €.

Let p(F,G) = 0. For an a € F choose an ¢ > 0 as in 2.2. Thereisabe FNG
such that d(b) < e. Since b € F, b < a. Since b € G, a € G. Thus, F C G and by
symmetry F' = G.

Trivially p(F, G) = p(G, F).

If p(F,G) < o and p(G,H) < 3, there are a € FN G and b € GN H such
that d(a) < o and d(b) < 8. Since a,b € G, a Ab # 0 and d(a V b) < o + (. Since
aVbe FNH, p(F,G) < a+ ( and we obtain the triangle inequality.

II. Let F € X, that is, a € F. Take, again, an ¢ from 2.2. If p(F,G) < ¢ there is a
b € F'N G such that d(b) < e and it follows that a > b is in G, and G € X,. Thus
Y, is open in (XL, p).

On the other hand, each W = {G | p(F,G) < €} is open in X L. Indeed, set
u=\V{a € F|d(a) <e}. If G € X, then by the complete primeness there is an
a € G such that a € F and d(a) < €, and hence G € W. If G € W then there is
an a € G N F such that d(a) < . Hence G € %, and we see that W = X,,. O

2.3.2. If h: (L,d) — (M,d) is a contractive homomorphism then the standard
spectrum map

Sh = (F h 'F]: (M, pa) — (SL, pa))

is contractive. Indeed, if p(F, G) < « then there is a b € FNG such that d'(b) < «
and consequently an a with d(a) < ¢ and h(a) > b. Hence a € h™1[F NG| =
Sh(F)NXh(G) and we see that p(Zh(F), Eh(G)) < a.

Thus we have functors
>: DFrm — Metr resp. X: DyFrm — Metr
and their covariant modifications
Sp: DLoc — Metr resp. Sp: DyLoc — Metr

(cf. I1.4) defined by X(L,d) = Sp(L,d) = (XL, pg) and for morphisms as in the
standard spectrum.



210 Chapter XI. Metric Frames

2.4. The spectrum adjunction. In the definition of the spectrum we have so far

not needed any special properties of the metric frame. The spectrum adjunction,

however, does not hold in full generality. We will prove it for metric diameters.
Similarly as in II.4 consider the homomorphisms

ér,a): L — LcSpL(= Q(XL))
given by ¢(r 4)(a) = ¥, and the mappings
>\(X,p): X — Sp(LC(X))

defined by
Axpy(x) =U(x) ={U |z € U}.

We have

Proposition. The functor Sp: DyLoc — Metr is a right adjoint to Lc: Metr —
DyLoc with the adjunction units ¢ = ((r.q))(L,q) and A = (Ax,p)) (x.p)-

Proof. The fact that the compositions

DX, p) QX(x,p)

Q(X, p) = QXX p) > Q(X, p)

and

As(L,d) Eo(L,a)

S(L, d) = SO%(L, d) = %(L, d)

are identities follows precisely like in 11.4.6. We have to prove, however, that the
maps constituting ¢ and A are morphisms in the respective categories.

If p(x,y) < e choose an n such that p(z,y) + 2n < e and open neigh-
bourhoods U,V of x resp. y, both with diameter less than 7. Then obviously
Pdiam, (A(7), A(y)) < e.

Now let diam,(X,) < e. For any F, G € 3, there is a bpg such that d(bpg) <
e — 3n. Set

M={z|dz) <nand IF € XL, x Na € F'},

and further ¢ = \/ M. For z,y € M choose F, G such that aAz € F and aAy € G.
For the b = bpg € F'U G above we have b A x # 0 # b A y and hence

dlzVy) <dlzvbVy) <d(x)+db)+dly) <e—n

and by 1.4(c)
d(e) <d(zVy)<e.

Finally, if a € F' there is an = € U;,i such that = € F, hence x A a € F' and hence
F e .. Thus, ¥, C 3. O
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3. Uniform Metrization Theorem

3.1. We will need a few auxiliary notions.

Let z,y € S C L. An zy-chain (or simply chain) in S is a sequence z1, ..., T,
in S such that z = 1, y = @, and x;_1 Ax; # 0 for all ¢ > 1. A subset S C L is
said to be connected if for every x,y € S there is an xy-chain in S.

A prediameter on L is a function

f:L—-Ry

satisfying (D1), (D2) and (D4). It is said to be strong if, moreover, for every S C L
satisfying a A b # 0 for all a,b € 5,

fVS) <2sup{f(a) | a € S}.

3.2. Let f be a prediameter and let S C L be connected. For =,y € S set

6(f;8) =sup{d(fiz,y,S) | z,y € S},

and define
ds(a) =1inf{d(f;S) | S connected, a <V S}.

We will use the obvious
3.2.1. Observations. (a) Let x,y1,y2,2 be in S and let y1 Ay2 # 0. Then
o(f;2,2,9) <o(fi2,91,5) +0(f112,2,9).
(b) If z,y € S CT then §(f;z,y,5) > 0(f;z,y,T).
(c) dy < f.
(For the last consider S = {a}.)
3.2.2. Proposition. d; is a star-additive diameter.

Proof. Obviously dy satisfies (D1) and (D2) and since d¢ < f we also have (D4).
Now suppose there is an a € L and an S such that for every z € S, x Aa # 0
and that

dr(aV\/S) > dys(a) +sup{ds(z) + ds(y) | x,y € S} + 3e.

For each x € S U {a} choose a connected S, such that < \/ S, and §(f;S;) <
dys(z) 4+ . Hence we have, for any z,y € S,

df(a V'V 8) > 6(f;8a) +6(f; ) +6(f; Sy)-
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Set T = S, U{S: | x € S}. Then T is connected and \/ T > a vV \/ S, and hence
6(f;T) > 6(f;8a) +6(f;52) +0(f; Sy)
so that there are u,v € T such that
0(f3u,0,T) > 6(f; 8a) + 0(f; Se) + 6(f;5 Sy)-
We cannot have u,v both in an S,, z = x, ¥y, a: there would be
6(f;u,0,T) > 6(f;82) 2 0(fsu,0,52) 2 6(f3u,0,T).

Therefore, say, either u € S, and v € Sy, or u € S; and v € Sy. In the former case
choose a1 € S, and vy € Sy such that a; A vy # 0 to obtain

§(fsu,v,T) > 0(f;u,a1,8) +6(f;v1,0,5y)
> 5(f;uaalaT) + 5(f;'l)1,’l),T) > 5(f;u7U7T)'

In the latter case choose u; € S, a1,a2 € S, and vy € Sy, such that u; Aaj # 0
and as A vy # 0 and we have

6(f;uvva) > 5(f;uaalvsw) + 5(f;a17a27sa) + 5(f;v17v75y)
2 5(f;uaa1>T) + 5(f;a17a23T) +5(f;7)1,’l),T) > 5(f;u,v,T),

a contradiction again. O

3.2.3. We will consider one more extra condition

(3W) if a, b, ¢ are such that a Ab # 0 # b A ¢ then
Flav by e) < 2max{f(a), f(B), £(c)}.
3.2.4. Lemma. If a prediameter f satisfies (3W) then for any chain (z;)i=1,...n

\T}a:Z <22fa:1

Proof. The inequality is obvious for n = 1. Now let it hold for n and let us take

a chain x1,..., Ty, Tpy1. Set a = Z?jll (z;) and consider the first k such that
Zf:l fla) > 504. Then

k—1 ntl

Zf(xz) < ja and Z fz) < la

i=1 i=k+1

and hence by the induction hypothesis

k—1 n+1

f(V z)<a and f(V ) <a,

i=1 i=k+1
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and since also f(zx) < o we obtain from (3W)
n+1 n+1
FOV @) <20=2)" f(x). O
i=1

i=1

3.2.5. Proposition. For each strong prediameter f on L satisfying (3W) there is a
star-additive diameter d such that for every a

1f(a) <d(a) < f(a).

Proof. Let S C L be connected. Fix a ug € S and € > 0, and for a general u € S
choose a upu-chain z; (u), ..., 2, (u) such that

Zf (zi(u)) < 3(f;u0,u,S) +

Set s(u) = \/I_; ;(u). Then any two elements of {s(u) | u € S} meet at least in
up # 0, and \/{s(u) | w € S} =V S and we have by 3.2.4

) < QZf zi(u)) < 20(f;u0,u, S) = 2 < 26(f;5) + 2

and since f is strong,
FOVS) <2sup{f(s(u)) | ue S} <46(f;5)+ 4e.

Now take an @ € L and a connected S such that a <\/S. Since € was arbitrary
we see that f(a) < 44(f;S) and hence

f(a) < 4f{5(f;S) | a <V S} = 4ds(a).

Use 3.2.2 and 3.2.1(c). O

3.3. Theorem. For every admissible uniformity on L with a countable basis there
is a metric diameter d such that A =U(d).

Proof. Choose a basis A1, As,..., Ay, ... of A such that A, A, A4, < A,_1. Now
define f: L — R4 by setting

fla) =inf{27" | a <z for some x € A4, }

(typically, the infimum is a minimum, but the set can also be infinite in which
case we have f(a) = 0, or void, in which case the value is +00). Obviously f is a
prediameter.
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Let d(a) < 27" for all a € S such that z,y € S implies A y # 0. Then we
have b, > a with b, in A and \/{b, | a € S} < A, b. for any ¢ € S so that there is
abe A,_q such that \/ S <b, and

F(V8) <271 < 2sup{f(a) | a € S},

Thus, f is a strong prediameter.

If a,b,c are such that a Ab # 0 # b A c and if f(a), f(b), f(c) < 27" then
a<uz b<yandc<zfor some z,y,z2 € A, and a VbV c < A,(A,z) < w for
some w € A,_1. Thus, f(aVbVc) <21 and we see that f satisfies (3W).

Now take the star-additive diameter d¢ from 3.2.5 and set d = Zl\; By 3.2.5

and 1.5, < d < f and hence d generates the same uniformity as our basis (A, ).
d1.5, Lf <d< fand henced h iformi basis (A
O

4. Metrization theorems for plain frames

4.1. We will use the concept of a locally finite and discrete subset X of a frame,
witnessed by a cover W (recall IX.2.1). We have

4.1.1. Lemma. If X C L is locally finite and x < a for each x € X then \/ X < a.

Proof. Let W be the witnessing cover. For a w € W let z1,...,z, be all the
elements of X such that z; Aa # 0. Set Y = X ~{z1,...,2,}. Then wAVY =0,
hence w < (\VY)* =0 and

(VX) va=((VY) A (K %)) va
> (w\/a)/\(/_\(x;f\/a)> > w,

and since this holds for any w € W and W is a cover, (\/ X)* V a = 1, that is,
VX <a. O

4.2. From IX.1.5 we know that if L admits a countable admissible system of
covers then it admits a countably generated uniformity. By 3.3 we infer that,
consequently, it is metrizable.

Note that whenever A is an admissible system of covers of L then JA is a
(join-)basis of L; indeed,

b=V{z|JAec A Az <a}=V{u|TA€e A ue A Az <aand uAxz #0}.
Thus, defining
a o-admissible basis B of L

as a basis B that can be written as B = |J,—, By, so that {B,, | n=1,2,...} is
an admissible system of covers of L, we obtain
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4.2.1. Theorem. A frame L is metrizable iff it has a o-admissible basis. O

4.3. This was of course a very straightforward reformulation of facts we already
know. In this section we will endeavour to liberate the metrizability from the
uniform connotation.

We will discuss several properties of bases (let us agree that in this section
we will use the term “basis” for join-bases of frames only). Thus we will speak of
— o-locally finite bases,

— o-discrete bases,
and furthermore of

— regular bases, that is, bases B of L where for each 0 # a € L there is a subset
C(a) C L such that
(R1) VC(a) = a, and
(R2) for each ¢ € C(a), the set {b € B |bAc# 0 and b £ a} is finite.

4.4. For technical reasons we will introduce a special type of o-admissible bases.
We will say that such a basis is o-stratified if in the decomposition B = |J7—; B,
as above,

(S1) each B, is locally finite, and
(S2) B, B, < B,,—1 for each n > 2.

4.4.1. Lemma. If L has a o-admissible basis then

(a) each basis of L is o-admissible,
(b) L has a o-discrete basis, and
(¢) L has a o-stratified basis.

Proof. Let A= (A,), be admissible.

(a): If B is an arbitrary basis, set B, ={b € B | Ja € A,, b < a}. Then B, < A,
and hence for B = (B,,),, * <4 y implies z < y and B is admissible.

(b): By IX.1.5 and 1X.4.4, L is paracompact and hence we have o-discrete refine-
ments B,, of A,,. Obviously B is a basis again.

(c): Again by paracompactness: each cover C' has a locally finite star-refinement
sC; set, inductively, By = sA1, Bnt1 = s(A, A By,), and consider B = |J,2| B,,.
O

4.5. Lemma. Fvery o-stratified basis is regular.
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Proof. Let B = |J,2_, B, satisfy (S1) and (S2) above with the local finiteness of

n=1
B,, witnessed by W,,. These covers can be chosen so that

W, < B, and W12W22W327
then each W,, witnesses the local finiteness of any Bj with k& < n. For a € L put
C(a) ={w | In, w e W, and B,w < a}.

(Bpn)n is admissible, and hence to prove that \/ C(a) = a it suffices to prove that
VC(a) > z for any < a. Let B,,_1x < a and let w A z for some w € W,.
Choose b € B,, such that w < b (recall that W,, < B,,), and a b/ € B,,_; such that
B,b < V. Then b’ Az # 0, hence B,w < Bpb < b < a so that w € C(a) and we
see that * < Wy < a.

Take any w € C(a), say w € W,, with B,w < a, and set

F ={b | 3k < n such that b € By, and b A x # 0}.

By (S1) and the choice of W,,, F is finite. Now let b € B be such that b A w # 0
andbﬁa. Let b € By. For ¢ € B; with j > n and ¢ A w # 0 we have ¢ < Bjw <
Bhw < a; thus, k < n. Since bAw # 0 we have b € F and hence the set from (R2)
is a subset of F. O

4.5.1. Lemma. If L is reqular and 0 # a € L is not minimal then a = \/{b | b < a}.

Proof. Set ¢ =\/{b|b < a}. Suppose ¢ < a. Take 0 # x < ¢. Then a = aN(cVz*) =
¢V (a A z*) and hence a A z* has to be a. This is impossible, though, since this
would mean that a < x*, that is, xt =a ANz = 0. Il

4.5.2. Lemma. In a regular frame, every reqular basis is locally finite.

Proof. Let B be a regular basis of L with associated subsets C(a). Then B N
{z | > a} is finite for any a # 0 since each ¢ € C(a) meets every member of
this set; let v(a) be the length of the largest chain in this intersection. Obviously
v(c) < v(a) whenever 0 < a < c.

Now define

B, ={be B | v(b) =n or bis minimal and v(b) < n}

and
Wn =U{CQ®) | be B}

We show by induction that each B, is a cover. This is obvious for n = 1 since
\V B =1 and for any b € B there are ¢ > b in B such that v(c¢) = 1. Now consider
any B, which is a cover, and a b € B,,. By 4.5.1, for each non-minimal b € B,

b=\{ceB|c<b}
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and hence v(c) > v(b) for all ¢ that occur. Further, replacing these ¢ by b. € B
such that ¢ < b, and v(b.) = n + 1 we obtain

b<\{b.|ce B,c<b}

and hence B,y is a cover.

As a result the same holds for W,,. We will now show that B,, is locally finite
witnessed by W,,. For any ¢ € W, let b € B,, be such that cAb # 0. Now ¢ € C(d)
for some d € B,,. We cannot have b < d; this is excluded in the case of minimal d
and if d is not minimal then v(d) = n and v(b) for b < d is greater than n. Thus,
b=dorb<dandascAb#0, there are only finitely many such b € B. O

4.6. Lemma. In a reqular frame, a o-locally finite basis is o-admissible.

Proof. Let B = |J.~_, B,, be a basis with locally finite B,, witnessed by W,. For
eachz € Land k=1,2,... set

zr=\V{be B, |b=<za} (Kz by4ll)
and for each w € W, and k set
{b(w,l),b(w,Z),...,b(w,lw)} ={be B, | wAb#0}, and

Sk(w) = {b(w, 1), (b(w,1)k)"} A {b(w, 2), (b(w,2)K) } A~
o Ab(w, L)y (b(w, L))" T
Let A be the set of covers
Ap ={wAs|weW,,se€S,g(w)}, nk=1,2,....

We have A,rbr < b for any b € B,,: indeed, if w A s Aby # 0 for w € W,, and
s € Sk(w) then also wAb # 0 and hence b = b(w, ¢) for some ¢, and since s Abg # 0
this implies that s < b, showing that w A s < b. Now, z = \/ z;, by regularity, and
since by <4 b as shown, A is admissible. Use 4.4.1. O

4.7. Theorem. Let L be a regular frame. Then the following statements are equiv-
alent (in (1) through (5) the classical metrization theorems thus generalized are
indicated in brackets).

(1) L is metrizable.

(2) L has a o-admissible basis (Moore).

(3) L has a o-discrete basis (Bring).

(4) L has a o-locally finite basis (Nagata-Smirnov).

(5) L has a regular basis (Archangelskij).
Proof. (1)&(2) is in 4.2.1, (2)=(3) is in 4.4.1, (3)=>(4) is trivial and (4)=(2) is
in 4.6; (2)=-(5) follows from 4.4.1 and 4.5, and finally (5)=(4) is in 4.5.2. O



218 Chapter XI. Metric Frames

5. Categories of metric frames

5.1. Proposition. The category DyFrm is monocorefiective in DgFrm.

Proof. 1f (L,d) is star-additive then by 1.5, 1d(a) < d(a) < d(a) and hence we
have contractive homomorphisms

Ur.a) = (a=a): (L,d) — (L,d).
Let (M,d’) be in DyFrm and let h: (M,d') — (L,d) be a contractive homomor-

phism. We will prove that for every b € L with d(b) < e there is an a € M such
that d’(a) < € and h(a) > b. Thus we will have a contractive

h= (a— h(a)): (M, d’) — (L,J)a

unique such that L(L7d)?L = h.

Thus let d(b) < e; we can assume that b # 0. Choose an 7; > 0 such that
d(b) < e —5m and an 0 < 5 < ny such that for all u,v with d(u),d(v) < n,
uANb#0#£vAb and d(uV v) < e — 5n. Set

S={u|unb##0,d(u) <n}.

For each u € S choose an «’ € M such that d'(u) < n and h(u’) > u. For u,v € S
choose, further, a z such that uVvv < f(z) and d'(z) < e—5n. We can have z < u/Vv'
(otherwise we can replace it by z A (v’ Vv')). Now f(u/Azx) > uA(uVv)=u#0,
hence v’ A z # 0 and similarly v’ A z # 0, and we obtain

diu' vo') <d (W Vvzv')<e—3n.

Set a = \/{v' | w € S}. Then obviously h(a) > b. Since d’ is a metric diameter
there are x,y such that t Aa # 0 # y Aa, d(x),d (y) <n, and

d'(xVy)>d(a)—n.
Choose u,v € S such that z Au' # 0 # y Av'. Now we can conclude that

da)<dxVvy)+n<d@vuVvi'Vy)+n<e—3n+2n+n=c. O

5.2. Metric sublocales. Let (L,d) be a metric frame and let h: L — M be a
sublocale map (frame quotient homomorphism). Define d: M — R by setting

d(b) = inf{d(a) | h(a) > b}.

Note that if (L,d) = Q(X,p) and if YV is a subset of X then d is precisely the
diameter on the subspace (Y, ply xy)-

5.2.1. Proposition. d is an admissible diameter on M and h: (L,d) — (M,d) is a
contractive homomorphism.
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Proof. We trivially have (D1) and (D2). Now let a,b € M and a A b # 0. Choose
a’, b’ such that h(a’) > a, h(b') > b, d(a’) < d(a) + ¢ and d(V') < d(b) + €. Then
a' AV #0and aVb< h(a V) and we have

d(aVvb) <d(a' Vb)) <d(a)+d) <d(a)+dbd)+e

and as € > 0 was arbitrary, we have (D3).
Since d(h(a)) < d(a) we have h[UZ] C UZ and hence each UZ is a cover.
Now let x <iyq) v, say Udr < y. Choose a u € M such that d(u) < ¢
and u A h(z) # 0. We have a v € L such that h(v) > uw and d(v) < e. Then
h(v Az) > uAh(xz) #0 and hence v < y. Thus, u < h(v) < h(y) and we see that
h(z) <y(qy M(y) and finally

h(y) = VIh(@) | & <uw v} < VHz | 2 S b))

and d is admissible.
The contractibility of h: (L,d) — (M, d) follows immediately from the defi-
nition of d. 0

5.2.2. Proposition. If d is star-additive then d is star-additive, and if d is metric
then d is metric as well.

Proof. 1. Let a € M and S C M be such that for all x € S, a A x # 0. Choose
2’ € L for x € S or x = a such that h(z') > z and d(2") < d(z) + . Then for
x € S obviously a’ Az’ # 0 and h(a' vV \/{2' | z € S}) >V S. We conclude that

dlavVS) <d(aVvV{z'|zeS}) <d(a)+sup{d(z') +d(y) | z,y € S}
<d(a) +sup{d(z) +d(y) | z,y € S} + 3.
II. Now let d be a metric diameter. Take a € M, a # 0, and an € = 4n > 0. Set
S={xeL|dx)<nand h(z)Aa#0}.

Since U is a cover we have h(\/ S) > a.
By 1.4(c) there are z,y € S such that
AV S) <d(zVy)+n.

Set w = h(x) and v = h(y). Then u,v # 0 by the definition of S. Consider a z € L
such that
h(z) >uVo and d(z) <d(uVov)+mn.

Then h(z Ax) > u # 0 and hence z A x # 0, and similarly z Ay # 0 and we have
d(a) <d(\/S) <d(zVy)+n<dlxVzVy)+n
<d(z)+d(z)+dy)+n<duVvv)+4n=duVv)+e. O
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5.2.3. Proposition. In any of DFrm, DsFrm or DyFrm, each morphism
h: (L,d) — (M,d)
can be decomposed as

f g

h= ((L,d) > (L,d) > (M, d"))

with f surjective and g one-one.
Proof. Decompose the frame homomorphism h as

=C
L D osrL=nrn Tsum

and endow L with the diameter d as above. Now let b € M, d’'(b) < e. Take an
a € L such that h(a) = g(f(a)) > b and d(a) < e. Then for a = h(a) = f(a),
g(a) > b and d(a) < e. Thus, also g is contractive. O

5.3. Coproducts. This will be slightly more technical. We will need an auxiliary
category
PsFI‘m

of star-additive prediametric frames. The objects (L, d) satisfy (D1), (D2), (DS),
and the admissibility condition is replaced by

Vac L, a< '\ <. (p-adm)
e>0

Further, we will need the following consequences of the adjunction between UZ(—)
and <¢(—) (recall 1.1.1):

- <1§ preserves meets,
— if ¢ <7 then <¢ > qf, (since obviously Uda < Uﬁ,la)7 and
- <1g+,7(a) < qg(qf](a)) (since obviously Ug(U;‘,la) < Ug+na).
5.3.1. Lemma. DgFrm is epireflective in PgFrm.
Proof. For (L,d) € PsFrm consider
Ra={(VUZ,1) | &> 0},

set L = L/Ry (recall 1I1.11), and define d as in 5.2. Then d is a star-additive
diameter in L and the quotient homomorphism

R = H(L,d): (L, d) — (L, d)
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is contractive (the same reasoning as in 5.2.1 and 5.2.2 shows that d satisfies (D1),
(D2), (DS) and (p-adm), and that  is contractive; because of the definition of
Rg, U2 are covers, and hence in particular also a > \/__,<%a).

Now let (M,d’) be in DgFrm and let h: (L,d) — (M,d") be a contractive
homomorphism. Take an & > 0. For each b € M with d’(b) < ¢ there is an a € UZ
with h(a) > b. Thus, h(\/ U%) > \/ U4 =1 so that h respects Ry and by II1.11.3
there is precisely one h such that h -k = h. O

5.3.2. Let (L;,d;), i € J, be in DgFrm. We will use the construction (and notation)
from IV.4 with the whole of [],.; L; instead of H;eJLh and with the relation R
extended to

Ry :RU{(U L(diai)ie,],ia) ‘ a € HLZ}
e>0 icJ
where we abbreviate '
4?" to <.

We denote

L= ’D(H L;)/Rgq, and [i: ’D(H L;) — L the quotient morphism,
ieJ ieJ

and further define (notation from IV.4.3)
;= pak;: Lj — L
Because of the R-part of the relation R,
v are frame homomorphisms.

It is easy to see that the saturated elements U C Hl L; are the down-sets such
that (using the symbol *; from IV.4.2)

(S1) for all j and {z* | k € K} C L; and for all u € [[, L;

{a"*ju| ke K} CU = (Va¥)xuel,
k

(S2) if (<i(aj) Axj); € U for all e > 0 then a Az € U.
(Compare (S1) with the saturation condition in IV.4.3.)

5.3.3. Set 4
ﬁ:{uEHLi | Ve >0 3j, <lu; =0}.
=
Note that this is bigger than the n from IV.5.1; but combining the two saturation
conditions (taking into account the empty K again) we easily infer that

each saturated U contains 1.
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‘We have

Lemma. 1i(()) = n, and for each a € [, L;, ji(la) = |aUn.
Proof. We need to show that n and |a Un are saturated.

n: Let {z¥ ; u | k € K} C 1 and suppose that for z = \/, z¥ there is an ¢ > 0
such that for each i one has <'(z *; u) # 0. Thus in particular \/, 2* # 0 and
diu; # 0 for i # j. But then for some k and 0 < n < ¢, qﬁ](x’“ *;u) # 0 for all 4.

Let bAx ¢ 1. Then there is an € > 0 such that <_(b; A z;) # 0 for all j and
consequently

A (<L (by) Azj) = (b)) A<(zy) = Bbo(by) Ae() > <G (bj Aay) #0

and hence (<Z(b;) A z;) ¢ 1.

laun: Let for z = \/, 2%, 2 %; u ¢ |a Un. Thus, there is an e > 0 and an 7 € .J
such that (z*;u), £ a, and <'(x*;u) # 0 for all i. If = j we have a k such that
zF £ a; so that also for some 0 < 7 < ¢, qg'@k % a;, and <12](fo *j u) # 0 for all d.
If r # j take an 7 <e and a k such that q%(xk) # 0. Since q}](xk 5 u) = < (u;)
for i # j we have <1§7(a:k) # 0 for all i, and u, = (2 *; u)r # a,.

Let b Az ¢ |aUn. Then, first, b Az ¢ n and hence for some ¢ > 0,
(<tb; A x;); ¢ n. Further, there is an r such that b, A x, £ a,, and hence for
some 0 < 7 < ¢ we have <} (b, A x,) £ a,. Thus, (qﬁlbi Ax;)i € laUn. O

5.3.4. Similarly as in IV.5.1 we will write
@;a; or @a; for |(a;); Un.

From the saturatedness condition (S2) we immediately infer

Fact. For each a € [], L; one has \/ . o(® <t (a;)) = ®a;.
5.3.5. Define d on L by setting

dU) = inf{supd;(a;) | U C @a;}.
J

Set <. = <§. We have

Lemma. For each a € [[; L; and each € > 0,

@ <L (a:) < <(Day).
Proof. Let d(U) < ¢ and UU®<t (a;) # n. Thus there is an z such that U < |[zUn
and d;(x;) < ¢ for all i. Hence |z N |(<l(a;)); # 10 so that z; A <¢(a;) # 0 for all 4,
and hence z; < a;, and finally U C |a Un = ®a;. O
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5.3.6. Proposition. d is an admissible star-additive prediameter on L and the ho-
momorphisms ©;: (L;,d;) — (L,d) are contractive.

Proof. (D1) and (D2) are obvious and (DS) easily follows from the fact that Ga; A
®b; # 0 (that is, n) only if a; A b; # 0 for all 4.
By 5.3.5 and 5.3.4 we have
V <) > \/ Vi{<e(®a;) [a €U} > V V{® < (a;) | a €U}

e>0 e>0

=\/{6\>/0€B<§ (a;) lae Uy =V{®aq; |ac U} =U

proving (p-adm). Finally, if d(U) < ¢ take an a = (a;); with dj(a;) < e such that
U C |aUn; we have 73(ar) > ®a,. O
5.3.7. Lemma. Let (M,d) be in DsFrm and let f;: (L;,d;) — (M,d) be con-
tractive homomorphisms. Then there is precisely one contractive homomorphism
g: (L,d) — (M,d) such that gt; = f; for all j.

Proof. 1. First we will prove that there exists a contractive homomorphism
f:(L,d) — (M,d) such that

(a) f; = f; amd

(b) f(®ja;) = Veso N, fi(<E(ay)).

Define h: ®([[..; Lj) — M by setting

hU) = V{E\>/0 /E\ fi<(aj) |a€ U}
Obviously h(UJ, Ur) = V;, M(Uk), h(1) = 1 and h(U; N Uz) < h(Ur) A h(Us) and
since, further

h(U) AR(U2) =V{V Afi<l(a })AV/\fj @ (a3) | a' € Ui}

e>0 j

—V{V ASy<(al na?) | ai € U} < h(Th N T2),

e>0 j

jeJ

h is a frame homomorphism.
If \/, a¥ = a; and af = a; for i # j then

h(LkJ la") =V h(la*) =V V A fi< (af)

k e>0 14
=V VA fist(ai) A fi <L (a) = V (A fi<t (az)/\fyqj(\/a))
e>0 k i#j e>0 i#j
— VAL @AV HLVE) = VA fid @) AfV V@)
e>01i#j e>0 k e>01i#£j k >0

A Jost @) A dyfas) 2 bila) 2 AU L")
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Using 5.3.4 we obtain

MU L<L(a); = V bl <L (a5);) = V VA Fi(<)) <L (ay))

e>0 e>0 e>0n g
>V VAL ) = V Afilay) = h(la).
e>0mn j e>0 j

Thus, h respects the relation R4 and hence there is a frame homomorphism f: L—
M such that f -7 = h. In particular we have f(Ba;) = h(la) =V oo A; f; < (aj).
Further,
fi5(ag) = fiiag +; 1) = h(1(a; %5 1)) = V fj <L (a5) = f3(V <Llay)) = fi(ay)-
e>0 e>0

Finally let d(b) < e. Choose 1 > 0 such that d(b) < € — 2n. There exist z; € L;
such that d;(z;) < ¢ —3n and f;(z;) > b. Put a; = Uf,lj:cj. Since d; are star-
additive, we have d;(a;) < e. Now d(®a;) < e and b < A fi(<(a;)) < f(Day).
Thus, f is contractive.

IT. Now let a contractive homomorphism g: (E, c?) — (M, d) be such that gz; = f;
for all j.

Claim. For all € > 0, <lg(/\j fi <€ (aj)) < g(®aj).
(Indeed, let b # 0 be such that d(b) < £ and b < f;(</(a;)) for all j. Since g is

contractive, there is a ¢ such that d(c) < e — hence, d;(c;) < e —and b < g(®c;).
We have ¢; A< (a;) # 0: else b = f;(c;) Ab < fi(c;) A fj(<(a;j)) = 0 contradicting
the assumption. Thus, we have for all j, ¢; < a; and b < g(&¢;) < g(®a;). Now

(N Fi <L (a7)) <V{b| d(b) < e and b < f;(<L(a;))}

and hence the inequality follows.)

Since for n < e we have

G (fi(<L(ay)) < < (fi(<L(ay))) < g(Day)

it follows that A\, f; < (a;) < g(®a;) and we conclude that

f(®az) < VA fj < (a)) < g(®ay).

e>0 j

On the other hand,

9(®a;) = g(V ® <L (a;)) = V g(& < (a5))

e>0 e>0
= \>/Og(/\@ < (a5)) < \>/O/_\fj < (aj) = f(®ay).

Since the elements ®a; form a basis of Z, f=g. O
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5.3.8. Theorem. The categories DsFrm and DyFrm are cocomplete.

Proof. For a system (L;,d;), i € J, in DsFrm consider the (L, d) from 5.3.2 and
5.3.5, and define ¢, @ and d by taking the reflections

L’j:(Lﬁdj)_)(QLiad) of Z} (Ljadj)_><zacj)
1€.
by 5.3.1. Then, by 5.3.7, the system

(10 (L) = (@ Lia)

icJ

is a coproduct in DgFrm.
Let f,g: (L,d) — (M,d') be morphisms in DgFrm. The quotient homomor-
phism
k: (M,d)— (M/R,d") with R={(f(a),g9(a))|aec L}

and d’ as in 5.2 constitutes by 5.2.1 and 5.2.2 a coequalizer in DgFrm. Thus we
have coproducts and coequalizers, and hence DgFrm is cocomplete (see AIL.5.3.2).
Consequently, also DyFrm is, by 5.1 and AIIL.8.3. g

5.4. Finite coproducts. Let (L;,d;), i =1,2,...,n, be in DgFrm or in DyFrm.
5.4.1. Lemma. Consider the relation R and the quotient map
p ([ L) =[] L)/R
i=1 i=1

from IV.4. Then for all a € []; L; we have
My l(<Lay);) = n(la).

Thus i coincides with the i from 5.3.2.
Proof. We have

U= U l(<ar,....,a)= U U - U W< ar,<Cas,....<C an)

e>0 £1>0e2>0 en>0

(consider € = min{ey,...,e,}). Thus, we obtain

UR U-~Ul(a1,<1§2a2,...,<1?nan) R U~~~Ul(a1,a2,<€’3a3,...,qgnan) R

€2 En €3 En

R (a1, 001,47 an)) R [(ay,...,a,)

so that the second part of Ry in 5.3.2 is in our case redundant. g
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5.4.2. Lemma. For the system ((Li, d;))i=1,2,...n the prediameter d is a diameter.

Proof. We have d(®a;) = max{d;(a;) | i =1,2,...,n} and hence

1=1

and the latter is obviously a cover. O

5.4.3. Proposition. Finite coproducts in both DsFrm and DyFrm are the standard
coproducts of frames as in IV.4 endowed with the diameters

d(U) = inf{maxd;(a;) | U C Pa;}.
Proof. In the finite case, H; L; coincides with [, L;. By 5.4.1 we have
L=L& &L,
as in IV.4. Since d is by 5.4.2 a diameter, the reflection from 5.3.1 is now identical.

Finally, because of the coreflection from 5.1, the coproducts in Dy Frm are obtained
as in DgFrm. 0



Chapter XII

Entourages. Asymmetric Uniformity

The uniform structure as discussed in chapters VIII and X is an extension of
the classical one introduced by Tukey ([259]) in 1940. This was, however, not
the first approach to modeling uniform phenomena as known from metric spaces.
It was preceded by the Weil uniformities ([272], 1938) based on distinguished
neighbourhoods of the diagonal of the space in question, the so-called entourages.
In fact in the first decades the topologists preferred the Weil model and it took
until 1964 when the cover approach was brought to the focus of interest by the
celebrated Isbell’s monograph [135].

In this chapter we will discuss, first, the point-free variant of the entourage
uniformity. It should be emphasized that, unlike the cover one, which is a genuine
extension (covers correspond precisely to the classical concept), here we have,
rather, an imitation: localic products L x L (frame coproducts L @ L) do not
precisely correspond to products of spaces. Nevertheless, the two structures are
equivalent and produce the same class of uniform homomorphisms. Due to the
nature of the frame coproduct this equivalence is a deeper fact than the classical
one (and it is in fact somewhat surprising: the square of the underlying locale —
coproduct of the frame with itself — is, first, by far not such a simple structure as
the square of spaces X x X, and, second and more important, in the spatial case it
does not generally correspond to the space X x X) and can be used to advantage
(e.g., we will see an instance in Chapter XV where the uniformity of certain maps
is almost immediate when using entourages while one does not really know how
to prove it in terms of covers).

We have already mentioned that the entourage principle predominated in the
first decades. Surprisingly enough, one of the most important features seems to
have played little or no role in the preference. At least until 1948 when Nachbin
([186]) observed that dropping the symmetry requirement (which is impossible in
the inherently symmetric cover definition) leads to a rather interesting structure
that, a.o., can be carried by general spaces, not only by completely regular ones.
A non-symmetric modification of the cover approach turned out to be possible,
after all, much later (Gantner and Steinlage [111], 1972); it did not find a general

J. Picado and A. Pultr, Frames and Locales: Topology without points, Frontiers in Mathematics, 227
DOI 10.1007/978-3-0348-0154-6_12, © Springer Basel AG 2012
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response, probably because in the classical setting there was not much demand
for it (unlike in the point-free setting). The non-symmetric uniformities will be
treated in the second part of this chapter.

1. Entourages

1.1. Entourages. Let L be a frame. An entourage in L is an element £ € L @& L
such that
{u|uvdu<FE}

is a cover of L.
The composite of entourages E and F' is given by

EoF=\{a®c|3#0, adb<Fandbdc<F}
(1.1.1)
=\V{a@c|I#0, (a,b) € Fand (b,c) € F}.

A word of caution: unions of saturated sets are not necessarily saturated
and the join above is typically bigger than the corresponding union.

Evidently this definition makes sense for arbitrary E,F € L & L, and the
operators E' o (—) and (—) o E are clearly order-preserving.
For an entourage E set

B~ = {(a,b) | (b,a) € E}

(which is obviously an entourage again). An entourage E is symmetricif E~! = E.

1.2. Proposition. Let a,b € L and E,F € L ® L. Then:
(a) (a@b)"t=bda.
(b) (EoF) ' =FloE 1L
Proof. (a) is obvious.
(b): By (a), it suffices to check that
(VE) =V (@E)!
i€l iel
for every {E; | i € I} C L @ L. Of course, E; ' < (Vier Ei) 7! for every i € I. On

the other hand, ifEi_1 < Fforeveryi € I then E; < F~! and thus \/iel E; < F~1,
that is, (\/,c; Bi) "' < F. 0

1.3. Proposition. For each entourage E of L we have:

(a) E < E o E; more generally, for any entourage E and any F € L @ L,
F<(EoF)N(FoE).
(b) If E is symmetric and 0 # a @b < E, then (aVb)@® (aVb) < EoE.
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Proof. (a): It suffices to show the inequality F' < F'o E (the inequality FF < Eo F
may be proved in a similar way). Let a ® b < F and b # 0. We have

b=V{drAu|udu<E}=\{bAu|udu<E, uAb#0}.

Now we have, for bAu # 0, a® (bAu) < F and (bAu)® (bAu) < E, hence
a® (bAu) < FoFE and hence

adb=ad\V{bAu|udu<E}=\V{ad(bAu)|udu<E}<FoE.

(b): Let a® b < E, so that also b@® a < E and hence a ® a,b b < E o E; since
a,b#0,by (a) also a b, bPa < EoFE. Thusa® (aVd) < E,b®(aVb) <FE
and finally (a V) ® (aVd) < E. O

1.4. Remarks. (1) By the formula for A* in V.2.1 it follows that an E € L& L is
an entourage if and only if A*(E) = 1. Therefore, E is an entourage if and only if
the diagonal A: L — L @ L factorizes through the embedding jg: o(E) — L@ L:

L

ar

Indeed, if jpf = A then A*(E) = f*j5(E) = f*(1) = 1. Conversely, if
A*(E) =1 then, for every z € L,

E — A(z) = AAY(E) - z) = A(1 — z) = A(x).

Thus A(z) € o(E) and, by Proposition I1.2.3, A: L — o(E) is localic.

Using Corollary IV.5.2.1, we may then conclude that the collection Ent(L)
of all entourages of L is completely described by the open sublocales o(E) of the
product locale L & L for which the diagonal A: L. — L & L factorizes through the
embedding jg: o(F) — L& L.

This shows that the entourage definition in 1.1 is just a mimicking (or an
extension by analogy) in the category of locales of the classical definition. In fact,
recall VIII.1.1: an entourage of a set X is a subset E of X x X for which the
diagonal Ax: X — X x X factorizes through the inclusion £ — X x X:

X

3f
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(Recall further that the entourages of a uniform space (X, &) that are
open in the product topology X x X constitute a basis for the uniformity
£ 83].)

(2) There is also a categorical justification for the formula (1.1.1). Indeed, in any
category C with finite limits and images, a relation

r: X +Y
is a subobject r: R — X X Y, or equivalently, a pair (r1: R — X,ro: R — Y)
of morphisms with (r1,72): R — X x Y a subobject [106]. The composite s o r of
r: X +Y and s: Y - Z is the image of

(ry-sy,80-1h): Rxy S — X X Z,

where (R xy S, s},74) is the pullback of (rq, s1).

RXyS
R\ S
X Y Z

Now, when applied in Loc to relations defined by open sublocales this composite
is given precisely by the formula (1.1.1) (see [93] for the details).

(3) Notice also that the inverse E~! of an entourage E is precisely 7*(E) where
r is the automorphism L @& L — L & L interchanging the two product projections
L L — L:
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2. Uniformities via entourages

2.1. The “uniformly below” relation. If F is an entourage (resp. £ a set of en-
tourages) write

b<dga if Fo(b®b)<ada, and b<ga if JE €&, b<dpa.

This is the entourage counterpart of the “uniformly below” relation <14 of VIII.2.3.

2.1.1. Remark. By 1.2, in case € is symmetric (i.e., E € £ = E~! € £) then
b<gaiff IE €&, (bdb)oE<ada.

2.1.2. Proposition. Let £ be a set of entourages of L. Then:

(a) a<b<gc<d=a<gd.
(b) If for any E1,Ey € & there is an F € & such that F < E; N Ey then
a <g bl,bg = a <g (bl /\b2) and ai,as <g b= (a1 \/a2) g b.

Proof. (a) is obvious.

(b): From Fjo(a®a) < by @by and Ey 0 (a® a) < (by @ by) it follows that

(E1NEs)o(ada) (Eio(a®a))N(Fyo(a®a))

<
< (b1 @b1) N (b2 @ b2) < (b1 Aba) @ (by Abz).
The other assertion may be proved similarly. O

2.2. Admissible systems. A system of entourages £ of L is said to be admissible if
Vee L, z =\{y|y<e x}.

2.3. Entourage uniformity on a frame. An entourage uniformity on a frame L is
a non-empty admissible set of entourages £ such that

(E1) if E€ & and E < F then F € €,

(E2) f E,F € £then ENF €&,

(E3) if £ € £ then B~ € £, and

(E4) for every E € € there is an F' € £ such that F o FF < E.

An entourage uniform frame is a couple (L, ) where £ is an entourage uni-
formity on L.

An entourage uniformity £ is often described by a basis £, that is, a subset
&' C & such that
E={F|E<Fforan E €'}
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Note that an entourage uniformity has for instance the basis constituted by the
symmetric entourages: indeed, for a general E consider the E~'NE < E.

2.3.1. Example. Let (L, d) be a metric frame. For any real ¢ > 0 let
E.=\{z®z|d) <&}
The family (E:)e>0 is a basis for an entourage uniformity on L.
2.3.2. For an entourage E define
E=\{udu|udu<E}.
It follows immediately from 1.3(b) that
if £ is a uniformity then for each E € &, E€E.

2.4. Uniform homomorphisms. For any pair of frame homomorphisms f;: L; —
M; (i =1,2) let f1 & f2 be the unique morphism from Ly & Lo to My & Ms that
makes the following diagram commutative.

ur ur

Ly ! >[1® Loy < : Lo
f1 f1®f2 fa
' wnr, \ Unty v
M, > My ® My < M,

Clearly,
(ho (Vo) = V (Al o £0).

JjeJ JjeJ

Let (L,&), (M, F) be entourage uniform frames. A uniform homomorphism
h: (L,E) — (M, F) is a frame homomorphism h: L — M such that

(h®h)(E)eF forevery E €€. (2.4.1)

The motivation is clear: recalling I11.7.3 this means, in terms of open
sublocales, that (h@h)_1(o(E)) = o((h@h)*(E)) € & for any o(E) € F.

When the uniformities are replaced by their bases (usually very naturally
described) the formula (2.4.1) is modified to

VE € £ 3F € F such that (h® h)(E) > F. (2.4.2)
The resulting category of entourage uniform frames and uniform homomor-

phisms is denoted by
EUniFrm.
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3. Entourages versus covers

3.1. In this section we will prove that the concepts of entourage uniformity and
covering uniformity (from Chapter VIII) are equivalent in the sense that there are
natural translations of one into the other, with satisfactory properties (for instance
frame homomorphisms are uniform iff they are uniform when the uniformities are
replaced by the associated ones).

Recall from the preamble to this chapter that while the cover uniformities
are genuine generalization of the classical ones, the entourage ones are, rather,
just an analogy of the classical definition (since products of locales — coproducts
of frames — do not quite correspond to products of classical spaces). Hence the
fact of equivalence is somewhat deeper than it sounds.

3.2. The following will play a crucial role.

3.2.1. Lemma. Let U be a cover of L and let t®y < \[{u®u | u € U}. Let y # 0.
Then x < Uy.

Proof. We have

zay=V{urz)®unry) |uvel}
=V{urnz)ewAy) |luel, uhy#0} < (UyAhz)Dy.

Thus, if y # 0, z <z AUy, and finally z < Uy. O

3.3. Translations. For a cover U define an entourage Fy, and for an entourage
define a cover Ug as follows:

Ey=\{z®z|zeU}, Up={z|rdz<E}

This correspondence is of course not one-one but we have the following

3.3.1. Lemma. (a) U < Ug, <UU.
(b) E=Ey, <E.

Proof. (a): If x @ < Ey then for any ug € U such that ug A z # 0 we have, by
3.2.1, x < U(ug A xz) < Uugp. Thus,

Ug, ={z|z®z < Ey} <UU.

On the other hand, trivially, U < Ug, (because U C Ug,).

(b): We have, by the definitions, Ey, = \/{z @z | 2 ® 2 < E} = E. O
3.3.2. Lemma. (a) Ub<a = b<g, a.

(b)b<gpa = Ugb<a.
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Proof. (a): Let Ub<aandlet t@y < Ey and y® 2z < b®b for some y # 0. Then
z®y <V{udu|uweU}and by 3.2.1, 2 <Uy. Thus, 2@ 2z < Uy®b < Ubdb <
ada.

(b): Let u e Ug and uAb# 0. Then u® (uAb) < Eand (uAb)®b<bdb, and
hence u @b < Eo (b®b) < a® a; thus, as b # 0, u < a and we conclude that
Ugb < a. O

3.3.3. Lemma. Let U be a cover and let E be a symmetric entourage. Then:

(a) EU OEU S EUU'
(b) If(FoF)o(FoF)<E then UpUp < Ug.

Proof. (a): Take an © @ z < Eyy o Ey; hence there is a y # 0 such that @y < Ey
and y @ z < Ey. Choose a u € U such that u Ay # 0. Since x ® (uAy) < Ey and
(uANy) ® z < Ey we obtain from 3.2.1 that z ® 2 < Uu® Uu < Eyyp.

(b): Set Fi = FoF'. Fix au € Up and take an arbitrary v € Up such that uAv # 0.
Then because of uAv # 0, v ®u < F} = F o I and since F} is saturated,
Uru®du=N{v|vAu#£0}) ®u<F.

Since F' is symmetric, F; is symmetric as well and hence by 1.3(b) Upu & Upu <
FioF, <E,and Urpu € Ug. O

For an entourage uniformity & set
UgZ{V|VZUE, EES}
and for a cover uniformity U define

Su={F|F>Ey, Ucl).

3.3.4. Theorem. The correspondences €& +— Ue and U — &y constitute a one-
one correspondence between the entourage uniformities and the cover ones. More
explicitly, &y, = € and Ug, =U.

Proof. By 3.3.2, <yy = g, (and <g = <, ). Thus, if any of the associated
uniformities is admissible then the other is as well.

By 3.3.1 we have the formulas &y, = £ and Ug,, = U.
Thus, it remains to be proved that the systems Ug and &, are uniformities

(of their types). Condition (E4) follows from 3.3.3(a) whereas (U3) follows from
3.3.3(b); the other facts are straightforward. O
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3.4. The concrete isomorphism UniFrm = EUniFrm. As we now show, the trans-
lation above between entourages and covers provides a concrete isomorphism be-
tween the concrete categories UniFrm and EUniFrm.

3.4.1. The functor ®: UniFrm — EUniFrm. The following proposition yields a
functor
®: UniFrm — EUniFrm.

Proposition. (a) Let (L,U) be an object of UniFrm. Then (L, &y) is an object of
EUniFrm.

(b) Let h: (L,U) — (M,V) be a morphism of UniFrm. Then h is a EUniFrm-
morphism (L,&y) — (M, Ey).

Proof. (a) was already proved in 3.3.4.

(b): Consider an E € &y. Then Ug € Ug, = U so h[Ug] € V = Ug,,, that is,
h[Ug] > Up for some F € &,. Since F € &, (recall 2.3.2), it now suffices to show
that (h @ h)(E) > F. Let v@® v < F. Then v € Up and hence there is a u € Ug
such that v < h(u). Then v v < h(u) ® h(u) < (h®h)(udu) < (h® h)(E) and
hence (h & h)(E) > F. O

3.4.2. The functor ¥: EUniFrm — UniFrm. In the reverse direction we have:

Proposition. (a) Let (L,E) be an object of EUniFrm. Then (L,Ug) is an object of
UniFrm.

(b) Let h: (L,E) — (M,F) be a morphism of EUniFrm. Then h is a UniFrm-
morphism (L,Ug) — (M,Ur).

Proof. (a): See 3.3.4.

(b): Consider a U € Ug and a V € Ug such that VV < U. Then Ey € &, =& so
(h® h)(Ev) € F = &uy, that is, (h @ h)(Ev) > Ew for some W € Uz. It then
suffices to show that h[U] > W. Take aw € W. Then wdw < \/{h(v)Bh(v) |v €
V} and hence, by 3.2.1, if we take a vg € V such that y = w A h(vg) # 0 we
obtain that w < h[V]y < h[V]h(vg) < h(Vvy) < h(u) for some u € U. Thus,
W < h[U]. O

It follows immediately from 3.3.4, 3.4.1 and 3.4.2 that

3.4.3. Corollary. The functors ® and ¥ establish a concrete isomorphism between
the concrete categories UniFrm and EUniFrm. |
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4. Asymmetric uniformity: the classical case

4.1. Entourages. The study of quasi-uniformities began in 1948 with Nachbin’s
investigations on uniform preordered spaces (see [186] and [188]). The classical
theory of quasi-uniform spaces — as opposed to the theory of uniform spaces — is
usually presented in the literature in terms of entourages: a quasi-uniformity on a
set is defined just by dropping the symmetry requirement from the set of axioms
of Weil for a uniform space (see Chapter VIII, Section 1). This is a theory which
has achieved much success (as a justification for this statement see, for example,
[169] and [170]). We refer the reader to Fletcher and Lindgren ([103]) for a general
reference on quasi-uniform spaces.

Let X be a set and let U be a family of entourages (i.e., reflexive relations)
of X. The pair (X,U) is a quasi-uniform space provided that:

(1) VvoUueu = Vel,

2)U,Vved = UNVel,and
(3) for every U € U there is a V € U such that VoV C U.

One has then two associated topologies %1 (U) and T (U):

e an M C X is %1(U)-open iff for each x € M there is a U € U such that
Ur={y| (y,x) €U} € M, and

e an M C X is To(U)-open iff for each x € M there is a U € U such that
2U=Uto={y| (z,y) eU} C M.

We have thus the induced bitopological space
(X, T1(U), T2 (U)). (4.1.1)

A map f from a quasi-uniform space (X,U) to a quasi-uniform space (Y, V)
is uniformly continuous if (f x f)~'[V] € U for every V € V. Each uniformly
continuous map f: (X,U) — (Y,V) defines immediately a bicontinuous map
[ (X, 21 (U), %2 (U)) — (Y, Z1(V), T2(V)) (see 5.1 below).

4.2. Paircovers. The symmetry axiom is not explicit in the definition via covers of
a uniformity (Chapter VIII, Section 1). In order to describe quasi-uniformities via
covers, since covers are present in the form of sections of entourages and entourages
are no longer symmetric, one is forced to consider pairs of covers interlocking
each other. This cover-like approach for quasi-uniform spaces was introduced by
Gantner and Steinlage ([111]). A conjugate pair of covers (briefly, paircover) of a
set X is a subset U of P(X) x P(X) satisfying

U{Ul NUy | (Ul,Uz) S Z/{} = X.
The paircover U is called strong if, in addition,

Uy NUy # 0 whenever (Uy,Us) € U and either Uy # 0 or Us # ().
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Let U and V be paircovers. A paircover U is a refinement of a paircover V (and
one writes U < V) if for each (Uy,Uz) € U, there is (V1,V2) € V with U; C V4 and
Us C V. Further,

UNY ={(U1NnWV,UsNWa) | (U1,U2) €U, (V1,Va) € V}.
Finally, we write for a paircover i and a subset A C X (resp. an element x € X)
Ux A=U{U1 | (U1,U2) €Ud and Us N A # 0} (resp. U xx = U * {z})
and
AxU={Us | (U1,Us) €U and Uy N A # 0} (vesp. wxU = {x} xU).

Now, a non-empty family 4 of paircovers of a set X is a quasi-uniformity on
X provided that:

(C1) U € hand U <V implies V € 4,

(C2) if U,V € 4 then there exists a strong paircover W € 4l such that W <U AV,
and

(C3) for each U € 4 there is a V € U such that
Vi={WV *« V,Va x V) | (V1, V) € V} < U.
For the associated topologies, a set M C X is:

o Ty (4h)-open iff for each x € M there is a U € U such that U * x C M,
o Ty(U)-open iff for each x € M there is a U € 4 such that x « U C M.

The correspondence between entourages and (strong) paircovers that pro-
vides the equivalence between the two approaches is the following:

If U is a paircover of X then U/ determines an entourage
Ry = U{U1 x U2 | (U1,U2) eU};
conversely, for any entourage R of X, R determines a strong paircover Ug given by
Ur ={(zR,Rz) |z € X }.

The two definitions of quasi-uniformity are then easily seen to be equivalent (see
[111)).

A mapping f: (X, ) — (YD) is uniformly continuous if

for each V € B, f~ V] = {(f~'Va], f 1 [Va]) | (Vi,V2) € V} € AL,
We denote the category of quasi-uniform spaces and uniformly continuous maps by
QUnif.
We have

4.2.1. Fact. A uniformly continuous mapping f: (X,) — (Y,D) is continuous in
the associated bitopologies, that is, f: (X, T1(U), T2(U)) — (V,Z1(V), T2(Y)) is a
bicontinuous mapping.



238 Chapter XII. Entourages. Asymmetric Uniformity

Proof. Tt suffices to show that f: (X, ;L)) — (Y, T;(V)) is continuous for ¢ = 1
(the case i = 2 can be treated similarly).

Let M C Y be T1()-open and x € f~[M]. There is a V € U such that
Vxf(x) € M and, by hypothesis, f~'[V] = {(f~'[V1], f'[V2]) | (V1,V2) € V} € 4.
It suffices to show that f=1[V]«x C f~1[M]:

/- []*f—U{f 'l (W, Ve) € V,z e fH1R]}

UMW (Vi Ve) eV e fTHVA]Y)
=f_1(V*f($))£f_1[M]~ 0
4.2.2. Note. In particular this means that
[ (X, T W)V Tae) — (V. T (D) V T2(D))

is continuous.

4.3. Take a quasi-uniformity { on a set X and a bitopology (71,72) on X. What
makes il to induce (71, 72) as the associated bitopology?

First we will see that one can restrict the quasi-uniformity i to a system
of open paircovers, that is, paircovers U such that U; € 7; (i = 1,2) for every
(U1,Us3) € U. More precisely, we have

4.3.1. Proposition. For each U € $L define int(U) as the system of all pairs of
interiors (int., (Uy),int,,(Us)) of the pairs (Uy,Us) € U. Set int(U) = {int(U) |
U e U}, Then

(a) each int(U) is in & and (of course) int(U) < U,

(b) @ mapping f: (X, ) — (Y,0) is uniformly continuous iff

for each V € int(B), {(f~[Vi], f'[Va]) | (Vi, V) € V} € int (L),

(c) int(Lh) satisfies the conditions (C1)—(C3) above, with the proviso that in (C1)
we consider only the open paircovers V > U.

Proof. (a): For U € 4 consider the V given by (C3). We show that V < int(i),
which suffices to prove the assertion. So suppose (Vi,V2) € V; by assumption,
there is (U1, Us) € U such that V « V3 C Uy and Vo %V C Us but this also shows
that V; C int,(U;) (i = 1,2) since x € Vi implies Vxa C V xV; C Uy and,
similarly, z € V5 implies z %V C Vo %« V C Us.

(b): Let V € int(V) and (V4,V2) € V. By (a), V € . By assumption, f~'[V] € 4.
But by 4.2.1, int(f~[V;]) = f~1[Vi] (i = 1,2). Hence f~1[V] € int(4).

Conversely, let V € . Since by (a) int(V) <V, then

VAL VR | (VL Ve) € int(V)) € int(4) C 4L
Hence f _1[]2] e .
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(c): Let us show that int(4l) satisfies conditions (C1)—(C3).
(Cl): IfU € int(U) and U < V with V open then, by (a), V € 4 and
therefore V € int(4l), since int(V) = V.
(C2):  Obvious since U AV is open whenever U and V are open.
(C3):  Let U € int(4h). Consider V € i such that V* <U. For each

(int, (V4), int,, (V2)) € int(V)
with (V1,V2) € V, we have

int(V) * (int,, (V1))
= U{intn (Wl) ‘ (Wl, Wg) eV,
int,, (W2) Nint-, (V1) # 0} CV* V3.

Similarly, (int,, (V2)) * int(V) C V5 * V. Then, from V* < U it follows
immediately that (int(V))* <U. O

4.3.2. Note. For each U C X let U° denote the interior of U with respect to the
topology 71 V T2. Then, since int,, (U) C U°, it follows immediately from 4.3.1(a)
that each U° = {(U?,US3) | (U1,Us) € U} < U is also in 4 and that the collection
U = {U° | U € U} satisfies conditions similar to (b) and (c) in 4.3.1.

Second, we have the following property of the open sets.

4.3.3. Proposition. (a) U € 71 iff U = J{V € 1 |UxV C U for some U € int(Hh)}.
D) Uen iff U={Vern|V+UCU for somel € int(H)}.

Proof. We prove only the first equivalence, the second can be proved in a similar
way. The union is trivially in 7. Now let U € 7y and let x € U. Hence there is
a W € i such that W« x C U. By the preceding proposition there is an open
paircover V € i such that V* < W. Take a (V1,V2) € V such that x € V4 N Va,
and a (Wi, Ws) € W such that YV« V; C Wy and VoV C Wa. Then o € Wy NW,
and hence W7 C U. Thus, for each x € U we have a V € U and a V; € 71 such
that z e Vi CVx V3 C W, CU. O

5. Biframes

5.1. Bitopological spaces. Bitopological spaces (briefly, bispaces), introduced in
1963 by Kelly ([162]), and studied by many authors since then, play an important
role in point-set topology. Their point-free counterpart are the biframes introduced
by Banaschewski, Briimmer and Hardie in a 1983 article ([24]).

A bispace (or bitopological space)

(Xu Z1712)
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is, as before, a triple consisting of a set X and two topologies ¥; and T3 on X. A
bicontinuous map
fr(X, %, %) — (Y, 9, T5)

between bispaces (X,%1,%T2) and (V,%),%F),) is a function f: X — Y between
their underlying sets for which f: (X, %;) — (Y, %) is continuous for ¢ = 1,2. The
category of bispaces and bicontinuous maps is usually denoted as

BiTop.

5.2. The category of biframes and biframe homomorphisms. Let (X, Tq,T2) be
a bispace. We have two frames, ;(X) = T; and Q2(X) = T2, and a third one,
the topology Q(X) = %7 VT on X generated by the union %7 U o (the coarsest
topology finer than ¥; and Ts), from which Q;(X) and Qy(X) are subframes
(which together generate it). Thus, aiming for “generalized bispaces”, one is led
to the following definition:

A biframe is a triple

(L, Ly, Lo)

in which L is a frame, Ly and Lo are subframes of L and L; U Ly generates L (by
joins of finite meets). This means that any element = of L can be expressed as
a join of finite meets of elements of Ly U Ly, that is, x = \/,. ;(a; A b;) for some
a; € L1 and b; € Lo.

A biframe homomorphism h: (L, Ly, La) — (M, M, Ms) is a frame homo-
morphism from L to M such that the image of L; (i = 1,2) under h is contained
in M;. Biframes and biframe homomorphisms are the objects and morphisms of
the category

BiFrm.

5.3. The functor D: Frm — BiFrm given by D(L) = (L, L, L) (and the obvious
action on maps) is an embedding of Frm into BiFrm which allows us to regard
biframe notions as extensions of frame notions. The left adjoint to D is given by
T: BiFrm — Frm, T(L, L1, L) = L and T'(h) = h: L — M.

The basic adjunction between Top and Frm from Chapter II is immedi-
ately extendable to one between bispaces and biframes (the details may
be found in [24] or [235]).

5.4. Pseudocomplements. If (L, Ly, Ly) is a biframe and a € L; (i = 1,2), we
denote by a® the element

V{beL;lanb=0} (je{1,2},5#1).

This is the analogue on biframes ([235], [236]) of the pseudocomplement a* of an
element a of a frame L.
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5.5. Regular and completely regular biframes. For a,b € L, (i = 1,2) we write
a=;b

(and say that a is i-rather below b) if a® V b = 1, or equivalently, if there exists
ceL; (je{l,2},j#1)suchthat aAc=0and cVb=1.
A biframe (L, L1, Lo) is regular if

a=\{beL;|b=<;a} foreveryaelL; (i=1,2).
Observe that the total part L of a regular biframe is always a regular frame.

Note. A bitopological space (X, %1, T2) is regular ([172]) iff the biframe
(T1V T2, %1,%9) is regular.

Let a and b be elements of L; (i € {1,2}). We say that a is i-completely below
bin (L, Ly, Ls) and write
a=<;b

if there are a,, € L; (r rational, 0 < r < 1) such that
apg=a, a=>b and a,<;as forr<s.
The biframe (L, L1, La) is completely regular if
a=V{beL;|b=<;a} foreveryaeclL; (i=1,2).

Note. A bitopological space (X, %1, %) is completely regular ([172]) iff
the biframe (T V o, %1, T2) is completely regular.

6. Quasi-uniformity in the point-free
context via paircovers

6.1. Paircovers for frames. Let L be a frame. In analogy with 4.2 aU C L x L is
a paircover of L if

VA{ur Aus | (ur,uz) € U} = 1.

A paircover U of L is strong if, for any (u1,u2) € U, u; V us = 0 whenever
u1 Aug = 0. For any U,V C L x L we write

U <V (and say that U refines V)

if for any (u1,u2) € U there is (vy,v2) € V with uy < vy and ug < ve. Further, for
any paircovers U and V,

UNV = {(u1 N U1, U2 /\'Ug) | (’LL17UQ) eU, (’Ul,’Ug) S V}
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is a paircover. The set of all paircovers of L has also non-empty arbitrary joins
given just by union.

6.2. Fora € L and U,V C L x L, we set
sti(a,U) = V{u1 | (u1,u2) € U and ug A a # 0},
sto(a,U) = V{uz | (u1,u2) € U and u3 Aa # 0},

U™t = {(uz,u1) | (ur,u2) € U}
and
St(V, U) = {(Stl(vl,U),StQ('DQ, U)) | (1}1702) c V}
The particular case st(U,U) is denoted by U*. We say that U star-refines V if
U*<V.
6.2.1. Lemma. Let U, V,W C L x L and a,b € L. Then, fori,j = 1,2, we have:

(a) a <b=st(a,U) <st;(b,U).

(b) U <V =sti(a,U) <sti(a,V).

(¢) If U is a paircover then a < st;(a,U) and U < U*.
(d) If U is a paircover then st;(st;(a,U),U) < st;(a,U*).
(6) sti(a,U™Y) = stj(a, V) (G #1).

(f) If U is a paircover then st(st(V,U),U) < st(V,U*).
(g) For any frame homomorphism h: L — M, st;(h(a),
(h) For any frame homomorphism h: L — M, h[U|* <

Proof. (a), (b), (d) and (e) are trivial.

(c): For each @ € L we have a = a A1l = a A \{u1 Auz | (u1,u2) € U} =
V{aAug ANug | (ur,uz) € Uya Aug Aug # 0} < V{ur | (ur,uz) € Uya Aug # 0}
Thus a < sty(a,U). The case ¢ = 2 is similar. Hence U < U*.

(f) follows from property (d), (g) is obvious (since h(a) # 0 implies a # 0 for every
frame homomorphism h) and (h) is an immediate consequence of (g). O

[U]) < h(sti(a,U)).

h
hU*].

6.3. The relations “quasi-uniformly below”. Given a non-empty family U of pair-
covers of L, we write A
a<yb (1=1,2)

whenever st;(a,U) < b for some U € U, and define
LiU)y={acL|la=\{be L|b<i,a}} (i=1,2).

6.3.1. Remark. Note that by 6.2.1(e), if the family U is symmetric (that is, U €
U= U"'elU) then <}, = <}; in that case we denote the common <1, = <%, just
by <iy.
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6.3.2. Lemma. Let U be a basis for a filter of paircovers of L. Then, for i = 1,2,
the relations <j, are sublattices of L x L, stronger than <, satisfying the following
properties for any a,b,c,d € L.

(a) a < b<},c<d implies a<ij,d.
(b) L;(U) is a subframe of L.

Proof. The fact that each <, is stronger than < follows from 6.2.1(c). Clearly
O<]Z7/{O and 1<]2{1' If sti(al,Ul) < b; and Sti(CLQ,UQ) < by with Uy,Us € U then,
immediately, st;(a1 A a2, Uy AUs) < st;(a1,Ur) Ast;(az,Usz) < by Abs. Since U is a
filter basis, there exists some V' € U such that V' < U; AUs. Hence, using property
6.2.1(b), we may conclude that a; A a2<12,b1 A ba. On the other hand, as can be
easily checked, st;(a1 V a2,Uy A Uz) < sti(a1,Uy) V sti(az,Us) < by V by. Hence
a1V a2<£,b1 V bs.

(a) is obvious from 6.2.1(a) and (b) is an immediate consequence of the fact that
each <}, is a sublattice of L x L, stronger than <, and assertion (a). O

6.4. Admissible systems. A set of paircovers U of L is admissible if
Vae L, a=\{beL|b<,a},

where U denotes the filter of paircovers of L generated by {U AU | U € U}
(which is clearly symmetric since (UAU Y"1 =UAU1).

6.5. Quasi-uniformity on a frame. A quasi-uniformity on L is a non-empty admis-
sible set U of paircovers of L such that

(QU1) for any U € U and any paircover V with U <V, then V € U,

(QU2) for any U,V € U there exists a strong W € U such that W < U AV, and
(QU3) for any U € U there is a V' € U such that V* < U.

Note. This definition contains, of course, the particular case of uniform
structures defined by covers: it is one that has a basis consisting of
pairs of covers, both coordinates of which are the same (i.e., of the form
(U,U) where U is a cover of L); certainly such paircovers are strong,
moreover (U, U)* = (UU,UU), where UU is the usual star of the cover
U (VIIL.2.2) and <, is the usual <y of VIIL.2.3.

The pair (L,U) is called a quasi-uniform frame and B C U is a basis for U if,
for each U € U, there is a V € B such that V < U.

6.5.1. Remark. If I/ is a quasi-uniformity on L, then
U={U1Uecuy

is also a quasi-uniformity on L. Of course, U is then a uniformity and it is the
coarsest uniformity containing U.
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6.6. Uniform homomorphisms. Let (L,U) and (M,V) be quasi-uniform frames.
A frame homomorphism h: L — M is uniform if h[U] € V for every U € U.
Quasi-uniform frames and uniform homomorphisms constitute a category that we
denote by

QUniFrm.

6.7. The “interior” of a paircover. Let I/ be a quasi-uniformity on L. By 6.2.1(d)
u
the relation € on P(L x L) defined by

u
C €D =4 st(C,U) <D for some U € U

is stronger than <.
Further we consider the following (interior) operator on (L x L):

u
int(C)={DCLxL|DeC}.

6.7.1. Lemma. Let U be a quasi-uniformity on L. For each U € U,

(a) int(U) < U < int(U*),

(b) int(U) eU, and

(c) sti(a,int(U)) € Li(U) for every a € L.
Proof. (a): The inequality int(U) < U is trivial. The other follows from the obvious

u

fact that for every U e U, U € U*.
(b) is immediate from (a), using condition (QU3).

(c): We only prove the case i = 1 (the case i = 2 may be proved in a similar way).
We need to show that

sty(a,int(U)) < \/{y € L | y<jysti(a,int(U))}.

By definition, sty (a,int(U)) = \{d1 | (d1,d2) € int(U),d2 A a # 0}. So, let
(d1,d2) € int(U) such that da A a # 0. Then (dy,d2) € D C L x L and there
exists V' € U such that st(D,V) C U. We need to show that di<i};sti(a,int(U)).
To see this consider W € U such that W* < V. It suffices then to prove that
sty (dl, W) < sty (a, 1nt(U))

By property (f) of Lemma 6.2.1 we have

st(st(D, W), W) < st(D,W*) <st(D,V) < U,

u
which shows that st(D, W) € U. Thus st(D, W) C int(U). Therefore we only need
to check that sty (dy, W) < sty (a,st(D,W)), which is easy since

(Stl (dl, VV)7 Stg(dg, W)) € St(D, W)
and sta(da, W) Aa>da Aa#0. O
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6.7.2. Proposition. Let U be a non-empty family of paircovers of L satisfying ax-
ioms (QU1), (QU2) and (QU3). Then U is admissible if and only if

the triple (L, L1(U), L2(U)) is a biframe. (6.7.1)

Proof. =: By 6.3.2, each L;(U{) (i = 1,2) is a subframe of L. It remains to show
that each a € L is a join of finite meets in L1 (U) U Lo(U).

Let a € L. Then a = \/ S where S = {b € L | b<,a}. For each b € S there
exists Up € U and Uy € U such that sty (b,Up) < a and U A Ub_1 < Uyp. Consider
Vi € U such that V;* < Uy. Then Vi = V A V{l € U and VZ < Uy. Therefore
int(V,) < int(Up). Thus

a=\S8 <\ (sti(b,Vy) Asta(b,V3)) < (sty(b,int(V})) Asta(b, int(V3)))

bes besS
<\ (st1 (b, int(Uy)) A sta(b, int(Uy))) < sty(b,Up) < a.
besS

Hence

a= b\/S(stl(b, int(Up)) A sta (b, int(Uy)))

and by 6.7.1 st;(b,int(Uy)) € L;(U) (i = 1,2).
«: For each a € L we may write a = \/

ser(a; A a?) for some

{aj |i €I} CLi{) and {a}|ie€ I} C Ly(lU).
Taking into account that, for any ¢ € I,
aj ={be L|b<}al} and af ={be L|b<}a?},

it suffices to show that by A ba<1,a1 A az whenever b1<zlla1 and b2<@@2. But this
is an immediate consequence of the fact that Qi{ = QZ = <, (recall 6.3.1) and
properties 6.2.1(a) and (b). O

6.8. Aside: construction of quasi-uniformities. For each paircover U define
U® = {(ul,uQ) ceU | up N\ us 75 0}
We have

6.8.1. Lemma. (a) U® is a paircover of L.

(b) (UAV)* <USAVS.

(c) U<V = (U)* <V=.

(d) If h: L — M s a frame homomorphism, then (h[U])® < h[U®].
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Proof. (a) and (b) are trivial; (c¢) is also obvious because U® C U so, for each
(u1,u2) € U, sti(u;, U®) < sti(u;, U) < v; (i = 1,2) for some (v1,v2) € V and
up A ug # 0 implies v1 A vy # 0. For (d) suppose h(ui) A h(uz) # 0, where
(u1,u2) € U. Then h(uy Aug) # 0, 80 us Aug # 0 and (uy,us) € U®. Consequently
(h(u1), h(u2)) € W[U]. O

6.8.2. Proposition. (a) Let U be a filter of paircovers of L with the properties (QU3)
and (6.7.1) and let U® be the filter of paircovers of L that has {U® | U € U} as
subbases. Then (L,U?®) is a quasi-uniform frame.

(b) If (L,U) and (M,V) are structures as in (a) and h: L — M is a frame homo-
morphism with the property that

Ueld=hlU]leV,
then h: (L, U®) — (M,V?) is a uniform homomorphism.
Proof. (a): U? is a filter which, by 6.8.1, clearly satisfies (QU3) and (6.7.1) (because

U* D U). Since each U? is strong, there are enough strong paircovers in order to

fulfill (QU2).

(b) is an immediate consequence of 6.8.1(d). O

6.8.3. Remark. Note that if (L,U) is a quasi-uniform frame then U* = U.

6.9. The biframe induced by a quasi-uniformity. The biframe
(Lv Ll(u)a LQ(Z/{))

is the induced biframe of (L,U). This is the point-free counterpart of the classical
fact in (4.1.1).

6.10. Quasi-uniformizability and complete regularity. Let (L,U) be a quasi-uni-
form frame. Since U is a uniformity on L then L is necessarily regular (recall
VII.2.4.1). But we have more:

6.10.1. Proposition. Let U be a quasi-uniformity on L. Then, for every a,b €
L;U),
a<yb=a <;b.

Proof. Let a<t};b. Then a < st;(a,U) < b for some U € U. Take V € U such that
V* < U. Then int(V) € U and

int(V) < {(stq(v1,int(V)), sta(ve, int(V))) | (v1,v2) € V'}.
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Therefore
1 =\/{st1(v1,int(V) A sta(va, int(V)) | (v1,v2) € V'}
= V/{st1(v1,int(V) A sta(va, int(V)) | (v1,v2) € V,sta(ve, int(V)) Aa =0}
V V{st1(v1, int(V) Asta(ve,int(V)) | (v1,v2) € V,sta(ve,int(V)) A a # 0}
< V{sta(ve, int(V)) | (v1,v2) € V,sta(ve,int(V)) Aa = 0}
V V{st1(v1, int(V) | (v1,v2) € V,sta(ve,int(V)) A a # 0}.

But V{sta(ve,int(V)) | (v1,v2) € V,sta(ve,int(V)) Aa = 0} < a®. On the other
hand, since V* < U,

VA{st1(v1,Iint(V) | (v1,v2) € V,sta(ve,int(V)) Aa # 0} <sty(a,U) <b.
Hence a®* vV b =1, that is, a <; b. O
6.10.2. Corollary. Let U be a quasi-uniformity on L. Then:

(a) Each 42, interpolates, that is, for every a,b € L, a<lZ,b implies a<lbc<1};{b for
some c € Li(U) (i=1,2).
(b) For every a,b € L;i(U), a<ti;b = a <<; b.

Proof. (a): Let a<11i/,b. Then a < st;(a,U) < b for some U € U and if we choose a
V € U such that V* < U we have immediately a<i}st;(a,int(V)) € L;(U) and by
6.2.1(d) st;(a, int(V))<i,b.

(b) follows now immediately from Proposition 6.10.1. O

The following is the asymmetric counterpart to VIII.2.8.2.

6.10.3. Theorem. A biframe (L, L1, L2) admits a quasi-uniformity U whose induced
biframe is precisely (L, L1, La) if and only if it is completely regular.

Proof. = follows immediately from 6.10.2(b).
<: Let (L, L1, L2) be completely regular. For each a <<; b set
U(a,b) ={(b,1),(1,a")}.
This is a strong paircover of L. If we interpolate a <<; u; <<; v1 =<<; b and set

U=U(a,u1) ANU(u1,v1) ANU(v1,b)

= {(ulv 1)7 (ulavik)v (ulvuT)v (Ulaa*)v (Ulﬂff)a (bvuT)7 (1a UT)}

we easily check that U* < U(a,b). Let U be the filter of paircovers generated by
all paircovers of the form U(a,b) where a <<; b (i = 1,2). Since the U’s above are
not strong, U is not necessarily a quasi-uniformity but if we consider the U® of
6.8.2 we get the required quasi-uniform structure. O
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7. The adjunction QUnif = QUniFrm

7.1. The adjunction from VIII.3.7 can be easily extended to quasi-uniform frames.
We will describe the expected spectrum and open functors between QUnif and
QUniFrm.

7.2. The functor : QUnif — QUniFrm. Let (X, ) be a quasi-uniform space and
let U € p. A U is an open paircover of (X, p) if for each (Uy,Us) € U, Uy is
%1(p)-open and Uy is To(u)-open. Set

Q(Xa ,LL) = ((3:1('“) \ 52(/1)76#)

where C, is the set of all open paircovers of (X, u). It is not hard to check that
Q(X, p) is a quasi-uniform space. Furthermore, if f: (X, ) — (Y, v) is uniformly
continuous then Q(f): Q(Y,v) — Q(X, i), defined by Q(f)(B) = f~*(B) for any
B € %1(v)V Z3(v), is a uniform frame homomorphism. Thus, 2 is a contravariant
functor from QUnif into QUniFrm.

7.3. The spectrum functor 3 : QUniFrm — QUnif. On the other hand, let (L,U)
be a quasi-uniform frame and consider the spectrum

(Pt(L),{Sq | a € L})
of L. For each U € U let
Lo = {(Bu, Xu,) | (u1,u2) € U},
and consider the filter ¥ of paircovers of XL generated by the system {3y |U €U/ }.

7.3.1. Proposition. Let (L,U) be a quasi-uniform frame. Then ¥(L,U) = (XL, ¥y)
18 a quasi-uniform space.

Proof. (1) Take a U € Y. Then
U{Eul N Euz | (u17u2) € U} = U{Eul/\uz | (u17u2) € U}
= E\/{ul/\ug\(ul,uQ)EU} = 2)1 - EL

(2) Let U,V € Y. Trivially U < V implies Yy < Xy and Xy y = Xy A Xy

(3) Let U* < V. Then (Xy)* < Ey. Indeed: for each (ui,u2) € U there exists
(v1,v2) € V satistying sty (uy, U) < v1 and sta(ug, U) < vg; then

Stl(E'UJ?ZU) = U{Zu’1 | Eu/z NEy, # 0, (ull,ué) € U}
= U{Eu’1 | Eu.’z/\m # 0, (ullvu/Q) eU}
C Uy [uh Aur # 0} = B, uy 0y € By -

Similarly, sto(3,,,2y) C X,,. O



7. The adjunction QUnif = QUniFrm 249

For a uniform homomorphism h: (L,U) — (M,v) define Lh: ¥(M,v) —
Y(L,U) by Th(p) = p- h. It is easy to check that ¥h € QUnif. Thus we obtain a
contravariant functor

3: QUniFrm — QUnif.

7.3.2. Remark. It is also easy to check that the topologies T1(Xy) and Ta(3y)
induced by the quasi-uniformity 3;; on XL coincide with the spectral topologies
of the spectra of Lq(U) and Lo(U) respectively.

7.4. Theorem. The two above contravariant functors ) and ¥ constitute a dual
adjunction, with units

Nxgt (Xop) = 2QX,p)  and  §ruy: (L,U) — QE(L,U)

given by
n(X,M)(a)(U) =1liffaeU and f(L’u)(a) = .

Proof. The checking that each 7x ,) is uniformly continuous and that each &z, 14
is a uniform frame homomorphism is left to the reader. They define natural trans-
formations

n: IdQUnif = Y and f: IdQUniFrm = QE,

that is, the following diagrams commute, for every f: (X, u) — (Y,v) and every
h: (L,U) — (M, V).

O R 51015 00, BN U707 B )5 AR )
f (1) 2Q(f) h (2) QX(h)
Y Y \% \%
(v,) -SQ(Y,r)  (MV) - OS(M, V)
n(y,v) &,y

Indeed, for each f: (X,u) — (Y,v) in QUnif and every z € X,

ZQ(f)(W(X,;L) ({E)) = 77(X,,:,) (ZL’)Q(f)

is the map F: Q(Y,v) — {0,1} given by F(B) = 1 iff z € f~1(B). Since
z € f7Y(B) iff f(z) € B, this is precisely the map 7y, (f(z)) and diagram
(1) commutes.

On the other hand, for each h: (L,U) — (M,V) in QUniFrm and every
a€ L,

OB €y (@) = QZ(R)(Ta) = (B(h)) ™ (Za) = {p € Pt(M) | S(h)(p) € Za}-

Since
X(h)(p) € By iff ph € X4 iff p(h(a)) = 1iff p € ¥y,

then diagram (2) also commutes.
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Finally,
n: IdQUnif =30  and & IdQUnjFrm = Q¥

satisfy the triangular identities

(a) Qnx,w) Saxy =1 and  (b) () ms@u =1

for every (X, u) € QUnif and every (L,U) € QUniFrm:
(a): For each A € T1(u) vV Ta(p),

(Qnex.m) - Earxm)(A) = Qinx ) (Ba) = 1%, (Sa)

and
HARS 77(_;7“)(2,4) iff 77(X7M)($) € Xy iff T](X}M)(x)(A) =1iff z € A.

(b): For each p: L — {0,1} in Pt(L),

(B w) -me@w)®) = a- &

where ¢: QX(L,U) — {0,1} maps A into 1 iff p € A. But (¢ - &{zu))(a) = q(Ea)
is equal to 1 iff p € X, that is, iff p(a) = 1. Hence ¢ - {11y = p as required. [0

8. Quasi-uniformity in the point-free context
via entourages

8.1. Entourage quasi-uniformities on a frame. The approach via entourages in
classical topology has the nice feature of allowing the passage from symmetric
uniform structures to asymmetric ones just by dropping the symmetry axiom.
The availability of entourages in the point-free setting allows us to do a similar
thing here.

8.1.1. Definition. An entourage quasi-uniformity on a frame L is just an admissible
system of entourages £ satisfying axioms (E1), (E2) and (E4) of 2.3. An entourage
quasi-uniform frame is a couple (L, E) where £ is a quasi-uniformity on L.
The resulting category of entourage quasi-uniform frames and uniform ho-
momorphisms is denoted by
EQUniFrm.

For examples of entourage quasi-uniformities on a frame (namely the Per-
vin quasi-uniformity, the locally finite quasi-uniformity, the well-monotone quasi-
uniformity and the fine-transitive quasi-uniformity) see [94].

8.2. The relations <1é and <]g. After dropping the symmetry axiom (E3) in the
definition of an entourage quasi-uniform frame the equivalence in Remark 2.1.1 is
no longer valid and we have, instead of <lg, two order relations </} and <1% defined
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by setting

b<fa=q IECEEo(b®b) <ada
and
b<ta=gq IE€&E (bDb)oE<ada.

As in 2.1.2 the following is easy to check.
8.2.1. Proposition. Let £ be a set of entourages of L. Then:

(1) a§b<ligc§d:>a<§d.
(2) If for any E1,Ey € & there is an F € & such that F C Ey N Ea, then
a<lfg bl,bg éa<lf;: (bl/\bQ) and ai, as Q%bé (a1 \/CLQ) <]fg b. O

8.3. Foreach £ € L & L and each a € L let

sti(a, E)=V{zeL|zdy<E,yNa+#0}
and
sto(a, E)=V{yeL|zdy < E,xANa#0}.

8.3.1. Proposition. For each a,b € L and E,F € L & L we have:

If a <0 then sti(a, E) < st;(b, E).
If E < F then st;(a, E) <st;(a, F).
sti(a, E7Y) =stj(a, E) (j #1).
sti(a, EYAb=0 iff a Asta(b, E) = 0.

Proof. Facts (1)—(5) are straightforward. Let E be an entourage and a € L. Then
a=aNl=aANV{z |20z <E}=V{arz |20z < Eahz # 0} <
st1(a, E) A sta(a, E). O

The elements st;(a, F) provide a useful characterization of the relation <i%:

8.3.2. Corollary. Let £ be a filter of entourages. Then a <% b iff sti(a, E) <y for
some E € €.

Proof. Assume Fo(a®a) <b@®bforsome E€ . Mfady<FE withyAa#£0
then 2 ® (yANa) < Fand (yAha)@a<aPathiszda< Fola®a) <bdb.
Therefore x < b, which shows that sty (a, E) < b.

Conversely, suppose that sty(a, F) <b. Ifa @y < Fand y ® z < a @ a with
y # 0, then y Aa = y # 0 which implies that « < sty (a, F) < b. On the other hand,
by fact (5) above, z < a <sty(a, F) <b. Thus z ® z < b @ b, as required. O
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8.4. Entourages versus paircovers: translation. For a paircover U define the en-
tourage

Ey = \/{u1 ®uz | (u1,u2) € U},
and for an entourage F define the paircover
Ug = {(st1(x1, E),sta(x2, E)) | 1 ® 22 < E}.

Further, for a quasi-uniformity U set

Eu={F|F>Ey,UclU}
and for an entourage quasi-uniformity £ set

Us ={V |V >Ug, E €&}
Then, similarly to 3.3.4 and 3.4.3, we have (see [207] for details):

8.4.1. Theorem. (a) The correspondences & — Ug and U — &y constitute a one-
one correspondence between the entourage quasi-uniformities and the cover ones.
More explicitly, Ey, = & and Ug,, =U.

(b) For the associated entourage and cover uniformities, the concepts of a uniform
homomorphism coincide. O

8.4.2. Corollary. The concrete categories QUniFrm and EQUniFrm are concretely
isomorphic. O



Chapter XIII

Connectedness

Connectedness seems to promise no surprises; after all it is an inherently point-
free question, the question of non-trivial complemented elements. And the basics
are indeed just as in spaces (Section 2). But when we go further, the ways part.
We have facts that hold in locales similarly as in spaces but for different reasons
(Section 3), and facts that are quite different; of those we present an example in
Section 4; so far we have avoided lengthy tedious counterexamples, but in this
section, just for once, we present a weird (co)product in detail: besides showing
that connectedness is not behaving as one would expect, it also indicates why the
fact from Section 3, although parallel to the classical one, cannot be proved by
imitating the classical procedure.

1. A few observations about sublocales

Recall the co-frame S¢(L) of sublocales of L and the open and closed sublocales
from Chapter III.

1.1. Proposition. The following statements are equivalent for a frame L.

(1) The elements a and b are mutual complements in L.

(2) The closed sublocales ¢(a) = Ta and c¢(b) = Tb are mutual complements
in SU(L).

(3) The open sublocales o(a) and o(b) are mutual complements in SU(L).

Proof. The equivalence (2)<(3) is obvious.

(1)=(2): If aVb = 1 and aAb = 0 then (recall I11.5.2.2) TaNTb = T(aVd) = {1} = O
and TaV 1b="T(aAb) = L.

(2)=(1): If TanTb = T(aVb) = O = {1} then aVb =1 and if TaV1b = T(aAb) = L
then a Ab = 0. O

J. Picado and A. Pultr, Frames and Locales: Topology without points, Frontiers in Mathematics, 253
DOI 10.1007/978-3-0348-0154-6_13, © Springer Basel AG 2012
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1.2. Let S be a sublocale of L. From III.6.2 recall that

1.2.1. The closed sublocales cs in S are precisely the intersections of the sublocales
closed in L with S and we have ¢(a) NS = cg(vs(a)) (vs is the nucleus associated
with S); similarly the open sublocales 0g(a) in S are precisely the intersections of
the sublocales open in L with S and we have o(a) NS = 0g(vs(a)).

Recall further (from IT1.8.4) the inclusion

1.2.2. f[S] C f[S] for localic maps f: L — M and sublocales S C L.
1.2.3. Finally, we will use the following

Observation. If S C L is a dense sublocale, 0(a) N.S = ¢(a*).

(Indeed, A(o(a)NS)=A{a—s|seSt=a—0=a* since 0 € S.
Notice that this fact extends II1.8.1.2.)

1.3. Convention. To assimilate the terminology with the one used while working
with subspaces in classical spaces, we will speak of the trivial sublocale O = {1}
as void, or empty, and say that sublocales S and T are disjoint if SNT = O.

2. Connected and disconnected locales

2.1. A locale (frame) is connected if there are precisely two complemented ele-
ments, namely 0 and 1 (thus, a connected locale is supposed to be non-trivial).
Otherwise we speak of a disconnected locale.

2.2. Proposition. The following statements on a non-trivial locale L are equivalent.

(1) L is disconnected.
(2) There are non-void disjoint open sublocales S, T C L with SV T = L.
(3) There are non-void disjoint closed sublocales S, T C L with SV T = L.

Proof. 1t follows immediately from 1.1. O
2.2.1. From 1.2.1 and 2.2 we immediately obtain

Corollary. The following statements on a non-void sublocale S C L are equivalent.

(1) S is connected.

(2) For any disjoint open sublocales S1,S2 of L such that S C S1V S either
SCSiorSCS,.

(3) For any disjoint closed sublocales S1,S52 of L such that S C Sy V Sy either
S g Sl or S g SQ.

(4) If for a,b € L such that aVb =1, S C T(a Ab) then either S C Ta or
S C1b. O

(Note that (4) is just (3) formulated more explicitly.)
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2.2.2. We will speak of an element a € L as connected (resp. disconnected) if the
associated open sublocale 0(a) is connected (resp. disconnected). From 2.2.1(2) we
obtain

Corollary. A non-zero element a € L is connected iff whenever a < bV ¢ and
bAc=0thena<bora<c. O

2.3. From 2.2.1(4) we easily infer

Proposition. Let S C L be a connected sublocale. Then the closure S is connected
as well.

Proof. Suppose S C 1(a Vb) with a Vb =1 Then S C T(a Vv b) and hence, say,
S C Ta; consequently S C Ta. O

2.3.1. In fact one has more.

Proposition. Let L be connected and let f: L — M be a dense localic map. Then
M s connected.

Proof. For the associated frame homomorphism h: M — L we have the implica-
tion h(z) =0 = x=0.NowletaVvb=1and aAb=0in L. Then h(a) Vh(b) =1
and h(a) A h(b) = 0 and hence, say h(a) = 0. By density, then, a = 0. O

2.4. Quite analogously like in spaces we have

Proposition. Let S;, i € J, be a system of connected sublocales of L. Let for any
two 1,7 € J there exist i1,...,i, € J such that

iy =1,ip = j, and fork=1,...,n -1, S;, NS;, ., #O.

Then S =\/,c; Si is connected.

Proof. Let S C ¢(a)Ve(b) and c¢(a)Nc(b) = O. Then for each i € J, S; C c(a)Ve(b)
and hence either S; C ¢(a) or S; C ¢(b). Denote by J, (resp. Jp) the set of the
indices ¢ for which S; C ¢(a) (resp. S; C ¢(b)). At least one of the sets J,, Jp is
non-empty, say J, # 0. Choose an i € J, so that S; C ¢(a). Consider an arbitrary
j € J and take the iy,...,4, from the assumption. If i, € J, then i1 € J, as
well since otherwise O # S;, N.S;, ., € ¢(a) Ne(b) = O. Thus, ultimately, for every
j€J,S; Cc(a) and hence S C ¢(a). O

2.5. Consequently,

2.5.1. for every connected sublocale S C L there is the largest connected sublocale
containing S, namely the join of all connected sublocales intersecting S.

These maximal connected sublocales are called connected components or sim-
ply components of L. By 2.4 again,
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2.5.2. two distinct components are disjoint,
and by 2.3,

2.5.3. every component is a closed sublocale.

2.6. Note. Unlike in classical spaces the join (in S¢(L)) of all the components of
L is not necessarily the whole of L. In fact, L may contain no connected sublo-
cale whatsoever (for instance, in a Boolean algebra without atoms every non-zero
element is disconnected). One has only the trivial general observation that L is a
disjoint sum of its components iff there is a cover by connected sublocales.

2.7. Disconnectedness and localic maps. In classical topology, a non-void space X
is disconnected iff there is a surjective continuous map f: X — {0,1} (the latter
with discrete topology). We have the same here, with

By =Q({0,1}) ={0< a,b<1} (a#D).

Figure 3: The frame Bs.

2.7.1. Proposition. A locale L is disconnected iff there is a surjective localic map
f: L — Bs.

Proof. If f is onto then the associated frame homomorphism h: By — L is one-one
and hence there are non-trivial h(a), h(b) € L, complements of each other. ]

For applications a more detailed statement will be expedient.

2.7.2. Proposition. Let S,T C L be sublocales such that SV T = L. Let f be a
surjective localic map such that f[S] C Ta and f[T] C 1b. Then S, T are non-trivial
closed and complements of each other.

If we denote by h the associated frame homomorphism we have S = f~[Ta] =
1h(a) and T = f~1{1b] = Th(b).



2. Connected and disconnected locales 257

Proof. Recall 111.7.2 and II1.7.3, in particular also the fact that for closed sublo-
cales the sublocalic preimage coincides with the set-theoretical one.

From the adjunction between f[—] and f_;[—] (II1.7.2.2) and from II1.7.3 we
obtain

SC 7 'a) = Tha) and T C f~1[18] = TA(H).

Since f is onto, h is one-one, h(a),h(b) # 0,1 and Th(a), Th(b) are non-trivial
and complements of each other. Now, since T is a sublocale of the complement of
Th(a), we obtain

Th(a) = (SVT)NTh(a) = (SN Th(a)) VO =5,
and similarly Th(b) =T. O

2.8. Extremal disconnectedness. Similarly to spaces, a locale is said to be ez-
tremally disconnected if the closure of each open sublocale is open.

Proposition. For any locale L, the following statements are equivalent.

(1) L is extremally disconnected.
(2) For alla € L, o(a) = o(a™).
(3) Foralla € L, a* Va** =1 (thus, L is a De Morgan lattice).

Proof. (2)=(1) is trivial.

(1)=(3): If o(a) = o(b) then by 1.2.3, c(a*)® = 0(b)¢ = ¢(b) so that Ta*NTb = {1},
and hence a* Vb =1, and Ta*V Tb = L, and hence in particular 0 = z Ay for some
r>a* and y > b, and so a* Ab=0. Thus, b < a* and a*Va™ = 1.

(3)=(2): By 1.2.3, we have to prove that = > a* iff a** — 2 = 2. Since a* N a™* =
0 < z and hence a* < a** — x, the implication < is trivial. Now let a* < z (so
that a* — z = 1) and a* V a** = 1. Then

T x)=ad" — . O

r=(a"Va™*)—zx=(a"—2)A(a
2.9. Disconnectedness of Stone-Cech compactification. Recall VIL4. To simplify
the notation we will think, in this subsection, of L as a sublocale of RL, a dense
one. The embedding will be denoted by j: L C RL, and translating the frame
homomorphism fact from VII.4.4 into the localic language we infer that for each
localic map f: L — M with M compact there is a localic map f: RL — M such
that f-j=f.

2.9.1. Proposition. Let S,T be non-trivial closed sublocales that are mutual com-
plements. Then S, T are non-trivial closed sublocales of SRL that are mutual com-
plements.

Proof. Let f: L — Bs be the localic map from 2.7.1. Take the localic map
f: ML — B, such that fj = f. Then, by 1.2.2, f[S] C f[S] = f[S] C 1a and

similarly f[7] C f[T] = f[T] C 1b. Use 2.7.2. O
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2.9.2. Proposition. Let L be extremally disconnected. Then the Stone-Cech com-
pactification RL is also extremally disconnected.

Proof. Let U be open in SRL. Consider the V.= U N L open in L and the closure
V" in L, that is, (U N L) N L. By 1.2.3 we have

vi—unL

and this sublocale has a closed complement T' (in L), as L is extremally discon-

nected. By 2.9.1, VL and S are closed and mutual complements, and we have

U—UnLCV =UNLCU. O

3. Locally connected locales

3.1. A locale (frame) is said to be locally connected if it has a basis consisting of
connected elements.

3.2. Proposition. A locally connected locale is a join of its components and all of
its components are (both closed and) open.

Proof. Let B be a basis of L such that each b € B is connected. Since obviously
L =\/ B, L is the join of all of its components.
On the set B define an equivalence relation

a~b =g dai=a,as,...,a, =Db, aj/\ajH;éO fork=1,...,n—1.

Denote by [a] the equivalence class containing a. By 2.4 (since o(a) N o(b) # O iff
a ANb#0), V]a] is connected.

If \/[a] n\/[b] # 0 we have a’ ~ a and b’ ~ b such that ' Ab # 0. Then
a’ ~ b and hence a ~ b. Thus,

for any two a,b € B, either \/[a] = \/[b] or \/[a] A \/[b] = 0.

Thus we have a decomposition 1 = \/,.;b; (b; are the distinct \/[a]) with b;
connected and b; A b; = 0 for 7 # j; in terms of sublocales,
L=V o(b)
icJ
with disjoint open connected sublocales o(b;).

Now consider a component S of L. Denote by Jy the set of the indices i such
that o(b;) NS = O and by J; the set of the indices ¢ such that o(b;) N.S # O. For
i€ Ji, o(b;) v S is connected and hence o(b;) C S. Thus,

\V o(b) C S and (\/ o(bi)>ﬂS:O

i€Jy i€Jo
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(the distributivity needed for the latter follows from VI.5.4.1: S is closed, hence
complemented and hence linear; S¢(L) is not a frame!). Consequently,

\V o(b;) = 8. O

i€J1

3.2.1. Note. In fact the components S are precisely the o([a]): if the J; in the last
formula had more than one element we had S = 0(bx) V Ve, qxy 0(bi) discon-
nected.

3.3. Coproducts of locally connected frames. We will use the notation from Chap-
ter IV, Sections 4 and 5, and also speak of the down-sets U € @, ; L; as saturated
down-sets.

i€J
3.3.1. Lemma. Let ¢ = \/ A with all a € A connected. Let ¢ be connected. Then A

is chained (in the sense that a ~ b for any two a,b € A, see 3.2).

Proof. Take an a; € A and set Ay = {a € A | a1 ~ a}, A2 = A~ A;. Then
c=\ A1 VV Az and since 0 # a1 < A; and c is connected, Az = (). O

3.3.2. Let L; be connected locally connected frames, let L = @, ; L; and let
1p =u Vo with u Av=0g (that is u Av = n). These u, v will be fixed during the
following two paragraphs.

An (a;)ies € H;eJ L; will be called ezact if

either (a;)ics € u or (a;)icg € v.

Lemma. Let d %; a be exact for all d € D, let a ¢ n, and let D be chained. Then
(VD) ; a is exact. (z *; a from IV.4.1.)

Proof. Denote by D, (resp. D,) the set of the d € D for which

d+jacu (resp. d*jacv).
If di *j a € u and d *; @ € v we have (d1 A d2) *j a € n and since a; # 0 for
i # j, di ANdo = 0. Thus, as D is chained, we have, say, all d *; a € u and hence

(VD) x*jac€u. O

3.3.3. Theorem. Let L;, v € J, be connected and locally connected frames. Then
L =@,c; Li is connected and locally connected.

Proof. Take u,v as above. An (a;)ics € H/ieJ L; will be called c-exact if each
(¢i)ies < (a;)ies with connected ¢; is exact. Then

U = {(ai)ies | (a;)ics is c-exact}
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is saturated. Indeed, first, it is obviously a down-set. Now let af *; b be in U for
ke K;set aj = Ve ab. Let ¢; < by, i # j, and ¢; < a; be connected. Using
local connectedness we obtain

¢ N a? =\{d~ | me M(k)} with d¥ connected.

Thus,
¢j=\D where D={d |kecK, mecM(k)}

and by 3.3.1, D is chained, so that by 3.3.2, (¢;)ics = ¢; *; ¢ is exact.
Now we have

u=\{(ai)ics | (ai)ics <u}, v=\V{(i)ics | (bi)ics < v}

and all the (a;)ies < wand (b;);es < v are, trivially, c-exact so that U > uVv =L
and hence in particular 1 € U so that 1 is c-exact, and since the 1y, themselves
are connected, it is exact. Thus, it is either in u or in v and the other is zero; we
see that L is connected.

Now let B; be bases of L; consisting of connected elements. Then each
@icgbi, b; € B, is connected (since |b; are locally connected we can apply the
first part of this proof for @, ; [b;), and B = {©;esb; | b; € B;} is obviously a
basis of L. O

3.3.4. Corollary. Let L;, i € J, be locally connected frames. Then L = @, ; Li is
locally connected. O

(If B; are bases of L; consisting of connected elements, apply 3.3.3 for
the individual members of the basis B = {@®;csb; | b; € B;} of L.)

4. A weird example

4.1. In classical topology, a closed open set U in X x Y where X is connected is
always of the form X x V where V is open and closed in Y. Indeed, if (z,y) € U
then U N (X x {y}) is a non-empty open and closed subset of X x {y}, which
is homeomorphic with X, hence connected, and consequently X x {y} C U, and
we conclude that U = X x V for some V C Y now for any =z € X, {a} x Y is
homeomorphic with Y and contemplating {z} x V =U N ({z} x Y) we conclude
that V is closed and open in Y.

We will say that a frame L is p-connected (short for product-connected) if for
any frame M each complemented element a in L @& M is of the form 1 & b with
b complemented in M. From the observation above we might expect that each
connected frame is p-connected. But this is not the case as we will see in this
section.
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4.2. The frame Lg. Let B be a complete Boolean algebra. Denote by
dc(B)
the set of all disjoint covers of B by non-zero elements. Further set
Xp={(A,u,e) | Acdc(B), ue A, ¢=1,2}

(this set will be unstructured: we disregard the preorder of covers and the order
of the u € B; to avoid too many commas we will write simply (Aug) instead of
(A,u,¢€)), and denote by

Se

the free meet-semilattice generated by Xp. This may be defined as the set of all
finite subsets of Xp ordered by the inverse inclusion, but it will be more transparent
if we think of its elements as of the formal meets

x = N\ (Ajuie;);  we will write  vy(x) = {A1,..., An}.
i=1

Further consider the down-set lattice
D(Sk)

(thus, we have here the free frame generated by Xp — recall IV.2.4).

Now consider the binary relation R on ©(Sg) consisting of all the pairs
(1(Aul) N |[(Bv2),0) such that wAwv#0,

and all the
(L(Aul) U [(Au2), | (Avl) U | (Av2))

and, finally, set
Ly =9(Sg)/R.

4.2.1. From the description of the relation R we easily infer (recall 1II.11) the
following

Observation. The elements of Ly (the R-saturated elements) are the down-sets
U C Sg such that

(S1) for all A,B € dc(B) andu € A, v € B such that uhv # 0, (Aul)A(Bv2) € U,
(S2) and for all x € Sg and u,v € A € dc(B),

{(Aul) ANz, (Au2) Az} CU = {(Avl) Az, (Av2) Az} CU.
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4.3. Further notation. The chain relation from 3.2 will be modified for specific
covers A by

ar~ab =g Jar=a,a2,...,a,=0b, a; €A, ajNaj41 #0 for 1 <k<n-1

We set
n
N = {:,C = /\ (Aiui&) | U; NUn Ay uj = &= Ej}
=1

k=1

and for A € de(B) and ) # J C A define

C(A,J) ={ A (Auge,) | &, arbitrary}.
ueJ

The equivalence class of z € Sg in Ly will be denoted by

(x), and ((Aue)) will be simplified to (Aue).

From (S1) and (S2) we immediately obtain

4.3.1. Observation. (1) If u A v # 0 then (Aul) A (Bv2) = 0.
(2) a(A) = (Aul) V (Au2) does not depend on the choice of u € A.
(3) V{a(4) | A€ de(B)} = 1.

4.3.2. Lemma. For each J we have \/{{z) | x € ((A,J)} = a(A), and consequently
for x = /\?:1(141'%51') € S and any choice of J; € A; we have

(@) < A VA | v € ().

Prolof. We have \/{(z) | © € ((A,{u})} = (Aul) V (Au2) = a(A) and since obvi-
ously

V{{z) [z € (A, JUfv})} = V{(z) | z € (A, 1)} A ((Avl) V (Av2))

the first statement follows by induction. For the second statement, (z) < (A;u;e;) <
(Aiu; 1)V (Aiu2) =a(A:) =V{{y) | ye((A;,J;)} for all 4. O

4.3.3. Lemma. The set U = Sp \ N is saturated. Consequently, for each x € N,
(z) £0.

Proof. Since N is obviously an up-set, U is a down-set. If u A v % 0 then u ~ v
and hence (Aul) A (Bv2) ¢ N, and (S1) holds.

Now let

y = (Ave) A 7\ (Asuie;) ¢ U,

=1
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that is, y € N. Take a u € A. If

u ~ n U’i
AulJ_, Ax

put 7 = g; (uniquely determined since y € N), otherwise choose 7 arbitrarily. Now
(Avn) A N_;(Ajuse;) € N, hence not in U and we see that also (S2) holds.
For z € N, (z) £ U and hence it cannot be 0. O

4.3.4. Proposition. In Ly & B set
a; = V{(Aui) ®u | Aedc(B), ue A} (i=1,2).
Then ag is the complement of a; and for both i = 1,2, if a; <1&u then u=1.
Proof. All the summands in
ay A ag = \{({(Aul) A (Bv2)) @ (uAv) |u€ Av € B}

are zero because if uAv # 0 then (Aul) A(Bv2) = 0, by 4.3.1(1). Thus a; Aas = 0.
Further we have, by 4.3.1(3),

a1 Vaz = V{({(Aul) v (Au2)) du | A € dc(B), uc A}
V @@ Vu= V (ad)al)

Aedc(B) u€A Aedc(B)

V ad)|el=1
Aedc(B)
Finally let a; < 1@ w. Then (Avi) v < 1@ u for all v € A € dc(B) and since

(Av;) # 0 by 4.3.1, for all the v we have v < u (recall IV.5.2(4)) and hence
u=1. ]

4.4. Complete Boolean algebras with property (P). Denote by PBin(X) the set of
all finite subsets of X. A complete Boolean algebra is said to satisfy (P) if

(P) for every C C dc(B) containing refinements of all the A € dc(B), and for
each mapping ¢: C — Pgn(B) such that ¢(A) C A for all A € C there exist
A, B € C for which there are no u € ¢(A) and v € ¢p(A) U ¢(B) satisfying
U ~AuB v 75 u.

Denote by v the nucleus associated with the relation R (of 4.2).
4.4.1. Lemma. Let v((})) C M € ©(Sg). Set
U={zeSp | Io: v(x) = Pein(B) s. t. VA€ v(z),¢(4) C A

and s.t. for any choice of ya € (A, ¢(A)), N yanz e M}
Aey(x)

Then U is R-saturated.
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Proof. Let x € U and z < z. Then y(z) C 'y( ). For A € v(z) \ v(z) choose
P(A) C A arbitrarily and for A € (z) set ¢(A ) ®(A). Now if we choose
ya € ((A,¥(A)) we have A\ ey ya Az < Nyeyyya Ax € M; thus, U is a
down-set.

(S1) is obvious since v(()) C M.

(S2): Let (Aue) Ax € U for e = 1,2. For B € {A} U~(z) (=v((Aue) A x) =
v((Ave) A x)) set

J((Ave) Ax) = Jp((Aul) Ax) U Jg((Au2) Ax) for B # A, and
Ja((Ave) Nz) = Ja((Aul) A ) U Ja((Au2) A x) U {u}.

Choose yp € ((B, Jg((Ave) A x)). It can be written as
ys =Yb A yB
with y5 € ¢(B, Jp((Ave) A z)) for B # A and
ya =ya Aya A (Aun)

with y§ € (B, Jp((Ave) A x)).
We have Az y3 A (Aue) Az € M and hence

ANvs Az < Ays ANyE A (Aun) Ax € M. O
B B B
4.4.2. Lemma. Let v(0) CM and v(M)=Sg. Then there is a mapping ¢: dc(B) —

PBrin(B) such that for all A, p(A) C A and ((A,»(A)) C M.

Proof. The set U from 4.4.1 obviously contains M ; thus, it is the whole of Sy and
each x € Sp has the property indicated. For A € dc(B) choose a u € A and set

d(A) = Ja((Aul)) U Ja((Au2)) U{u}.

Now a y € ((A, p(A)) is of the form y = y1 Ay2 A (Aue) with y. € (4, Ja((Aug)),
and y <y A (Aue) € M. O

4.4.3. Lemma. Let a Boolean algebra B satisfy (P). Then the frame Ly is con-
nected.

Proof. Let for some My, Ms € Lg there be My A My =0 and M1V My = 1. Then
V(@) g M7 g M1 ] MQ and Z/(M1 U Mg) = M1 V MQ = S]Bg. By 4.3.2 we have a
¢: dc(B) — Psin(B) such that for all A, p(A) C A and (A, ¢p(A4)) C My U M,. Set

Co={Aedc(B) | ((A,¢(A)) C M, for some i} and C =dc(B) \ Co.
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I. Let C contain a subdivision of any A € dc(B). By (P) we have A,B € C
such that one never has u ~aup v with u € ¢(A) and v € ¢(A) U ¢(B). Since
C(A,p(A) C My U My we have, say, an & = Aue¢<A)(Au1) € M;. Since B ¢ Cy
thereis a y = /\Ue¢>(B)(Avev) € Ms. Now zAy € N and hence by 4.3.3, (x Ay) # 0
while (x Ay) = (z) A (y) < M1 A My =0.

IT. Consequently there has to be an A € dc(B) such that each of its subdivisions
is in Cp. We will show that then C = () and hence Cy = dc(B).

Let B € C. The subdivision AAB ={uAv|u€ A,ve B} of Ais, however,
in Co. Let, say, ((AANB,¢(AA B)) C M. Since B is not in Cp there exists ¢, such
that y = A,cy(p) (Aven) € M.

Now for u € ¢p(A A B) take ¢, = ¢, whenever u < v € ¢(B) and set

z= A ((AABuey).
u€p(ANB)

We have (again) z Ay € N, hence (zAy) # 0 contradicting (x Ay) < My A My = 0.

II1. Thus, dc(B) = Cp. If we had A, B such that (A, ¢(A4)) C M; and (B, ¢(B)) C
M5 we would obtain a contradiction

u€p(A) vEP(B)

Thus, say, (4, ¢(A)) C M; for all A and we have by 4.3.1 and 4.3.2

Mz VOV e} = Va1 O

Aecdc(B Aedc(B)

4.5. A connected frame which is not p-connected.

Proposition. There exists a frame Ly that is connected but not p-connected.

Proof. In view of 4.3.4 and the previous lemmas it suffices to find a complete
Boolean algebra B satisfying (P).

Denote by w the set of all natural numbers. Consider a set Y of cardinality
at least 2¢; make it to a discrete metric space (say, with distance 1 for any two
distinct points). Consider the metric space

(X,p)=Y“ and B the Booleanization of (X, p)

(that is, B is the Boolean algebra of all the regular open subsets of (X, p)). Then:

(1) the cardinality of each 0 # a € B (in fact, of any non-empty open set in
(X, p)) is > 2%,
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Let C contain subdivisions of all the A € dc(B); we easily find covers S,, € C such
that

(2) if m > n then Sy, is a refinement of S,,, and
(3) the diameter of each u € Sy, is < !.

Choose finite subsets Z C X meeting all the elements of ¢(S,,) and set Z = |J Z,,.
If p(x,2) >, then x ¢ Unsr U@(Sn) and hence we have

Z2 0 UUS) > NV Vels)

k=1n>k kEw n>k

where \/ is the join in B. Since Z is countable, the cardinality of Z is < 2%, the
meet of the a, =/, 5, V/ #(S») in B cannot be non-empty. Thus we have

A ar =0 and hence '/ af =1. (4.5.1)
k=1 k=1

Consider the system
m
C={aS}U U{ak—1 Naz Az |z € Sk_1}.
k=2
For k > m we have a, < a,,, hence aj, > af, so that
m m
VCAas, =a5V V {ar—i ANag Az |z € Sk—1}) =ai VvV V (ag—1 Aaj) = af,.
k=2 k=2

Thus, C is a cover, by (4.5.1), and it is obviously disjoint. Moreover,
Vn, C refines ¢(S,) U {(V #(Sn))°} (4.5.2)

(indeed, take u = ax_1 A a§. Az with x € Si_1; if k¥ < n then ar >\ ¢(S,) and
u < (¢(Sn))S, and if k — 1 > n there is a y € S, such that x < y and we have
either y € ¢(S,,) or y < (¢(S,))¢ again).

Choose a refinement A € C of C. For u € A choose a number k(u) such that
u < a;(u). Set

B =S5, where n=max{k(u)|u€c (4}
By (4.5.2), A refines ¢(B) N {(¢(B))°} and we have

Vo(4) <ap = (V Vo(Sn))® < (Vo(B))*

jzn

so that \/ ¢(A) AV #(B) = 0 and hence we cannot have u ~aup v # u with
u € ¢(A) and v € ¢(A) U ¢(B). O
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5. A few notes

5.1. The example in Section 4 was constructed by I. K¥iz. This author (by similar,
but much finer methods) also produced two connected locales the product of which
is disconnected. This example was never published, though.

It should be noted that the locale Ly is in fact locally compact and hence
spatial (see [167]).

5.2. Using the techniques of Section 3 one can prove that each connected lo-
cally connected locale is p-connected — see [165]. Also, there are classes of locales
(e.g., the hereditarily Lindel6f ones) in which each (plain) connected locale is p-
connected ([167]).

5.3. An extremely interesting result was published by Moerdijk and Wraith in
[184]. Using categorical reasoning one can present a quite legitimate definition of
path connectedness independent on the existence of points; this property can be
then, in turn, shown to be equivalent with connected local connectedness.

5.4. The fact that locally connected connected locales behave better than the
(plain) connected ones should not be quite surprising. Remembering the standard
examples of connected spaces that are not locally connected the reader may realize
that they do not really look “quite holding together”. Point-free topology is in a
sense more geometrical than the classical one, and the discrepancy between just
connected and connected locally connected locales is more pronounced.






Chapter XIV

The Frame of Reals
and Real Functions

The description of frames “by generators and defining relations” from IV.2.4.1 can
be used to introduce the reals in a point-free way. André Joyal ([156]) was the first
to emphasize the benefits of such a point-free approach to R in the constructive
context of topos theory; it was first explicitly carried out in [104]. The idea is to
take the standard totally ordered set Q of rationals and to take the set of open
intervals with rational endpoints for the basic generators. One can then deal with
continuous real functions and even more general real functions as we will see in
this chapter.

1. The frame £(R) of reals

1.1. The frame of reals is the frame £(R) generated by all ordered pairs (p,q),
with p, ¢ € Q, subject to the following relations:

(R1) (p.) A(ros) = (pV g As).

(R2) (p,q) V (r,s) = (p,s) whenever p <r < q < s.

Rs) (p.g) = V{(r,s) [p<r<s<q}

(Ra) 1=V{(p,q) | p,q € Q}.

1.1.1. Remarks. (1) This definition follows Banaschewski [16] (see also [33]) but
it is equivalent to the one used by Johnstone [145].

(2) Note that, by (Rs),

(p,q) = V0 = 0 whenever p > q.

Hence, by (Ry), it follows that (p,q) A (1, s) = 0 whenever p Vr > g A s.

J. Picado and A. Pultr, Frames and Locales: Topology without points, Frontiers in Mathematics, 269
DOI 10.1007/978-3-0348-0154-6_14, © Springer Basel AG 2012
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(3) A map h from the generating set of £(R) into a frame L defines a frame
homomorphism £(R)—L if and only if it sends the relations (R1)-(R4) above into
identities in L. In particular, this holds for the frame L = Q(Q) of the usual open
subsets of Q and the h sending (p, q) to

(p.g) ={teQlp<t<gqg}

(“the natural interpretation of (p,q)” in Q(Q) [16]).

By this canonical homomorphism h: £(R)—Q(Q), if (p,q) = 0 in £(R) then
(p.q) = h((p,q)) = h(0) = 0 which implies p > g.
(4) Assuming p < ¢, then (p,q) < (r,s) iff r < p < g < s. Indeed, if (p,q) < (1, 9)
then, by (Ra1), (p,g A7) = (p,g) A(p7) < (r,8) A(pyr) = (rVp,s Ar) =0
(by (2)). Hence, now by (3), p > ¢ A r and thus r < p. Similarly it follows that
q < s. Conversely, if r < p < ¢ < s then, by (R1), (p,q) A (r,s) = (p,q) and thus
(p,q) < (r,s).

It follows immediately that for any p < g,

(p,q) = (r,s) iff p=r and ¢ = s.

In summary, the only generators of £(R) that are equal to others are the (p,q)
with p > ¢, which are all equal to the bottom element 0 of the frame.

So the (p,q) € £(R) behave like the corresponding rational open intervals
(p,q) € Q(Q) (in fact, h induces a partial order isomorphism between them).

1.1.2. Consider the following elements of £(R):

(r,—) =Vi{lp,9) € Q} =V{p,q I p<qeQ},
(—a)=V{p9)|recQ}=V{q9lq>pecQ}

Note that (p, —)A(—, q) = (p, q) for every p, ¢ € Q. In particular, (p,—)A(—,q) =0
whenever p > ¢. Again, the following looks like facts in Q.

Proposition. For any p,q € Q, we have:

(1) (p,—) A (—,q) = 0 whenever p > q.

(2) (p,—) V(—,q) =1 whenever p < q.

(3) () = Vi =) and (—.0) = Vg 9)

4) Vpeglp—) =1 and V eo(—q) = 1.

) (»,9)" = (=p)V(g,—) whenever p <g.

Proof. (1) follows immediately from the second remark in 1.1.1.

(2): By (R4), it is enough to show that (r,s) < (p,—) V (—, ¢) for any r < s. Now,
if p <7 then (r,s) < (p,—) and if s < ¢ then (r,s) < (—, ¢), trivially. On the other
hand, if » < p and ¢ < s then (r,s) = (r,q) V (p,s) < (— q) V (p,—) by (Ra).

(3) \/7->p(rﬂ _) = Vr>p \/qu(rﬂ q) = VqEQ Vr>p(rﬂ q) a‘nd then? by (R?)))
Vosp(r—) = Ve @) = (p,—). The second assertion follows similarly.
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(4) is an immediate consequence of condition (Ry).

(5): Since (p,q) A ((—p) V (¢:—)) = (= p) A(p,2) V ((p,9) A (g,—)) = 0, we have

(—,p)V(g,—) < (p,q)*. Further, for any (r, s) such that r < s,if 0 = (r, s)A(p, q) =

(r \/ p, $Aq) then s A ¢ < rV p. By going through all possible relations between

p, ¢, and s one sees that s < p or ¢ < r and hence (r,s) < (—,p) V (¢,—), proving
O

that (p,q)" < (—p) V (¢, —)-

1.2. A useful (equivalent) description of £(R)

1.2.1. Proposition. £(R) may be equivalently defined as the frame generated by the
(p,—) and (—, q), p,q € Q, subject to the relations

(R1) (p,—) A (= q) = 0 whenever p > q,
(R%) (p,—) V (—,q) =1 whenever p < q,
R5) (=) =V, (r—),

(RY) (=a) = Viey(—9),

(R5) Vpeqw:—) =1 and

(R6) Vyeol—a) =1.

Proof. Let £ (R) be the frame specified by generators (p,—) and (—, q), p,q € Q,
and relations (R})—(R§) and define f: £'(R) — £(R) on generators by f(p,—) =

Veo: @) and f(—q) =V co(p,q)- By 1.1.2, it turns (R})-(R§) into identities
in £(R), so it is a frame homomorphism.

On the other hand, define g: £(R)—£'(R) by g(p,q) = (p,—) A (—,q). Then
g turns defining relations (R1)—(R4) into identities in £'(R):
(R1): It suffices to check that (p,—) A (r,—) = (p V r,—) (and similarly (—, q) A
(—8) = (—qAs9) If eg., p <r then (p,—) > (r,—) by (Rs) and so (p,—) A
(r,—=)=(r,—)=({@Vr,—).
(R2): Let p <7 < ¢ < 5. Then g((p, q)V(r, s)) = ((p, —)A(
(. =)V (. ) APV (— ) A (= )V (=) A((—.q) - Then, applying
(R3), (R3) and (R}), we get g((p,q) V (r,5)) = (p,—) A (= 5) = g(p, 5)-
(R3): This case follows from the fact that, by (Rj5), (R}) and (R}), we have suc-
cessively (p,—) A (—q) = \/T>p(7’, —) A V5<q( s) = \/p<r,5<q(( =) A (=) =
Vp<r<s<q((ra _) A (_7 S))
(Ra): 1=V, 4eq((p,—) A (= @) holds by (Rg) and (Rg).

Therefore ¢ is a frame homomorphism. Finally, fg and gf are the identity

maps. Indeeda gf(p7_) = \/qe(@(pa_) A (_7 Q) = (pa _) A \/qu(_a Q) = (p7 _) by
(R§). Similarly, using (R%), we obtain gf(—, ¢) = (—, ¢). On the other hand,

faw.q)=fo, )N fl—a)= NV wms)ANV (rnad= V s A(rq)

s>p r<q p<s,r<q

= V (Vrgns)= \V (r,s)= (9. O

p<s,r<q p<r<s<gq
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2. Properties of £(R)

2.1. Complete regularity.

Lemma. If p < r < s < q then (r,s) << (p,q).

Proof. First we have (r,s) < (p,q): by 1.1.2, (p,q) V (r,8)* = (p,q) V ((—,7) V
(s,—)) = (—,q) V (p,—) = 1. From this it then follows immediately that < inter-
polates:

(r,8) < (G0 +7), 3(s +a) < (p,9).

Since << is the largest interpolative relation contained in < (see V.5.7), then
<==. O

By (R3) we have immediately the following
Proposition. £(R) is completely regular. O

2.2. Local compactness. For the purposes of this subsection we will use another
representation of the frame £(R), the L below in 2.2.2.

Let G be the sublattice of £(R) consisting of all finite joins of basic generators
(p, q) and JG the frame of all ideals of G. For each I € JG,

v(I)={(p1,q1) V-V (Pnsqn) | i, g € Qand p; <r; < s; < q; = (ri,s;) € I}

is clearly closed under binary joins and easily seen to be a down-set so that it is
an ideal of G. This defines an operator v: JG—JG.

2.2.1. Lemma. (p,q) € v(I) if and only if every (r,s) with p < r < s < q be-
longs to I.

Proof. Let (p,q) = (p1,q1) V -+ V (Pn,qn) be in v(I). Then every (r;,s;) sat-
isfying p; < r; < s; < ¢; is in I and it is a straightforward exercise to show,
by induction, after removing redundancies, that the (p;,q;) can be arranged so
that the corresponding (p;,q;) = {t € Q | p; < t < ¢;} are successively overlap-
ping intervals. Hence any (r,s), with p < r < s < ¢, may be expressed as some
(r1,81) V-+-V (rp, sn) € I. The converse is obvious by the definition of v. O

2.2.2. Lemma. v is a nucleus.

Proof. Clearly, I C v(I) for any I, v preserves inclusion and satisfies the weak
form of preserving meets, v(I) N J = v(I N J) for any I and J, by an obvious
argument. Further, v is idempotent: given (p1,q1) V -+ V (Pn,qn) € v(v(I)), we
have all (r;,s;), with p; < r; < s; < ¢;, in v(I); then by 2.2.1 all (r},s}) € I (for
r; <1 < s, < s;). Since Q is dense in itself this implies that all (r;,s;) € I, and
consequently (p1,¢q1) V -+ V (pn, qn) belongs to v(I), as desired. It follows that v
is an idempotent prenucleus, and therefore a nucleus (recall II11.11.5.1). O
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In particular, this implies that
L=v[JG]={I €3G |v(I)=1}
is a frame, where binary meets are given by intersection and arbitrary joins
Llpea Lo are given by v(\/ cala)-
2.2.3. Lemma. There is a frame isomorphism h: £(R)—L given by

h(a) = V{l(p.a) | (p,q) < a}
(in particular, h(p,q) = l(p,q)).

Proof. Clearly, any principal ideal belongs to L and the correspondence from the
basic generators of £(R) into L mapping (p, ¢) to |(p, q) turns the relations (Rq)-
(R4) into identities in L. This determines a frame homomorphism h: £(R) — L
such that h(a) = \V/{l(p,q) | (p,q) < a}, which is obviously onto. Moreover, h(a)
is the ideal of all elements of G below a, and since £(R) is generated by G, this
makes h one-one. Hence h is an isomorphism. O

Recall VII.6. Next result is the point-free extension of the classical fact that
the space R is locally compact.

2.2.4. Proposition. £(R) is a continuous lattice.

Proof. In view of (R3) it will be enough to prove that (r,s) < (p,q) whenever
p<r<s<g.

For any updirected subset D of £(R), if (p,q) < \/ D in £(R) then, applying
the isomorphism h: £(R)—L, we get

hp,q) < U h(d) =v(V h(d)),

deD deD

where {h(d) | d € D} is an up-directed subset of JG. Therefore \/ ., h(d) =
Ugep M(d) and thus we have |(p,q) < v(Uzep h(d)). By 2.2.1 this implies that
(r,5) € Ugep P(d), that is, (r, s) € h(d) for some d € D and thus h(r,s) = |(r,s) <
h(d), from which it follows that (r,s) < d, as desired. O

2.3. The closed interval frame. For any p < q in Q, the closed interval frame

£lp,q|

is the frame T((—,p) V (¢,—)). Since Q has order automorphisms that assign p to
0 and ¢ to 1, all these frames are isomorphic to £[0, 1].

Proposition. For any p < q, £[p, q] is compact.
Proof. By 2.1 and 2.2.4 we have
(p,g) <= (p—1l,g+1)<1 forany p<gq.

Let 1 =\/,.;x; in £[p,q] = T((p,q)*); then (p—1,¢+1) < x4, V---Va;, for some
i1,...,in € J, and therefore, joining with (p, ¢)* produces 1 =iy V -+ V iy,. O
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3. £(R) versus the usual space of reals

3.1. Background: Dedekind cuts. Dedekind originally defined a cut (A4, B) as a
partition of the rationals into two non-empty classes where every member of A
is smaller than every member in B ([66]). It is important to notice, as Dedekind
observed, that each rational number p produces two cuts which one should not
look at as essentially different:

(lp,Q~1lp) and (Q~ Tp,Tp)).

Note. In Appendix 1.4.5 the Dedekind cuts as considered above correspond to the
(p(M),Q N\ ¢(M)). However, in this section it will be convenient in the rational

cuts to replace (¢(M),Q ~ ¢(M)) = (lp,Q ~ |p) by

(lp~Ap}, 1o~ {p})

as a representative for p, i.e., to work with the open Dedekind cuts. Specifically,
these are the pairs (A4, B) of non-empty subsets of Q such that

(Dl) A n B= @,
(D2) A is a down-set and B is an up-set,

(D3) A contains no greatest element and B has no least element,
(Da4)

D,) if p < ¢ then either p € A or g € B.

R is then the set of Dedekind cuts with the total order (A, B) < (C, D) iff

A C C. The real number r represented by the Dedekind cut (A, B) is characterized
by the condition

p<rifpe A, r<qiff g€ B. (3.1.1)

The irrational numbers are the cuts (A4, B) for which (A, B) is a partition of Q.

In this section the symbol R (alone) will designate the usual space of real
numbers defined by the Dedekind cuts of Q.

3.2. Proposition. The spectrum X L(R) is homeomorphic to R. More specifically,
there is a homeomorphism ¢: LL(R) — R satisfying

for all h: £(R) — 2 and all p,q € Q.

Proof. Given any h: £(R) — 2, define subsets A;, and By, of Q by

Ap={pcQ|h(p,—) =1} and Bp={¢ecQ|h(—,q) =1}
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By 1.2.1, the pair (A, By,) is a Dedekind cut. Indeed, by (Rf), (R5) and the
compactness of 2, Ay and By, are non-empty; (D) follows from (R}), (D2) and
(D3) follow from (R%) and (R}), and (Dy4) follows from (R%).

Now, if 7, is the real number represented by (A, By) then (3.1.1) implies

that
p<rp<gqiff pe Ay and q € By,

iff h(p7 _) =1= h(_7Q>7
as desired.

Conversely, for any r € R represented by the Dedekind cut (A, B), the corre-
spondence h,: £(R)—2 defined on generators (p, —) and (—, q) by h,(p,—) = 1 iff
p € A and h,(—,q) = 1iff ¢ € B, turns the relations (R})—(Ry) into identities in
2 (this is straightforward to check being (A, B) a Dedekind cut). Hence we have
a frame homomorphism h,: £(R) — 2 such that h,(p,—) = 1 and h,(—,q) = 1 iff
p<r<gq.

The correspondences h — 7, and r +— h, thus established are inverse to each
other because any r € R is determined by the p,q € Q such that p < r < ¢. Hence
we have a one-one onto map ¢: LL(R) — R satisfying p < p(h) < ¢ iff h(p,—) =1
and h(—,q) =1, for all p,q € Q. It remains to show that ¢ is a homeomorphism:
the topology of L£(R) is generated by the sets

L) ={h € ZER) [ h(p,—) =1 = h(—q)},
and ¢ maps these to

ol = {eh) | h(p,—) =1=h(—q)} = {eh) | p < p(h) < q} =]p,q],

the real open intervals with endpoints p and ¢, which generate the topology of R.
O

3.2.1. Note. The preceding result suggests that the space R may be constructed
as LL(R) since the latter requires no prior knowledge of R. This provides a new
method of introducing the reals (see [16] for more details). We will see that the
usual order and algebraic structure of the reals are obtainable via £(R).

3.2.2. Recall from Chapter II that the spatial reflection of a frame L is the frame
homomorphism 7z : L — QXL given by a — X,. In the present situation, the
homeomorphism ¢~ !': R — L£(R) of Proposition 3.2 induces an isomorphism
OELR) — QR) taking X, 4) to |p, ¢[, as seen in the proof of the proposition.
Combining this we obtain the following

Corollary. The frame homomorphism h: £(R) — Q(R) defined by (p, q) —]p, q[ is
the spatial reflection map. It is an isomorphism.

Proof. Tt remains to show that h is an isomorphism. It is clearly onto; in order
to show that it is one-one it is enough to show that it is co-dense (recall V.5.6).
Consider then any

a=\V{pq) | (@ q <a} e LR)
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mapped to the top element of 2(R), that is,

ha) = U{lp,al | (p,q) < a} =R,

But the closed intervals in R are compact, so, for any r, s € Q,

[T,S] c ]P17Q1[ U---u ]pnaqn[

for some (p;,q;) < a. After removing redundancies, joining overlapping intervals
and using (Rs2), we may assume the |p;, ¢;[ are disjoint; hence [r,s] C |p;, g:[ for
some %, showing that (r,s) < (pi,¢) in £(R) and therefore (r,s) < a. By (Ra),
this implies a = 1. O

4. The metric uniformity of £(R)

4.1. For each n € N let
Up={(p,g) cLR)|0<g—p< .}

Each U, is a cover of £(R). Indeed, by successive application of (Rg) any (r,s)
may be written as the join of some (p1,q1),. .., (pt, ¢:) where

PL=r<p<q<p3< - <p<@1<q=s 0<¢g—p <}

n'

Proposition. {U,, | n € N} is a basis for a uniformity U in £(R).

Proof. Uy, 41 is obviously contained in U, hence U, 41 < U,, and we have a filter
basis of covers. Further, for any (p, q) € Usy,

Usn(p,q) = V{(r,8) |0 <s—7r < 4 ,(rs) A(p,q) # 0}
1 1
< (P* 3n7q+ Bn) € Un7
showing that Uj,, < U,. Finally, if p < r < s < ¢ take a n sufficiently large such
that p < r — Tll < s+ Tll < g; then U, (r,s) < (r — i,s—!— i) < (p,q), and hence
(r,s) <y (p,q). Using (Rs3), this proves the admissibility condition. O
4.2. Proposition. The uniform frame (£(R),U) is complete.

Proof. Recall VIIL.6.2. We need to show that any dense ue-surjection
h: (M, V)—(£(R),U)

of uniform frames is an isomorphism. Since h is dense, it suffices to exhibit a right
inverse f for it. Let h, be the right (Galois) adjoint of h. Since h being onto implies
hh,. = id, it will be enough to check that the f: £(R)— M defined on generators by
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f(p,q) = hi(p,q) is in fact a frame homomorphism, that is, it turns the conditions

(R1)—(R4) into identities in M.
(Rq): It is obvious because h, preserves arbitrary meets.
(R2): Given p <r < q < s, take | < ¢—r and any (u,v) € U,. Then

(pq) ifsnv<gq

(p,s) A\ (u,v) = (pVu,s \v) S{ (r,s) ifr<pvu.

On the other hand, if ¢ < sAvandpVu < r then ¢ < v and u < r so that
g—r<v—u< 711, a contradiction. This shows that (p, s) A (u,v) is below (p, q) or
(r,s), and hence hy(p, s)Ahs(u, v) < hi(p, ¢)Vhi(r, s). On the other hand, since h is
a dense ue-surjection, h.[U,] is a cover; consequently h.(p, s) < h.(p,q) V hi(r, s).
Since the reverse inequality holds by the (R;) condition, this proves the desired
identity.

(R3): Note that by the properties of dense ue-surjections,

he(p, @) = Viha(a) [ a <u (p,g)}-

On the other hand, using that a is a join of basic generators, one sees that U,a <
(p,q) implies a < (p+ },q— ) for any n so that a <y (p,q) implies a < (r,s)
where p < r < s < q. Hence we also have

hi(p,q) = V{h«(r,s) | p <r <s <q},

as required.

(R4): For any n, h.[U,] is a cover of M and therefore

4.2.1. Note. The classical completeness of R may now be seen as a consequence of
Propositions 3.2 and 4.2, using the fact that the spectrum of a complete uniform
frame is a complete uniform space in the induced uniformity ([36]; see Chapter X).

Recall from 1.1.1(4) that there is a partial order isomorphism between the
(p,q) € £(R) and the rational open intervals {p, ¢) € Q(Q) that defines a canonical
frame homomorphism h: £(R)—Q(Q). It maps each of the uniform covers U, to
the analogous covers of 2(Q), which means that the uniformity on Q(Q) induced
by the metric uniformity U of £(R) via h is the usual (metric) uniformity Q on
the rationals and h: (£(R),U)—(Q(Q), Q) is a uniform homomorphism.

4.2.2. Corollary. h: (£(R),U)—(2(Q), Q) is the completion of (Q2(Q), Q).

Proof. 1t suffices to check that the uniform homomorphism h is a dense ue-
surjection (recall VIIIL.3.3), which is straightforward. O

This is the point-free counterpart of the classical fact that R is the uniform
completion of Q.
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5. Continuous real functions

5.1. From the adjunction between locales and topological spaces (11.4.6)
Lc
Top < ~ Loc
Sp
we have a natural equivalence (see AIL6.1)
Top(X,Sp(L)) = Loc(Le(X), L) = Frm(L, Q(X)).

Applying this for L = £(R) and combining it with the homeomorphism of Propo-
sition 3.2 we get a bijection

Top(X,R) = Frm(£(R), (X))
under which each h: £(R)—Q(X) corresponds to the h: X —R given by
p < h(z) < qiff x € h(p,q). (5.1.1)

This shows that continuous real functions on a space X are represented by
frame homomorphisms h: £(R)—Q(X), and hence regarding the frame homo-
morphisms £(R)—L for a general frame L as the continuous real functions on L
provides a natural extension of the classical notion: a continuous real function on
a frame L is a frame homomorphism £(R)— L. We will speak of

(L)
as the set of all continuous real functions on L, partially ordered by

f<g9=a f(p,—) <g(p,—) for every p € Q
< g(—,q) < f(—,q) for every q € Q.
5.2. Scales. A scale in a frame L is a map o: Q— L such that o(s) < o(r) whenever
r<sand \{o(r) |reQ} =1=\V{o(r)* | reQ}.

5.2.1. Note. The name scale used here differs from its use in [145] where it refers
to maps from the unit interval of Q into L. In [16] the term descending trail is
used.

Scales provide us with a general method for defining continuous real functions
on a frame, as follows.

5.2.2. Lemma. For each scale o in L the formulas
frr=)=\VHo(s) [ s>r} and f(—r)=V{o(s)"[s<r} (reQ)

determine a frame homomorphism f: L(R)—L such that f(r,—) < o(r) <
f(=m)* for every r € Q.
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Proof. The inequality f(r,—) < o(r) is obvious; the other is also easy since
f(—=7)* = Nsepo(s)™ and for each s <7, o(r) < o(s) < o(s)**. Now we check
that f turns relations (R})—(Rg) into identities in L.
(R}): For each r > s we have f(r,—) A f(—,s) = \/S,<S§T<T, a(ryNa(s)* =0.
(R%): Let r < s. Then

fr,=)Vf(=s)= V o)V V o(s)">  V o)Vvo(s) =1

r’'>r s'<s r<r/<s'<s

since o(s") < o(r').
(R%) and (R};) follow because Q is dense in itself.

(R%) and (R§) follow immediately from the property \/{o(r) | r € Q} =1 =
VA{o(r)* | r € Q} of a scale. O

5.2.3. Examples: (1) Constant functions. For each p € Q let o, be defined by
op(r) = 1if r < p and op,(r) = 0 otherwise. This is clearly a scale. The corre-
sponding function in €(L) provided by 5.2.2 is given for each r € Q by

1 ifr<p 0 ifr<p
p(r,—) = and p(—r) =
0 ifr>p 1 ifr>p.

(2) Characteristic functions. Let a be a complemented element of L. Then o,
defined by o4 (r) =1if r <0, 04(r) =a“if 0 <r <land o,(r) =0ifr > 1,isa
scale. It generates the characteristic function x, € C(L) defined for each r € Q by

1 ifr<o0 0 ifr<o0
Xa(ri—)=4qa° if0<r<1 and xu(—r)=<a if0<r<1
0 ifr>1 1 ifr>1.

5.2.4. Lemma. Let f,g € C(L) be determined by scales o1 and oo respectively.
Then f < g if and only if o1(p) < o2(q) for every p > q in Q.

Proof. f < giff \/{o1(s)|s>r} <\{oz2(s)|s>r}foreveryr € Q.Letp>qin
Q. If f < g then o1(p) < \/s>q o1(s) < \/s>q o2(s) < o2(q). Conversely, for each
r € Q and s > r take ¢ such that r < g < s; then o01(s) < 02(g) with ¢ > r thus
[ <g. U

5.3. Calculating in C€(L). We now describe some of the algebraic aspects of the
reals that give rise to function algebras.

5.3.1. Additive inverse. For f € C(L) define

o_5(r) = f(—,—r) for every r € Q.
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Since o_¢(r)* = f(—,—r)* > f(—r,—), it is clear that o_f is a scale. The real
function generated by it, denoted — f, is defined for each r € Q by

—f(r,=) =f(=-r) and - f(—=r)=[f(-r,—).
5.3.2. Product with a scalar. For 0 < A € Q and f € €(L) define
o(p) = f(2,—) for cach p € Q.
For every p < g, o(p) V o(g) = f(2. =)V (1.0 > f(. )V f(= 1) = 1,

Vipea o) =V,eq f(5,—) =1and V cq0(p)* 2 Ve f(— §) = 1. Hence o is a
scale. The real function generated by it, denoted X- f, is defined for each r € Q by

A Nr—=) = f(1,—) and (A f)(—7r) = f(=})
5.3.3. (Binary) join and meet. Given f,g € (L), let
o(p) = f(p,—) V g(p,—) foreachp € Q.
For any p < ¢,

o(p)Volg) = fp.—) Vg, —) vV (fla.—)* Aglg,—)")
= (flp.—) Vg, —) V fla,—)") A (f(p,—) vV glp,—) V glg,—)") = 1.

Moreover \/ .o o(p) =1 and

Voolp) =V (flp,—)" Aglp,—))

peEQ peQ
> \E/Q(f(—,p)Ag(—,p)) > \éQ(f(—vr)Ag(—,S))

(since for any r,s € Q,p=rVs € Qand f(— r)Ag(—,s) < f(—p)Ag(—,p)), from

which it follows that \/ .o o(p)* = (Vpec@ f(_,p)> A (Vpe@ g(—,p)) = 1. Hence o

is a scale. It is straightforward to check that the frame homomorphism determined
by o is precisely the supremum fV g in C(L). It is given by the formulas

(f\/g)(r,—) = \/ (f(sv_) \/g(S,—)) = f(?",—) VQ(T7_)

and

(f \/g)(_’ T) = s\</r(f(s’_) \ 9(83_))* = f(_v T) /\g(_’ ’/‘).
(For the latter identity, if s < r then (f(s,—) V g(s,—))* = f(s,—)* Ag(s,—)* <
f(=71) N g(—=r); conversely, f(—7) A g(—7) =V, oep(f(=51) N g(—52)) <

Veer(f(5,2)7 A g(s—)").)
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Concerning meets, since f < g iff —g < —f for every f, g € C(L), the infimum
f A g exists and is given by f A g = —(-f V —g). Hence

(f /\g)(r, _) = 7f(_a _T) A 79(_7 _T) = f(,r’_) /\g(T,—)

and

(f A g)(_7 T) = 7f(—7”, _) v 79(—7',—) = f(_v T) N g(_v T)'
5.3.4. Sum. Let f,g € C(L). For each p € Q define

a(p) =V (f(r,=) Aglp—r,—)).

reQ
Proposition. o is a scale.

Proof. For each p € Q let d(p) = \/seQ(f(—, $)ANg(—,p— s))
Claim 1. If p > q € Q then o(p) A d(q) = 0.

(Indeed, for any p,q,r, s € Q with p > ¢, then either s <rorg—s<p-—r
and thus either f(r,—) A f(—,s) =0o0r g(p—r,—) Ag(—qg—35) =0.)
Claim 2. If p < ¢ € Q then o(p) V d(q) = 1.

(Indeed: Let p < ¢ € Q and t = ,” > 0. Then \, o f(r,r +1) =
Vicgd(s,s+1t) = 1. Let r,s € Q. If r +s > p then f(r,r +1t) Ag(s,s +1) <
fr,=) ANglp —r,—) < o(p). Otherwise, if r + s < p then s+t < ¢g—1r —1
and so f(r,r +1t) Ag(s,s +t) < f(—r+t)ANgl—q—(r+1t) <9
1=V, eq(f(r,r+1) Ag(s,s +1)) < a(p) vV d(q).)

Finally, let p < ¢ € Q and consider r € Q such that p < r < ¢. It follows
immediately from claims 1 and 2 that o(p) Vo (q)* > o(p) V(r) = 1. On the other

hand
\/ O’(p) = V (f(rv_) /\g(pf T',—))
peQ p,m€Q
= \/ (f(rv_) A \/ g(p—r,—)) = \/ f(rv_) = ]'
reQ peQ reQ
and

Vo) = Vip)= V (f(=s)Agl=p—s))

peQ peQ p,s€Q
=V ({f(=s)AVgl—p=—5)=V fl—s) =1 O
s€Q peQ s€Q

The real function generated by the scale o, denoted f + g (the sum of f and
g), is given by the formulas

(f+9)(r,—) = té/@(f(t—) Ng(r—t,—))
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and

(f—f—g)(—,?") = \/ (f(_at) /\g(—,r—t)).

teQ

(The former is obvious; for the latter, (f4g)(—,7) = \/,, o(s)* and therefore
(f+9)(—7) < 4(r) (by Claim 2); on the other hand, 6(r) = V,cq V., (f(—t)A
g(_7 s — t)) = \/s<r 6(5) S V5<’l“ 0(8)*)

Remark. For any f,g € C(L), f — g is defined as f 4 (-g) and is given by the
formulas

(f=9)r,—) = té/@f(ty—) Ag(—t—r)

and
(f - g)(_’ 7‘) = V f(_7 t) A g(t - Ta_)'
teQ
Notice that, immediately, f — f = 0.

5.3.5. Product. We start with the case f,g > 0. For each p € QQ define

o(p) ="
1 if p<O.
Proposition. ¢ is a scale.

Proof. Let

s>0
0 if ¢ <0.
Claim 1. If p > q € Q then o(p) A d(q) = 0.

(Indeed, for any p,q,7,s € Q with p > ¢ > 0 (the case ¢ < 0 is trivial)
and 7,5 > 0, either s < r or I < P and thus either f(r,—) A f(—s) = 0 or
Claim 2. If p < ¢ € Q then o(p) V (q) = 1.

(Indeed: Let 0 < p < ¢ € Q (the case p < 0 is trivial) and ¢ € Q such that
1<t*< - We have that \/, o f(r,rt) = f(0,—) and V., g(s, st) = g(0,—). Let
0<rs5€Q Ifrs > pthen f(r,rt)Ag(s,st) < f(r,—)Ag(?,—) < o(p). Otherwise,
if rs < pthen st < ? and so f(r,rt) Ag(s,st) < f(—rt) Ag(—, %) < 6(q). Hence
£(0,—) A g(0,—) = \/T75>0(f(7‘, rt) A g(s,st)) < o(p) V §(q). On the other hand,
5((]) \ f(oa_) = \/s>0((f(_7 S) 4 f(O,—)) A (g(_a Z) \ f(O’_))) = vs>0 (g(_’ Z) \
f(0,—)) =1 and, similarly, 6(¢q) V g(0,—) = 1, thus 1 =(5(q) V f(0,—))A(d(q) V
9(0,=))=0d(a) v (£(0,—) A g(0,—)) < a(p) vV d(q).)

Finally, let p < ¢ € Q. Take r € QQ such that p < r < q. It follows immediately
from claims 1 and 2 that o(p) V o(q)* > o(p) V 6(r) = 1. On the other hand,

V (f(=s)ng(—1) ifg>0
6(q) =
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Vypeqo(p) =1 and
Voop) = Viip)= V (fl=s)Ag(=71)

peQ peQ p,8>0
s>0 p>0 5>0

The real function f - g (the product of f and g) is the frame map generated
by o, which is given by the formulas

V(f(sa_)/\g(£7_)) 1fT20
(F - 9)r,—) = { =
1 if r <0
and
V (f(=s)Ag=T) ifr>0
(/- g) (=) = >0
0 if » <0.

(The former is obvious; for the latter, notice that by Claim 2, (f - g)(—,r) =
Ver0(s)* < 6(r); on the other hand, applying Claim 1, \/5>O(f(—7 $)AG(—, ;)) =
\/s>0 \/0<p<r (f(_v 5) A 9(—7 137)) = \/0<p<r 5(17) < \/0<p<7‘ U(p)*-)

In order to extend this to the product of two arbitrary f and g define
ff=fvo and f~=(-f)VvO

for any f € C(L). Notice that f = fT— f~. Then f-g=(f*—f7)- (g7 —g7) is
defined as

(frg) =g )= gD+ 97)
In particular, if f,g <0, then f-g=f"-9= =(-f)(-9).

5.4. The function algebra C(L). Recall that a lattice-ordered ring is a ring A with
a lattice structure such that, for all f,g,h € A, (fAg)+h=(f+h)A(g+h) and
fg >0 whenever f >0 and g > 0 ([113]).

5.4.1. Theorem. C(L) is an archimedean commutative lattice-ordered ring with
unit.

Proof. All properties can be easily checked by application of the formulas in 5.3.
We illustrate this with archimedeaness. Let f > 0 and nf < g for all n > 1.
Then, for all p > 0, f(?,—) < g(p,—) and consequently f(0,—) < g(p,—) by
(R%). It follows that f(0,—) A g(—,p) = 0 for all p > 0, and since \/{g(—,p) | p €
Q} =1 by (R§) this shows f(0,—) = 0. Hence f < 0 and consequently f = 0, as
required. O

5.4.2. Remark. In fact one has more: C(L) is an f-ring (i.e., (f Ag)h = (fh) A(gh)
for any f,g,h with h > 0 ([248)])), strong (i.e., every f > 1 is invertible) and
bounded (i.e., each f satisfies fV (—f) < n for some natural n); see [16] for details.
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6. Cozero elements

6.1. A cozero element of L is an element of the form

f(_v 0) v f(oa_)
for some f € C€(L). For any such f we refer to f(—,0) Vv f(0,—) as coz(f).

6.1.1. Note. For any topological space X, the cozero elements of the frame Q(X)
are exactly the usual cozero sets of X; the cozero map coz: C(L) — L is the
extension to arbitrary C(L) of the correspondence between functions f on spaces
and their cozero sets f~!(R ~ {0}). Cozero elements play a particular role in the
theory of o-frames ([26],[27]), the point-free counterpart to Alexandroff spaces
(recall IV.6.7.2; a o-frame is a k-frame for k = Ry). In fact, the collection of all
cozeros of L, usually denoted by Coz L, forms a sub-o-frame of L (see 6.2.4 below).

The following summarizes some of the properties of coz.
6.1.2. Proposition. Let f,g € C(L).

(1) If 0 < f < g then coz(f) < coz(g).
(2) coz(f + g) < coz(f) V coz(g) and coz(0) = 0. If f,g > 0 then coz(f + g) =
coz(f) V coz(g).
(3) coz(f - g) = coz(f) A coz(g) and coz(1) = 1.
(4) If f,g > 0 then coz(f A g) = coz(f) A coz(g).
(5) coz(f —p) = f(—p)V f(p,—) for every p € Q.
(6) coz((f —p)* Ala—f)") = f(p,q) for every p,q € Q.
Proof. (1): coalf) = £(0,-) < 9(0,—) = cong).
(2): Obviously coz(0) = 0. For coz(f + g), (f +g)(—0) < f(—,0) V g(—,0) and
(f+9)(0,—) < f(0,—)Vg(0,—). Moreover, if f,g > 0 then f+ ¢ > f, g and hence
coz(f) V coz(g) < coz(f + g) by (1).
(3): Trivially, coz(1) = 1. Further, calculating fg(—,0) and fg(0,—) one gets

f9(=0) = (f(0,—) A g(—=0)) V (f(—0) A g(0,—))
and
f9(0,—) = (f(0,—) A g(0,=)) V (f(—0) A g(,0)),
which by distributivity gives the desired identity since
coz(f) A coz(g) = (f(—,0) vV £(0,=)) A (9(—0) vV g(0,—)).

(4): By the rules of f-rings (in 5.4.2), fg < fh whenever f > 0 and g < h.
Therefore fg < (f(fV g)) A (g(fVg)) = (fAg)(fVg) and hence

coz(f) A coz(g) = coz(fg) < coz(f A g) Acoz(fV g) < coz(f A g).
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(5): coz(f —p)=(f—=P)(=0)V(f =P)(0,—) =V o f (=) AP(5,=) VV . cq [ (r,—) A
P(—r)=V,op [ (=)VV s, fr=)=f(=p)V f(p,—).

(6): For any f, [T is given by

f+(7’,—):1(’l“<0), er(T?_):f(T?_) (TZO)v

and
f+(—,7')=0(7“§0), f+(—,7')=f(—77’) (r>0).

Therefore coz((f — p)T) = f(p,—) and coz(q — f)*) = f(—,q). The conclusion
follows by application of (4). O

6.2. Complete regularity via cozero elements. There is a neat connection between
the relation << and continuous real functions:

6.2.1. Proposition. For a,b € L, a << b if and only if there is an f € C(L) such
that a < f(4,—) < f(0,—) <b.

Proof. Let a, (r € [0,1] N Q) be a sequence witnessing that a << b and define for
eachp € Q o(p) =1ifp <0, 0(p) =a1—pifpe0,1] and o(p) =0if p > 1.
This is clearly a scale in L that determines the frame homomorphism f: £(R)—L
given by formulas

1 ifr<o0 0 ifr<o0
)= a_s fO0<r<l, ) = aj_, iH0<r<1
fr=) =4,V @ fern =4,V 4
0 ifr>1 1 ifr>1.

This is the desired f. For the converse notice that (3,—) << (0,—) (by the cor-
responding variant of 2.1) and that any frame homomorphism preserves << (by
V.5.8). O

6.2.2. Remark. Applied to spaces this means that for any space X, U << V in
Q(X) iff there exists a continuous real function f on X such that f(z) > } for all

x €U and f(xz) <0 for all x ¢ V (just take f: £(R)—Q(X) for U << V as in the
proposition and then the corresponding f of (5.1.1)). This readily implies that

A space X is completely reqular iff the frame Q(X) is completely reqular.

(Note that this characterizes the complete regularity of a space X by an
internal lattice condition on Q(X) irrespective of the space R, external
to X; it appeared firstly in the 1953 doctoral dissertation of B. Ba-
naschewski ([8]).)

Now, the cozero elements of any frame may be described without reference
to £(R) as follows.
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6.2.3. Proposition. The following are equivalent for a € L.

(1) a € Coz L.
(2) a=V,enTn where x, << a for all n € N.
(3) a =V ,enan where a,, << any1 for all n € N.

Proof. (1)=(2): If a = coz(f) for some f € C(L) then a = f(—,0) V f(0,—) =
Ve f((— }L) vV (rlw_)) Since (—, }l) \% (rlw_) ~< (—,0) vV (0,—) and any homo-
morphism preserves << we conclude that =, = f((—, }) Vv (},—)) < a.

‘n n?

(2)=(3): Given a = \/, .y T in the stated conditions, define a, inductively by
a; =21, a1 VT2 < ay KA, ..., @V Iy << apt1 <K a,

using the fact that << interpolates and is stable under binary joins.
(3)=(1): For each n, let ¢ (r € [0,1]NQ) be an interpolating sequence witnessing
ap << apy1. For each r € [0,1] N Q define

_.n i n—1 n
er=CF oy " <<

(where 7, is an increasing bijection between [0,1] N Q and [ !, 1] N Q); this
defines an interpolating sequence ¢, (r € [0,1] N Q) between a; and a such that

a = \/, ., ¢r. Proposition 6.2.1 then produces an f such that coz(f) = f(0,—) =

V0<S§1 Cl-s = \/0§7-<1 Cr = Q. O

6.2.4. Remarks. (1) As an obvious consequence of this characterization, Coz L is
a sub-o-frame of L, meaning it is a bounded sub-meet-semilattice closed under
joins in L of countable subsets.

(2) Another consequence of this characterization is that a << b iff a << ¢ << b for
some ¢ € Coz L: for any interpolating sequence ¢, (r € [0,1] N Q) witnessing that
a << b, c=\{c | 7 < 1} is a cozero element by the proposition and clearly
a<<c—=<<b.

6.2.5. Corollary. A frame is completely reqular if and only if it is generated by its
cozero elements.

Proof. Assume L is completely regular, that is, a = \/{z € L | * << a} for every
a € L. By 6.2.1, for each such  there is an f € €(L) such that z < f(5,—) <
f(0,—) < a. Then a is the join of these elements f(%,—) and from (6) in 6.1.2,

F5, =) =V G.p) [ p> 5} = Vi{coz((f = 5)7) Acoz((p = f)F) [p > 3}

Conversely, if L is generated by its cozero elements then every element of L is
a join of cozero elements by 6.1.2(3). The fact that L is then completely regular
follows immediately from 6.2.3. 0
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7. More general real functions

7.1. Given a topological space X, it is sometimes desirable to consider real func-
tions on X which are not necessarily continuous. For instance, Bluemberg spaces
are spaces X in which for every function f: X — R there is a dense subspace D
of X such that the restriction f|p: D — R is continuous.

There are also the important semicontinuous real-valued functions (intro-
duced by Baire in 1899 for real-valued functions with domain R):

A real function f defined in a space X is upper (resp. lower) semicontinuous
if, for any z € X and r € R satisfying f(z) < r (resp. f(z) > r), there is a
neighbourhood U C X of x such that f(y) < r (resp. f(y) > r) for every y € U.

(Obviously, for each closed F' C X, the characteristic map xr is upper

. . . : . 7.1.1
semicontinuous, and for each open A C X, x 4 is lower semicontinuous.) ( )

A

- .

Zo

Figure 4: An upper semicontinuous function.

Denoting by ¥; the lower topology of R, generated by intervals | — oo, ¢[, with
g € Q, f: X—R is upper semicontinuous iff f: (X,Q(X))—(R,%;) is continu-
ous. Analogously, considering the upper topology ¥, of R, generated by intervals
Ip,+ool, p € Q, f: X—R is lower semicontinuous iff f: (X,Q(X))—(R,%,) is
continuous.

7.2. The frame &S(L). Up to now we have only considered continuous real func-
tions. With the goal of dealing with more general functions it is convenient to
introduce the co-frame S/(L) of sublocales of a frame L (II1.3.2.1) turned upside
down. We shall denote this frame by

&(L).

From II1.6.1.5 and IV.6.2 we know that the set ¢L of all closed sublocales of L is
a subframe of &(L), isomorphic to the given L.

7.3. Real functions. In the point-sensitive case, the set

F(X,R)
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A

,

o

A\

Figure 5: A lower semicontinuous function.

of all functions X —R (not necessarily continuous) is clearly in bijection with
Top((X, PB(X)), (R, T)), whatever topology € we put on the reals. In particular,
for the usual (Euclidean) topology . of R, we have

S:(X7 R) = Top((X, m(X))v (Rv 3:6)) :
Therefore, by the adjunction between Top and Loc,
F(X,R) = Loc(P(X), £(R)) = Frm(£(R), B(X)).

Note that J3(X) is the subobject lattice of X in Top. Now, when we move
to Loc replacing X by an arbitrary locale L, we should replace P(X) by the
sublocale lattice (L) of L. This conceptually justifies to adopt the elements of
the lattice-ordered ring

C(6(L)) = Frm(£(R), S(L))
as the definition of real functions in an arbitrary frame L.

7.3.1. Semicontinuous real functions. The important feature of this approach is
that the structure of &(L) is rich enough to allow to distinguish the differ-
ent types of continuities. An upper (resp. lower) semicontinuous function is an
f: £(R)—6&(L) for which f(—,r) € ¢L (resp. f(r,—) € cL) for every r € Q. The
class of upper (resp. lower) semicontinuous functions in L will be denoted by

U(L) (vesp. £(L)).

Then a continuous function is just a function in U(L) N L(L), i.e., an
f: £(R)—&(L) for which f(£(R)) C ¢L. Evidently, by the isomorphism ¢L 2 L,
this definition is equivalent to the previous one in 5.1 (more precisely the two
classes of functions are in a bijective correspondence via the isomorphism ¢L = L).
We will keep the notation C(L) for both classes of functions in the bijection.
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Examples: Characteristic functions. Let S be a complemented sublocale of L. Then
og defined by og(r) = 1ifr < 0,05(r) = S€if 0 <r < 1 and og(r) = 0 otherwise,
is a scale in &(L). By application of 5.2.2 it determines the characteristic function
X s defined for each r € Q by

1 ifr<o0 0 ifr<o0
xs(r,—)=4¢5° if0<r<1 and xs(—r)=¢S5 ifo<r<i
0 ifr>1 1 ifr>1.

Note that xs € U(L) iff S is closed, xs € L(L) iff S is open, and xg € C(L) iff S
is clopen (compare this with (7.1.1)).

7.4. Insertion theorem. Similarly as in spaces, there is a plethora of insertion-type
results characterizing several classes of frames in terms of the insertion of a con-
tinuous real function in between certain pairs of (semicontinuous) real functions.
Of those we present the one characterizing normality. We will need two auxiliary
results for normal frames.

7.4.1. Lemma. A frame L is normal if and only if for any countable subsets {a;}ien
and {bi}ien of L satisfying a;V (\;enbj) =1 and b;V (A ey aj) =1 for every i €
N, there exists uw € L such that a; Vu =1 and b; Vu* =1 for every i € N.

Proof. Let L be a normal frame. Then, for each i € N, a; V (/\;cy bj) = 1 implies,
by normality, the existence of u; € L satisfying a; Vu; = 1 and (/\jeN bj)Vul =1.
Similarly, from bi\/(/\jeN a;) = 1 it follows that there is v; € L such that b;Vv; =1
and (/\ ey a;) Vvj = 1. Then, for each i € N, we have

ai\/(/i\ vi) = (A aj) V(A o) = ]\ (A aj)vop) =1
k=1 jEN k=1 k=1 jeN

and, similarly,

bV (A i) 2 (A )V A ) = A (A ) V) =1

jEN k=1 k=1 jeN

Now define, for each i € N,

and consider u = \/, .y u; and v =\/ I. Clearly,

1€N z
i
a;Vu>a; Vu, = (a; Vui))A(a; V(N vp) =1,

bi\/UZbi\/'U;:(bi\/vi)/\(biv(k{\ u;;)):



290 Chapter XIV. The Frame of Reals and Real Functions

and
i J
uhv=\ \/(u;/\v;): V V (wihvy AN\ vp AN uf)=0.
ieN jEN iEN jEN k=1 =1
Thus v < v* and we conclude that b; V u* > b; Vv = 1.

The converse is trivial. O

In the following, given f € U(L), g € L(L) and r € Q, let f., g, be the
elements in L such that f(—,r) = ¢(f.) and g(r,—) = c(g)-

7.4.2. Lemma. Let L be a normal frame and let {c; | i € N} be an enumeration
of Q. If f € W(L) and g € L(L) satisfy f < g, then there exists {uq, }ien € L
such that

(¢>ai) = (fgVua =1), (7.4.1)
p<ai) = (gpVu, =1), (7.4.2)
(aj, <ojp) = (Uay, Vug, =1). (7.4.3)

Proof. We will prove this by showing by induction over N that, for each i € N,
there exists u,, € L such that

(¢> i) = (fgVua, =1), (p<a)=(gpVu =1)and
(@jy < ajy) = (ua,, Vuy, =1), forall ji,j2 <i.

Since f < g, we have f, V /\T<a1 gr > fqV ga, = 1 for every ¢ > ai.
Similarly, for every p < a1, (A,~q, fr) V gp = 1. Then 7.4.1 provides u,, € L
satisfying f, Vue, = 1, for every ¢ > a1, and g, Vuy,, = 1, for every p < oy, which
shows the first step of the induction.

Now, consider k € N, and assume, by inductive hypothesis, that for any i < k
there is uq, € L satisfying f, V ua, = 1, for every ¢ > ay, g, V uy,, = 1, for every
p < a;, and (o, < aj,) = (e, V ug,, = 1), for all jq,j2 <k — 1. Let

{antnen = {fq | a > ar} U{ul, |i < k,op < o}
and

{brtnen = {gp | p <o} U{ua, | i<k a; <ol
Then {ap, }tneny and {by, }nen satisfy the conditions in 7.4.1:
L For each ¢ > a, fq V (A,<a, 90 N Nick, as<ay, Uas) is equal to

(FaVEN )NV A wa)) =1

p<ag i<k, o <ag

since fy V (A\,<a, 9p) = 1, and, by inductive hypothesis,

foVO A ua) = A (fgVua,) =1

i<k, o;<ap i<k, o;<ap



7. More general real functions 291

IL. For each i < k such that ay, < i, uy, V(A <4, gp/\/\j<k_aj<ak Uq;) is equal to

(e, VON ) Aua, VO A way)) =1,

p<ag i<k, o <oy

since uy,, V (A, <q, 9p) = U5, V ga, = 1 and, by inductive hypothesis,

ut, V(AN ua,) = N (uy, Vua,) =1

J<k, aj<ayg J<k, o <ay

IIT. Similarly to I and II, respectively, one can prove that, for each p < ay,
(/\q>ak fa N /\i<k,ozk<ozi uy, )V gp = 1, and that, for each i < k satisfying o;; < ax,
(Agsor faNNick oy <a; Wai) Vtia; = 1. Thus, it follows from 7.4.1 that there exists
Uq, € L such that

fq Vuq, =1 for all ¢ > ag, (ar < ag) = (ug, V uq, = 1) for all i <k,
gp Vuy, =1forall p <o and (a; < ag) = (ua, Vug,, =1)foralli<k.

This, together with the inductive hypothesis, provides us with the desired u,; € L.
|

7.4.3. Theorem. A frame L is normal if and only if for each f € U(L) and g €
L(L) satisfying f < g, there is an h € C(L) such that f < h < g.

Proof. Let f € U(L) and g € L(L) such that f < g. By normality, there exists
{tq, bien C L satisfying conditions (7.4.1), (7.4.2) and (7.4.3) of 7.4.2. (7.4.1)
implies that ¢(uq,) > f(—, ¢)* > f(¢,—) whenever o; < g. Similarly, from (7.4.2)
it follows that c¢(uy,) > g(p,—)* > g(—,p) whenever p < a;. Thus \/,_y ¢(uq,) =
1 = Vencluy,), that is, \/,cyua, = 1 = V,cyup,. Together with (7.4.3) this
means that {u,, }ien is a scale in L. Consequently, the formulas

pr,—=) = V e and  p(=7r)= V ug,

o >T a; <r

determine a frame homomorphism ¢: £(R)—L. Consider the corresponding
h: £(R)—G&(L) given by

hr,—) = c(e(r,—) = V (ua,) and  h(—r) =clp(—=7) = V c(ug,)-
a;>r a;<r
It satisfies f < h < g. Indeed, condition (7.4.1) means that, for each r € Q and each
a; <1, f(—7) > c(uy,). Then, of course, f(—,7) >V, . c(u},) = h(—,r), which
means that f < h. Similarly, by condition (7.4.2) we have g(r,—) > c¢(u}") > ¢(uq,)
whenever o; > 7. Thus, for each r € Q, g(r,—) >V, -, ¢(ua,) = h(r,—).
Conversely, suppose a Vb = 11in L. Then o(b) < ¢(a), that is,

Xe(a) < Xo(b)-
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By the hypothesis, there exists h € C(L) such that x) < h < Xo). Let u,v € L
such that c(u) = h(},—) and ¢(v) = h(—, }). Then

1= Xc(a)(_7 j) vXc(a)(%7_) < Xc(a)(_a i) \ h(éa_) = C(a) N c(u) = c(a\/u)

and

1= Xo(b)(}u—) \/Xo(b)(_7 5) < h(zlp_) vXo(b)(_7 %) = C(b) N C(U) = C(b\/’l}).

Therefore a Vu =1 = bV v. On the other hand, 0 = ¢(u) A ¢(v) = ¢(u A v), hence
u A v = 0. This proves the normality of L. (]

7.4.4. Note. Theorem 7.4.3 applied to L = Q(X) for a normal space X yields the
celebrated Katétov-Tong Insertion Theorem ([159], [254]). Several other point-free
insertion theorems have been obtained recently, such as the monotone version
of 7.4.3 characterizing monotone normality, the strict insertion theorem charac-
terizing perfect normality, the strict insertion theorem characterizing countable
paracompactness and the insertion theorem for general functions characterizing
complete normality ([97], [116], [117], [119] [123]). Most interestingly, the last one
characterizes completely normal frames in terms of an insertion condition for gen-
eral (not necessarily semicontinuous) real functions fi, fo: L(R)—&(L).

7.5. Urysohn’s Separation Lemma. Let L be a normal frame and consider a,b € L
satisfying a Vb = 1. Then X() < Xo(v)- Consequently, the application of 7.4.3
yields an h € C(L) such that

Xe(a) S h < Xo)-

Rephrasing this internally in L we get immediately the non-trivial implication of
the following characterization of normality due to Dowker and Papert ([68]), which
is the point-free extension of the separation lemma of Urysohn.

7.5.1. Corollary. A frame L is normal if and only if, for every a,b € L satisfying
aVb =1, there exists h: £R)—L such that h((—0)V (1,—)) =0, h(—1) < a
and h(0,—) <b. O

7.6. Tietze’s Extension Theorem. For any sublocale S of L, let vg: L—.S denote
the corresponding frame quotient, given by vs(a) = A{s € S | a < s} (recall IIL.5).
A map f in €(L) is a continuous extension of f € C(S) whenever the following
diagram commutes

L
/ -
\
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Theorem 7.4.3 also implies the point-free version of Tietze’s Extension The-
orem. We only state it for bounded functions (the proof for the general case is
rather technical so we omit it).

An f € @(L) is said to be bounded if

f(p,q) =1 for some p < ¢
(or equivalently, if f(—,p)V f(g,—) =0 for some p < q). Let
¢ (L)
denote the set of bounded members f of (L) satistying f(—,0) vV f(1,—) = 0.

7.6.1. Corollary. A frame L is normal iff for each closed sublocale S of L and each
h € C*(S), there exists a continuous extension h € C*(L) of h.

Proof. The implication “<” being straightforward, we only prove “=". Let S =
¢(a) and consider a bounded continuous h: £(R) — S. Define f, g: £(R)—&(L) by

0 ifr <0 1 ifr<0
fl=1) =L c(h(—r)) f0<r<1, fir,—)={ V o(h(—s) f0<r<1
1 ifr>1 E)>T ifr>1
and
1 ifr <0 0 ifr <0
g(r,—) = e(h(r,—)) if0<r<1, g(r,—) =< V o(h(s,—) if0<r<1
0 if r > 1. ;« if r> 1.

Checking that f € U(L), g € L(L) and f < g is straightforward. Therefore,

by 7.4.3, there is a x € C(L) such that f < x < g. Since x((—,0) vV (1,—)) <

f(—=0)Vvg(l,—) =0, k is bounded. Then the desired extension of h to L is the
h: 8(R)—L  where c¢(h(p,q)) = x(p, q).

Indeed, E(p, q) V a = h(p,q), that is, k(p, q) V ¢(a) = ¢(h(p, q)), for every p,q € Q:
First k(p, q)Ve(a) < (9(p,—)ANf(— q))Ve(a) < e(h(p,q)). On the other hand,
for each r < g,
h(— 1) = h(—7) A (h(—q) V h(r,—))
= (h(—7) Ah(— ) V (h(—7) A h(r,—))
< h(—q) V (h(—7) Ah(r,—)) = h(—,q) V h(0) = h(—q) V a.

Similarly, h(s,—) < h(p,—) V a for every s > p. Since
)

h(p,q) = (V h(—=7) AV h(s,—)),

r<q s>p

we conclude that i (p, q) < (h(—, q)Va)A(h(p,—)Va) = h(p, q)Va, as required. [
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8. Notes

8.1. Extended real functions. The discussion of continuous real functions with
possibly infinite values can be brought to point-free topology by replacing the
frame £(R) by the frame of extended reals £(R), the point-free counterpart of the
extended real line R = R U {#o00}, see the recent [28].

8.2. The real uniformity of a frame. The functions in €(L) and the metric unifor-
mity of £(R) can be used to define a uniformity on some frames L. For that consider
the real-uniform covers of L, that is, the covers refined by some f1[U,]|A- - A fx[Us],
for homomorphisms f;: £(R)—L and basic uniform covers U,, of the metric uni-
formity of £(R). These covers form a filter relative to the refinement relation, and
any cover of this kind is star refined by such a cover. What about admissibility?
Using 6.2.1 it is not hard to see that a << b iff C'a < b for some real-uniform cover
C of L ([17], Lemma 1). Hence

The real-uniform covers of a frame L form a uniformity of L if and
only if L is completely regular.

This is the real uniformity of a completely regular frame L; L is called real-
complete if it is complete in this uniformity.

8.2.1. Remarks. (1) The real uniformity of a completely regular frame is the point-
free counterpart of the initial uniformity on a Tychonoff space X with respect to
all continuous maps X —R and the usual metric uniformity of R, employed by
Nachbin in his definition of realcompact spaces ([187]).

(2) £(R) is real-complete since, by Proposition 4.2, it is complete in the coarser
metric uniformity.

(3) Any compact completely regular frame L is real-complete. Indeed, its real
uniformity is just its unique uniformity consisting of all covers and L is complete
in this (VIIL.6.2).

(4) Real-completeness is coreflective in the category of completely regular frames,
with coreflection maps pr,: CrL—L determined by the completion of L with re-
spect to its real uniformity ([16], Proposition 8).

The familiar result in classical topology that a Tychonoff space X is complete
in the initial uniformity given by the continuous maps X —R and the usual metric
uniformity of R iff X is homeomorphic to a closed subspace of some power of R
([83], 3.11) has the following point-free counterpart:

8.2.2. Proposition. A completely reqular frame is real-complete iff it is isomorphic
to a closed quotient of some copower of £(R).

See [16] or [17] for more details.
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8.3. Realcompactness. The study of realcompactness goes back to the independent
works of Hewitt ([131]) and Nachbin ([187]) in 1948-50 (this is why they are
sometimes referred as “Hewitt-Nachbin spaces” [273]). Realcompact spaces play
a role in the study of rings (X)) analogous to that played by compact spaces
in the study of €*(X). In Hewitt’s original formulation, a Tychonoff space X is
realcompact provided

— every unitary R-algebra homomorphism €(X)—R is of the form e, for some
x € X, where e, (f) = f(x) (Hewitt [131], 1948).

In Nachbin’s equivalent formulation in terms of uniformities, X is realcompact if

— it is complete in the real uniformity of X defined by C(X) (i.e., realcompact
= real-complete) (Nachbin [187], 1950).

To a point-set topologist, this means that

— the space is homeomorphic to a closed subspace of some power of R (Shirota
[242], 1952).

Realcompactness for frames was first studied by Reynolds ([232]) (actually
Reynolds studied realcompactness in the setting of a Grothendieck topos but this
provides in particular a concept for locales and frames); his definition is equivalent
to the point-free counterpart of Shirota’s characterization (and then, by 8.2.2; to
real-completeness). However, quite surprisingly, this concept does not faithfully
mirror the classical notion since it only captures Lindelof spaces, as was shown
some years later by Madden and Vermeer ([179]) with the following

8.3.1. Theorem. A completely regular frame is isomorphic to a closed quotient of
some copower of £(R) iff it is Lindeldf.

(In particular, the frame Q(X) of a Tychonoff space X is realcompact in
the sense of Reynolds iff X is Lindeldf, and it is well known that there
are many examples of realcompact spaces which fail to be Lindel6f, such
as all powers of R with uncountable exponent.)

Therefore this approach does not provide a conservative extension to frames
of the classical notion (nor does the point-free counterpart of Hewitt’s original
formulation as it is also equivalent to real-completeness [17]). This was mended
by Schlitt ([237], [239]) with the weaker notion of H-realcompactness. Afterwards,
Banaschewski and Gilmour ([27]) provided an alternative solution, with a partic-
ularly natural variant of Schlitt’s notion in terms of the cozero parts of frames:
a completely regular frame L is realcompact if every o-proper maximal ideal in
Coz L is completely proper (for any sublattice A of L, an ideal I C L is o-proper
if \/ S # 1 for any countable S C I and is said to be completely proper if \/ I # 1).
Then a space X is realcompact iff the frame (X)) is realcompact and the real-
compact frames are coreflective in the category of all completely regular frames.

For more about this subject see [17] and [16].
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8.4. The semicontinuous quasi-uniformity of a frame. For each n € N,

@u={(~0. ) Ipacq0<q-p< |}

is a strong paircover of £(R). These paircovers generate a quasi-uniformity Q on
£(R), the metric quasi-uniformity of the reals ([96]).
Now, for any frame L, any f € U(L) and n € N let

Crn = {(F=0), £ =) | (—0). (=) € Qs fp0) # 0}

The C},, are paircovers of G(L) that generate a quasi-uniformity (the semicon-
tinuous quasi-uniformity). This is an important example of a transitive quasi-
uniformity; it is the coarsest quasi-uniformity & on &(L) for which each real
function h: £(R)—&(L) is a uniform homomorphism h: (£(R), 9)—(S(L),U).

This can be extended to any collection F of real functions on L containing
all characteristic functions xg for a closed sublocale S:

8.4.1. Proposition. {Cy,, | f € F,n € N} is a subbasis for a quasi-uniformity Us
on the frame &(L).

For more information consult [96].



Chapter XV

Localic Groups

In this chapter we will discuss group structures in the point-free context. Although
completely regular locales (which will turn out to carry such structures) are gen-
uine generalizations of completely regular spaces (carriers of topological groups),
a localic group is not exactly a generalization of the topological one (although the
most important topological groups can be viewed as localic ones). This has in fact
rather pleasant consequences: in particular, each subgroup of a localic group is
closed. On the other hand there are strong analogies, in particular in the natural
uniform structures obtained from the operations.

1. Basics
1.1. A group in a category C with products (recall AII.10) is a collection of data
(A, m,i,e) with
m:AxA—A i:A—A eT—A

satisfying

m(m x id) = m(id x m),

m(e xid) =m(id x e) =id, and

m(i x id)A =m(id x i)A = eta
(T = A is the empty product, that is, the terminal object of C, the object such

that from every C € objC there is precisely one morphism tc: C' — T).

Note. If C is the category of sets (where products are the Cartesian ones and T =
{0} is the one-point set this is the classical group (4, -, (—) 7!, e) and the identities
above are the standard z(yz) = (zy)z, ze = ex = z and 2z~ = 271z = ¢; or,
e.g., in Top we have operations such that the maps (z,y) — zy and  +— 2~ ! are
continuous (the classical topological group).

J. Picado and A. Pultr, Frames and Locales: Topology without points, Frontiers in Mathematics, 297
DOI 10.1007/978-3-0348-0154-6_15, © Springer Basel AG 2012
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In particular, a localic group is a group in Loc. For convenience,
we will view it as a co-group in the category of frames,
that is, an (L, u,~, €) with
w: L — L@ L (the multiplication), ~v: L — L (the inverse), and

e: L — 2 (the unit)
such that

(p@®idp = (1d® p)u,
(ewid)p = (d@®e)u=1id, and
Viye&id)p =V (id & v)u = oe,

where 0: 2 — L sends 0 to 0 and 1 to 1, and V is the codiagonal L & L — L
defined by Vi; =id, i = 1, 2.

1.2. Conventions. The reader has certainly observed, already at the first of the
definitions, that we work with the product A x B as with an associative operation
although, e.g., m(mxid) starts in Ax (Ax A) while m(id xm) starts in (Ax A) x A.
The products A x (B x C) and (A x B) x C are in general isomorphic but not
necessarily identical. To avoid confusion we will make the (obvious) convention
that the cartesian products in the construction of coproducts in Frm are associative
which in turn amounts to identifying

(a®b)®c, a®(b®c) and adbdbdc

(in(LeL)® L, L®(L® L) resp. LB L@ L, etc.). Furthermore, we will work
with the factor 2 as a void one, that is,

Le2=2¢L=1L
with coproduct injections
L Y >r<? 2ad 2 7 -p< ¢ L
1.3. Remarks. (1) Note that a localic group is a group in point-free topological
context, but not a generalization of a topological group; that is, not every topolog-
ical group can be viewed as a localic one. The reason is that we do not in general
have
QX)) QX)) 2 QX x X)
so that the Q-image of the group multiplication is not necessarily a localic binary
operation. In many important cases the products are preserved, though (e.g., in the
locally compact, or in the complete metric case) and we can view such topological
groups as localic ones.

(2) Note that a localic group always has at least one (spectrum) point, namely the
unit £: L — 2. This may be the only point, even in large localic groups (see 6.2
below).
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1.4. Various identities concerning the operations follow in fact from a general
categorical result (see AIL.10). Since we have not developed those techniques,
we will indicate proofs of special identities we will need in some detail. Unless
otherwise stated, ¢;: L — L @ L, i = 1,2, are the coproduct injections.

1.4.1. Lemma. (1) vy =1id.
(2) ey =ce.
(3) (v®y)u =Ty, where 7: L& L — L@ L is defined by T1; = 13—; (i =1,2).

Proof. We obtain the identities by manipulating suitable formulas using the iden-
tities from 1.1. In the first case we will painstakingly do all the computation. Later,
we will only provide the initial formula(s). The reader may do the detail as an easy
(although somewhat boring) exercise.

(1): The initial formula is
V(V @id)(yy @ ~id) (p @ id) p.
First, we transform it to
e =V({(Viyyevp) @id)p = V({(V(y &) (y@id)p) @id)u
= V(W @id)p) @ id)p = V(yoe @ id)u
=V(ee®id)p=V(oc@id)(e ®id)p = ide ®id = id.
Secondly we obtain, using (u®id)y = (id® p)pu and V(V @id) = V(id® V),
- =V(id e V)(yy @ 7id)(id & p)p
=V(yy® (V(y@id)u)p = V(yy @ oe)
=V(yy@o)(idee)u=V(yydo) =7
(2): Here we will start with
Viey®ede)(p®id)p

where the codiagonal V3: 2 = 2@ 2 ® 2 — 2 is the identity idz and is here
only to make the computation transparent. If we think of V3 as V?(V2? @ id)
(V2 =id*: 2@ 2 — 2) we ultimately obtain

-=V(eoid)(idoe)p=V(Eedid) =-¢.
If we view V2 as V2(id @ V?) and replace (u @ id)p by (id @ p)p we proceed to
o =V(ey@®e)u=V(ieydid)(id ®e)p = ev.
(3): Here we obtain the result by a somewhat lengthier computation of
V(V@id@id)(py @ p e m(y & v)w)(id & p)p
(V:L® L& L& L— L Lis the codiagonal) and the equivalent
V(id ®id @ V) (uy @ p @ 7(y @ 7)) (pn ® id) . O
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1.4.2. Remark. Identity (1) corresponds to the classical identity (z=!)~! = x while
identity (2) corresponds to e~! = e and (3) to (zy) ' =y tz~ L

1.5. The left and right system of covers. Set
Np={aecL|e(a)=1}
(briefly, N). This is in fact the neighbourhood filter of the unit €. One has

(1) a,be N=aAbe N, and
(2) a € N = ~(a) € N (by the equation ye = ¢).

For each a € N set

Ule) ={z e L [z®v(x) <pla)}, U={U(a)|e(a)=
Vie)={z € L[~(@) @z <pula)}, V={V(a)]|e(a)=

1.5.1. Lemma. We have

Ula) ={z Ay |z®y < (id®y)u(a)}

and similarly
Vie)={zAylzoy< (y&id)u(a)}.

Proof. If © & ~(x)
other hand, if z &

(id @ v)(id @ y)u(a)

a) then 2 @ < (Id @) (z ® v(z)) < (id @ v)u(a). On the

< ula
y < (id & y)u(a) then (zAy) @v(zAy) < (d@y)(zdy) <

n(a). O

1.5.2. Lemma. If u ® v < p(z) then U(u)v < xz. More generally, if M is an
arbitrary frame and w € M then for any x € M ® L (resp. x € L& M), if

wdudv < (idy ®p)(z) (resp. vdvDw < (p®idp)(x))

then
wdUwv <z (resp. V(v)udw < x).

Proof. Tt suffices to prove the more general statement. For a ¢ € U(u) we have
t @ y(t) < p(u) and hence

whtOYE)dv<wd p(u)®v=_dy & p®idy)(w S udv)

< (dy & p@idp)(idy & p)(z) = (dy & (k@ idp)p)(2).
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Applying idys @ idy, ® V(v @1idy) to the leftmost and to the rightmost expression
we obtain in the first case

(idy ®@id & V(y @ idp))(w @t y(t) @ v) =w @t D (t Av)
and in the latter one

(idyid, & V(y @idr))(idy @ (@ idp)p) ()

(ida @ ((idz ® V(y @ idr)) (0 @ idr)p)) (2)

(ida @ ((id, ® V(y @ id.))(dL @ p)p))(x)

(idy @ ((idp @ V(y @ idr)p)p))(2) = (idym & ((dr ® ore)pn))(z)
(idp @ ((dp @ or)(idr @ e)p))(z) = (dpy @idp ®op)(z) =z @ 1.

Hence, if t A v # 0 we obtain w @t < z, and finally w @ U(u)v < z. |
1.5.3. For an = € L set
B(z)={v | Ju, e(u) =1L, udv < p(x)}.
Lemma. x = \/ B(z).
Proof. We have = (¢ @ id)p(x) and p(z) = V{u® v | u® v < p(x)} and hence
z=V{e(w) ®vuov<p@)}=\B)
(recall that in the convention of 1.2, e(u)®v = v if e(u) = 1, and 0 otherwise). [
1.5.4. Proposition. U and V are admissible systems of covers.

Proof. First, they are covers. We have
VU(@) =V{zry |z®y < (id®vy)ula)}

=V{V@zay) |zay < (ideq)u(a)}
=VV{zaylzoy<(idoyu(a)} =V(id®y)u(a) = oe(a) = 1.

Now by 1.5.2, if v € B(x), that is, if there is a u such that e(u) = 1 and u®dv < u(x)
then v <zy . Use 1.5.3. O

1.5.5. From 1.5.4 we obtain

Corollary. If (L, ,7,€) is a localic group then L is regular. O

1.5.6. Remark. The regularity is what we need at the moment. In fact one has
much more: the systems of covers U and V generate uniformities (and hence the
frame is completely regular). This will be discussed later.
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2. The category of localic groups

2.1. Let (L, p,v,e),(M,un',~',€") be localic groups. A frame homomorphism
h: L — M is said to be a (localic) group homomorphism if

W-h=hoh) -p, ~ -h=h-vy, and & -h=c¢,

in other words, if the diagrams

r " =M ., L "sm and 1 "swm
H w bl 5’ € 4
Y \% Y \% Y Y
Ler , ~MeM L ,>M 2 2

comimute.

2.2. For a frame homomorphism h: L — M set
c(h) = \H{z [ h(z) = 0}.
We have h(c(h)) = 0 and hence there is a frame homomorphism
h: L — Te(h)

defined by h(z) =z V ¢(h), obviously an onto one.

Furthermore, if we define h': Tc(h) — M by setting h/(z) = x we obtain a
frame homomorphism (note that Oteny = c(h), and h(c(h)) = 0). If W'(z) =0
then h(z) =0 and x < ¢(h), that is, x = c¢(h) = 01 (- Thus,

h': te(h) — M is a dense homomorphism, and h = h'h.
Note. Compare this decomposition with the (extremal epi, one-one) factorization
in IV.1.6.1. Here we have something else, namely a

(closed extremal epi, dense) factorization.
2.2.1. Let (L,p,7,¢) and (M, p',+',¢’) be localic groups, and h a group homo-

morphism. Consider the diagram

L " = Te " - M

13 '
\

y
LaL = MaeM
&3] . >TedTe=T1(cPc) e D
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We can define p: T¢c — Te @ Te by setting

p(@) = pla)  (for z > c(h)).

Thus p is obviously a homomorphism and we have, in fact ph = (h @ h)p. But we
also have
W = (0 @ W)

since p’'W’'h = p'h= (K ®h')(h® h)p = (B ® W' )uh, and h is onto.

Similarly we can define v: T¢ — T¢ by y(z) = v(z) (that is, vh = hy) and
e: ¢ — 2 by eh = . Thus, we have obtained a system (¢, u,y,e) which is
easily shown to be a localic group (recall that by V.5.6, dense homomorphisms
are monomorphisms in the category of regular frames, and hence we can check
the equalities ¢ = ¢ as /o = K/ resp. (' ® h')p = (B @ h')p). Summarizing we
obtain

2.2.2. Proposition. Fach group homomorphism h: (L, p,~v,e) — (M, u',~',€’) can
be decomposed as

h R
(Lv My s E) — (TC, Hy7Ys 5) - (Ma ;Uflv P)/? 51)
with a closed onto group homomorphism h and a dense group homomorphism h'.
O
2.3. Note that the following facts hold generally for varieties of algebras in cate-

gories; we will discuss them only in our special case.

2.3.1. Lemma. Let L;, i € J, be frames, let L = @D, ; Li with coproduct injections
ti: Ly — L. Then (1; ®t;: Ly ® L; — L@ L);ey, is a coproduct.

Proof. Denote by t;5: Ly — L; ® L;, 7j: L - L® L,i € J, j=1,2, the coproduct
injections, so that the diagrams

T1 T2

L >L®L< L
A A A
Li LD Li
L; >Li®L;< L;

Li1 Li2

commute (i.e., (¢; & ;) - tij = 7j - ;). Now let @;: Ly ® Ly — M, i € J, be frame
homomorphisms. Define ¢;: L — M, j =1,2,and ¢: L& L — M by

'L/)j'Li:(pi'[/ijv @'Tj:wj(ie‘]aj:LQ)'

Then ¢ - (1; B i) - tij = @ -Tj - ti = ;- t; = ;- j; and hence - (1; ® 1) = ;. The
unicity is obvious. O
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2.3.2. Coproducts. Consider a system (L;, p;,vi,€:), @ € J, of localic groups. In
the coproduct L = @, ; L; with coproduct injections ¢;, define operations

wL—-LeL, ~v:L—L, e:L—2

by setting
oty = (L B i) pi, voti=1ti-vand €-1; =¢€;. (2.3.1)

Checking that p, 7, e satisfy the formulas from 1.1 is straightforward.

Proposition. ¢;: (L;, pi,vi, i) — (L,p,y,€) are group homomorphisms and the
system (1;)icy s a coproduct in the category of localic groups and group homomor-
phisms.

Proof. The injections ¢; are group homomorphisms in the sense of 2.1 by the defini-
tion (2.3.1). Now let h;: (L;, pi, Vi, €i) — (M, 1/, +',€") be group homomorphisms.
Define h: L — M by hit; = h;. We have

phei = p'hi = (hi © hi)ps = (h @ h)(e; © ti)pi = (h @ h)pes,

hence p'h = (h & h)p; ¥ he; = v'hi = hivyi = heiy; = hyi;, hence v'h = hry, and
finally, e’hi; = €’h; = €; = e1; and €’h = €. Thus, h is a group homomorphism. [

2.3.3. Coequalizers. Let f,g: (M,u/,~',e")— (L,u,7,€) be group homomorphisms.
Consider the coequalizer h: L — L of f, g. We have

(h@h)pf=hoh)(fe ' =heh)(ge gy’ = (h® h)ug

and hence there is a p: L — L @ L such that uh = (h @ h)pu.

Similarly, hyf = hfy = hgy' = hyg and hence there is a v: L — L such
that vh = hry, and since e f = ¢’ = eg we also have e: . — 2 such that eh = ¢. By
these definitions, h is a homomorphism (L, u, v, €) — (L, u, 7, €); it is easy to see
that (L, p,7,€) is a localic group.

Proposition. Just defined h: (L, p,v,e) — (L, p1,7,€) is a coequalizer in the cate-
gory of localic groups and group homomorphisms.

Proof. Let k: (L,p,v,e) — (L', 1/,v',¢") be a group homomorphism such that
kf = kg. Thus we have a frame homomorphism k: I — L’ such that kh = k. Now
we have

wWkh=pk=((koku=Fkok)(hdh)u=(kok)uh

and since h is onto, u'k = (k & k)p. Similarly, v'k = kv and €’k = e. Thus, k is a
group homomorphism. O
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2.3.4. Equalizers. Let f,g: (L, u,v,e) — (M, u',~',€') be group homomorphisms.
Since our frames are regular and the category of regular frames is well powered
(V.6.6.1) thereis aset (h;: (Li, i, vi€i) — (L, p, 7y, €)) such that each dense group
homomorphism h: (L, 1, 7y,&) — (L, i, v, €) is represented, up to isomorphism, by
some of the h;.

Now consider the coproduct ¢;: (L, pi, Vi, €:) — (E, I, 7, €) in the category
of localic groups (2.3.2) of all the L; such that fh; = gh;. Then we have the
homomorphism h: L — L such that h - t; = h;. Decomposing it as in 2.2.2 we
obtain the equalizer as the h'.

2.3.5. Summarizing the facts above and using the dual of AII.5.3.2 we obtain

Theorem. The category of localic groups and group homomorphisms is cocomplete
and has equalizers. O

3. Closed Subgroup Theorem

3.1. Lemma. Let h: L — M be a dense frame homomorphism. If h(x) = h(y) then

T = y**.

Proof. Since h(x A y*) = h(z) A h(y*) = h(y) A h(y*) = h(y A y*) = 0, we have
x Ay* = 0. Thus, y* < 2%, hence ** < y** and by symmetry also y** < z**. 0O

3.2. Lemma. In a localic group (L, u,,€) holds the implication
oy <pa) = 7y <pa)

Proof. For any cover A of L we have a** < Aa (since Aa = Aa**, recall VII1.2.3.2).

Now let z @ y < u(a). For v € B(y) (recall 1.5.3) there is a u with e(u) =1
and u @ v < p(y). Thus we have

z@udv < (idep)(z@y) < (de p)u(a) = (n®id)u(a)
and hence by 1.5.2 V(u)x ® v < p(a) and consequently 2** @ v < p(a) and finally
@y =2"aVBy) = V{7 ev|ve By} < pla)

Repeating the procedure we obtain z** @ y** < u(a). 0

3.3. Lemma. Let (L, u,7,¢€) be a localic group, let M be a frame, and let h: L — M
be a dense onto frame homomorphism. Let 0 # y1 ® yo2 < (h® h)u(a). Then there
are x; € L such that y; = h(z;) and z1 ® 2 < p(a).
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Proof. Consider the subset
X = {(h(u1), h(u2)) | u1 ®uz < pla)} € M x M.

We will prove it is saturated, and hence an element of M @& M (recall IV.4.3).

If (wl,wg) < (h(ul), h(UQ)) choose t,‘ such that w; = h(ti); then ti N u; < Uq
and h(t; A u;) = w;; hence X is a down-set. Now let (w;,w) € X, i € J. There
are ti71,ti72 € L such that w; = h(tiJ), w = h(ti,z) and tz‘,l @ ti72 < u(a). ‘We
can assume that J # () as obviously (0,y) is in X for any y. Choose a fixed
k € J and set t = tj 2. Then by 3.1 t** =77 for each i € J and we have, by 3.2,
tin®t <710t < p(a). Then (V¢ ; ti1) @t < p(a), and thus (\/,; wi, w) € X.

Now y1 @ y2 < X and hence (y1,y2) € X. |

3.4. Proposition. Let a localic group homomorphism

h: (L, pr,ve,en) — (M, pars Yar, €ar)
be onto and dense. Then it is an isomorphism.

Proof. Suppose not. Then there are us £ uy such that h(uy) = h(uz). By regularity
there is a v < ug such that v € uy so that @ = v* Vuy # 1 and v* Vuy = 1. We
have h(a) = h(v*) V h(u1) = h(v*) V h(uz) = 1 and hence

(h@h)ur(a) = pphla)=1=1a1

and hence, by 3.3, there are x; € L such that h(z;) = 1 and 1 ® 22 < p(a).
Now er(x1) = eph(z1) = 1 and we can apply 1.5.2 to obtain that zo <y a, and
hence z5 Va = 1. As a # 1, 5 # 0. This yields a contradiction with the density:
h(x3) = h(x3) A h(x2) = h(xi Axg) = 0. O

3.5. As a corollary we now obtain from the decomposition formula in 2.2.2

Theorem. Fach subgroup of a localic group is closed. O

4. The multiplication p is open.
The semigroup of open parts

4.1. Lemma. There is an isomorphism a: L & L — L & L such that awy = p and
ao = id.

Proof. (1;: L — L ® L, i = 1,2 are, again, the coproduct injections). First note

that if L® L @ L is viewed as the product (L @ L) @ L then the first coproduct

injection LlLGBL’L is id @ ¢1 (because it sends x Dy € LD L to x @y @ 1) and the
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second, 155" is (19 ®id) ey (sending z to 1@ 1@ 2). Similarly if we view L& L& L

as L@ (L e L) we have
IO — d@ig)y and  HEPE =, eid

Set

a=Lal " srerer Y ~LaL).

We have
ary = (id® V) (u®y)n = (id® V)(id ® t1)p = u, and
ate = (id ® V) (12 ®id)e2y = 1aVigy = 127.
Consequently further
act; = (id@ V) (u@)p=>1dd V)(id®id ® ) (p @ id)p
=(ideV)(ideidey)(ide p)p = (ide (V(id & v)u))n
=(id®o)(id®e)p=idPo =11,

Qo = oy = LYY = La. O
4.1.1. Remark. The a above corresponds to the classical mapping
(z,y) = (zy,y™").

4.1.2. Proposition. [Johnstone] The multiplication p: L — L & L is an open ho-
momorphism.

Proof. By 1.5.5, L is regular and hence, by V.5.6(3), it suffices to show that it
has a left Galois adjoint. We have, in the notation of 4.1, 4 = at1; now «a, as an
isomorphism, is its own adjoint, and ¢; has, as it is easy to check, the left adjoint

()g(w) =V{z |y #0, oy <u}.
Thus, we have pg = (11) 0. O

Note. Because of other uses of the asterisk in this chapter we will use here the
symbol ¢4 for left Galois adjoints of monotone maps ¢.

4.1.3. Since ¢ is a monomorphism,
i s a monomorphism (in fact, one-one)

and hence we have
ppy >id  and  ppp =id.

In particular
p#(0) = 0.
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4.2. The semigroup operation

4.2.1. On L define a (classical) binary operation * and a unary operation (—)~*

by setting
rxy = pu(r®y), x! = v(z).

The algebra (L, x, (—)~!) is the counterpart of the semigroup (with involution) of
open subsets of a topological group, with the operations

UV={w|ueUwveV}, U'={u'|ueU}.

We have the obvious
Observation. (1) If 2’ < x and ¢y’ <y then 2’ xy' < xzxy.
(2) Ifc =0 ory=0 thenxxy = 0.
4.2.2. Lemma. (1 @ id) has a left adjoint and we have

(n@®id)g(a ©b) = py(a) .
Similarly, (id & p) has a left adjoint, and
(id ® p)#(a ®b) = a® pg(b).
Proof. 1t is easy to check that if E € L & L is saturated then the union

Ull(u(@),y) |z @y < E}
is saturated so that (p @ id)(E) = U{l(u(x),y) | z @y < E}. Hence
F < (n®id)(E)

it Vawb<F (o,b) € U{l(u(x)y) | 28y < F}
iff Vapb<F Jzdy<E, a<p(x)andb<y
iff Vadb<F Jxoy<E, pg(a)<zandb<y
iff YVa®b<F pupla)®b<FE
it pF)=V{a®b| puxa) b<E}<E.

In particular (1 @ id)x(a @ b) = p(a & b) = px(a) S b. O
4.2.3. Proposition. (1) The operation x is associative.

(2) zxy>xANe(y),e(x) Ay. Hence, ify € N then xxy >z and y*x > x.
(B)Ifx Ay #0 thenxxy~t € N.

(4) We have the formula (z *y)™ ' =yt x a1

(5) If z € N thenz~! € N.
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Proof. (1): Use 4.2.2. We have

ax(bxc)=pu(a®ppbdc)) =pp(id®p)x(a®bdc)
=((deppu)xradbdc)=(poid)p)(ad b c)

= pp(n®id)x(a ®b® c) = pp(ux(a ®b) ® c)
= (a*b)*c.
(2): We have ppy(z @ y) > x @ y. Applying id & € on both sides we obtain
zxy > (doe)zdy) =zde(y) =vAe(y)
(3): By 4.1.3 we have
oe(zxy™') = V(id & 7)pps(id ® ) (z © y)
>V(idey)(idoy)(roy) =z Ay #0,

so e(z *y~!) cannot be 0.

(4): Since 74 = 7 and % = vy, we obtain from 1.4.1(3) that pux(y & v) = Y,
and as 7(z ® y) = y ® x we conclude

v xaTh = pp(r(y) @ (@) = ypp(e S y) = (@ xy)

(5) follows from 1.4.1(2). O

Here is one more fact about the multiplication.
4.2.4. Lemma. For each a € N there areb,c € N such that bxb < a and cxc™! < a.
Proof. Any L can be viewed as a coproduct

or, idL

2 L=< L
and since oo = idg we have
e=ide@®e: L=20L—202=2.
Hence, ¢ = (ide @ ¢€)(e @idr)p = (¢ ® €)p and we obtain, for a € N,
L=e(a) = V{e(@) @e(y) [y < pla)} = V{e(z) @ey) | v xy < a}

so that there are x,y such that z xy < a and e(x) = e(y) = 1. Set b =z Ay and
c=zAv(y). O
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5. Uniformities

5.1. The covers from 1.5 can be now rewritten using the operation * as
U@)={zxcL|z+xz ' <a}, and
Vie)={zc L]z '*x<a}

This will be used in this subsection to show that the systems I/ and V are subbases
of uniformities.

5.1.1. Proposition. The systems U and V generate uniformities on L.

Proof. We know already from 1.5.4 that U is an admissible system of covers.
Trivially U(a A b) < U(a) A U(b).

For a € N choose, by 4.2.4, a b € N such that b bx b~ ! xb~! < a. We will
show that U(b)U (b) < U(a).

Fix an « € U(b) and consider any u € U(b) such that u A # 0. Thus,
rxz P <band uxu~! <band, by 4.2.3, (uAz)"!x (uAx)€ N. Thus,

u<ux(uAz) P x(uAz) <usxu lxz<bxzx
and hence U (b)x < b x and finally, since also b~ € N, again by 4.2.3,
Ub)z s (UDb)z) P <bsxrxx txb P <bxbxb ! <bxbxblxb ! <a
and U(b)z € U(a). O

5.1.2. The uniformity U (resp. V) is called the left uniformity (resp. right unifor-
mity) on the localic group.

5.1.3. Corollary. If (L, u,,€) is a localic group then L is completely regular. O

5.2. Alternative description of the uniformities via entourages. For an a € N set
E(a) = (id&y)pu(a) and  F(a) = (v @ id)u(a);
hence
E(a)=\V{zoy|roy<(deyul)} =V{zey | vry' <a},

and similarly for F'(a). Note that by 4.2.3(4), E(a)™' = \/{z®y |y*x27 <a} =
Vi{izoy|z+xy ! <a '} = E(a!). Recall XIL1.

5.2.1. Lemma. E(a) and F(a) are entourages of L.
Proof. For x € U(a) we have x ® v(x) < p(a). Hence
Viz| 28 < Ba)} > VU(e) = 1

since U(a) is a cover, as we already know. O
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5.2.2. Denote by &’ (resp. F') the system of entourages {E(a) | a« € N} (resp.
{F(a) | a € N}), and set

& ={FE | E entourage, E > E(a) € £'},

F ={E | E entourage, E > F(a) € F'}.

Recall the equivalence of the descriptions of uniformities by entourages and
by covers proved in Chapter XII. For the &/ and V of 1.5 and in the notation of
XII.3.3 we have

Proposition. £ = &, and F = &y,; therefore, the systems & and F are entourage
uniformities.

Proof. We will show that
& ={F | E entourage, F > E(a) € &'}
=& = {FE | E entourage, £ > Ey,),a € N}.

We have Eyq)(= V{z @2 | 2 ©v(x) < pla)}) < E(a).

To obtain an estimate from the other side, choose by 4.2.4 b, ¢ € N such that
bxb ! <candc*c! <a. Let 2@y < E(b). We can assume x @ y # 0, hence
x # 0 # y. First, as y # 0, we have by 4.2.3 ((2), (3) and (5)),

zxx P <azxy lxysaz ! <bsxb'<c and zxy '<bxbl<ec

and hence (z,x), (x,y) € E(c) and since E(c) is saturated we have, for z = 2 V y,
(r,2) € E(c), that is, z* 27! < c. Now (z* 27 ) (z*x 27171 <exe™! < a, hence

(zx2 )@ (xx2"") < Epe) and (zxz ") x(zx27") 7" < u(Bu).
Since z A z # 0 we have (z * 271)~1 € N by 4.2.3(3), and by 4.2.3(2) we obtain
gz ' <axz lx ()T < p(Eya)
sothat x @y <2 @ 2z < Ey(q). Thus, E(b) < Ey(q). |

5.2.3. The two-sided uniformity. The common refinement £ A F of £ and F is
referred to as the

two-sided uniformity on L.

In general, the three uniformities are different; however, by 1.4.1(1)

(y & [E(a)] = F(a)

and hence ~y is a uniform isomorphism from L with its left uniformity to L with
its right uniformity.
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Remark. In the commutative case (i.e., T = ), the three uniformities coincide
because x @y < p(a) iff y ® z < u(a). Indeed,

r®y < pla) = (@@ y) < Tp(a) = pla),
that is y ® x < p(a); therefore
E(a) =V{@eyw) " lzey < ua)}
=Vihyezlyor <pula)} =Fla)

5.2.4. Proposition. Any group homomorphism h: L — M is uniform in any of the
uniformities.

Proof. The proof will be done for the left uniformity £. We need to show that for
every a € Np, the image (h® h)(E(a)) of a uniform entourage E(a) € £, belongs
to the uniformity £y of M. But by the definition of a group homomorphism,

we have
(h & h)(E(a)) = (h& h)(idL & vr)pL(a)

= (idy ®ym)(h @ h)pr(a)
= (idar & yar)paa (h(a)) = E(h(a))
(since eprh =€, h(a) € Ny, and E(h(a)) makes sense). O

5.2.5. Remarks. (1) Note that we did not have to prove that £ is a uniformity. It
followed from the fact that &, is one.

(2) Proving that h is uniform in terms of the covering uniformities would be
considerably harder. Here we have an instance of a considerable advantage of the
entourage approach. Note that the equivalence of the two is a somewhat stronger
fact than the corresponding classical equivalence: the coproduct involved does not
quite correspond to the classical product.

6. Notes

6.1. LT-groups. As we have already mentioned in 1.3, a topological group is not
necessarily a localic one, that is, it may not always be translated into a localic
group by the functor Q. Let (X, m,4,e) be a topological group. Denote by p;,
1 = 1,2, the product projections p;: X x X — X. One has the homomorphism

m: QX)) @ QX) — QX)

defined by m; = Q(p;). It may be an isomorphism and it may be not (although
it is always a very special type of homomorphism — see IV.5.4). If it is, the group
X immediately transforms into a localic one. Recall that by IV.5.4.2 this happens
whenever Q(X) @ Q(X) is spatial.
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This concerns, e.g.,

— the locally compact groups (see [142]),

— the complete metric groups (see [142]), or

— the Cech complete groups (see [142]; a space is Cech complete if it is Gs —
that is, an intersection of countably many open subsets — in its Stone-Cech
compactification — see also VIL.7).

In fact one does not really need the homomorphism 7 above to be an iso-
morphism. It suffices that the original group operation m lifts to the commutative
diagram

Q(X) & Q(X) (6.1.1)

Q(X) >Q(X><X)

Q(m)
Whenever a topological group can be translated onto a localic one (by an
isomorphism 7, or more generally by the lifting (6.1.1)) we speak of an

LT-group.

For more about this subject see [142].

One may think of the fact that not every topological group is an LT one as
a drawback. In fact it is rather an advantage: it singles out the better behaved
ones. In particular it is responsible for the Closed Subgroup Theorem (one does
not have such anomalies like factorizing R by the much smaller group of rationals
and obtaining 0).

6.1.1. Problem. In fact, no example of an LT-group with a non-trivial lifting is
known. The question whether there is one or not seems to be a very hard problem.

6.2. Each localic group has at least one (spectrum) point, namely the unit. There
exist arbitrarily large localic groups with no other point (the known construction
is rather technical and cannot be presented here; see [142]).

This has an important feature. In classical topological groups we can think
of the uniform covers as created from the neighbourhoods of the unit by the
homeomorphic shift * — ax resp. x — xa. This is certainly not wrong, but
the absence of points other than the unit that does not impede forming of the
uniformities indicates that the uniform nature of localic groups is deeper than we
may think.

6.3. The Closed Subgroup Theorem leads to the following natural conjecture. A
uniform frame is dense in its completion, and a group structure looks as if it could
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be extended over the completion. Thus, localic groups should be complete. It is
almost true, but not quite so simple:

— by a result of J. Isbell there exists a localic group that is not complete in the
one-sided uniformity,
— but by a result of Banaschewski and Vermeulen indeed

each localic group is complete in its two-sided uniformity.

For details see [51].

6.4. Theorem 2.3.5 shows that the category of localic groups duly behaves as an
algebraic variety, as is to be expected. One can ask whether this behaviour is
completed by the existence of free algebras. It does. For the existence of the free
functor see [142].



Appendix I

Posets

1. Basics

1.1. Posets. A (partial) order on a set X is a binary relation R C X x X satisfying

(1) Va, aRa (reflexivity),

(2) Va,b,c, aRb & bRc = aRc (transitivity), and
(3) Va,b, aRb & bRa = a = b (antisymmetry).
f

If, moreover
(4) Va,b either aRb or bRa

we speak of a linear or total order.

A set equipped with a partial order is called a partially ordered set, briefly
a poset. In the special case above we speak of a linearly ordered set, or a totally
ordered set.

A linearly ordered set, in particular if it is a subposet of a general bigger
poset, is often referred to as a chain.

1.1.1. In mathematical praxis we often encounter relations satisfying just (1) and
(2). Then we speak of a preorder (and of a preordered set). For many purposes one
can replace a preordered set (X, R) by the ordered one, (X/~, R), where ~ is the
equivalence relation defined by

a~b iff aRb & bRa;

often, however, such an identification can be confusing.

1.1.2. Notation. If there is no danger of confusion we typically use for an order or
preorder the symbol <, even for distinct relations on distinct sets. Sometimes one
uses other symbols, like

<%,6 65 X<

J. Picado and A. Pultr, Frames and Locales: Topology without points, Frontiers in Mathematics, 315
DOI 10.1007/978-3-0348-0154-6, © Springer Basel AG 2012



316 Appendix I. Posets

(typically for orders given by special definitions), or to distinguish distinct orders
(in particular if defined on the same set) by indices, or dashes, etc.,

Sly §27 S/) SI/ .
Further, we use the symbol

a<b for a<banda#b.

If there is no danger of confusion we often write just X for (X, <).

It should be noted that the partial order is typically the primary relation,
and the relation < is the secondary one. Thus, it is rather

a < b meaning a less-or-equal but not equal b

than
a <b meaning a less or equal b.

1.1.3. The opposite (dual) order. If X = (X, <) is an ordered set then (X, <’)
where

<y iff y<ua
is also an ordered set. It will be denoted by
(X,<)°®  or simply X°P

and referred to as the opposite or dual of (X, <).

1.2. Examples. (a) The sets of integers, rationals or reals with the usual orders
are linearly ordered.

(b) Integers with the relation a|b (a divides b) form a preordered set. Here the
reduction to order (z ~ y means the same absolute value) is transparent, but if
we consider the divisibility on the set of all polynomials over a field it is less so,
although not too bad.

(¢) The refinement relation on the set of covers of a space or frame (Chapter VIII)
is a preorder where the identification by ~ may obscure the nature of the facts.

(d) Real functions on a set X with the usual order
f<g = VzeX, f(x) <g()

1.2.1. A very important example. The set P (X) of all subsets of a set X with the
relation of inclusion.

This is a sort of universal partial order. That is,

each poset can be represented as a set of subsets of a set X (typically, of
course, not all of them) ordered by inclusion.

(Indeed, to represent (X, <) take the set X itself and represent € X by
{z| z<z} C X. We trivially have x <y iff {z | 2 <z} C{z | 2z <y}.)
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1.3. Monotone maps. Let (X, <) and (Y, <) be posets. A map f: X — YV isa
monotone map if

a<b = f(a) < f(b).

It is an isomorphism if it has an inverse that is monotone as well.
The category of posets and monotone maps is denoted by

Pos.

1.4. Some more notation. For an element = € (X, <) set
le={yly<az} and fe={yly=az}
and, for a subset M C X,
IM=J{lz|ze M} and TM=U{lz|xze M}
A subset M C X is a
down-set resp. up-set if |[M = M resp. TM = M.

An element z € (X, <) is mazimal (resp. minimal) if Tz = {z} (resp. |x =
{z}). Thus, z is maximal iff {z} is an up-set and z is minimal iff {z} is a down-set.
We say that an x € X is a lower bound (resp. upper bound) of a subset
M C X if
YmeM, z<m (resp. Yme M, z>m)

and denote by
IbM  resp. ubM

the set of all lower resp. upper bounds of M. Note that
IbM =({lz|z€e M} and ubM ={lz|ze M}
and compare it with the formulas for |[M and TM above.

1.4.1. The following facts are very easy to check.
Observations. (a) | U,c; Mi = U;c; IM; and TU;c; Mi = Uy 1M; while for

intersections the corresponding formulas do not generally hold.

(b) Ib UiEJ Mi = niEJ |bMZ and ub UiEJ Mi == ﬂiEJ UbMZ

(c) If M; are down-sets (resp. up-sets) then both \J,c ; M; and (o ; M; are down-
sets (resp. up-sets).

icJ
(d) If M is a down-set (resp. up-set) then X \ M is an up-set (resp. down-set).

1.5. Directed sets. A subset D C (X, <) is said to be directed (more precisely,
up-directed) if every finite subset of D has an upper bound in D.

In other words, D is directed if it is non-empty and for every a,b € D there
isa c € D such that a,b < c.
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2. Zorn’s Lemma

2.1. This appendix is not intended to substitute a course of set theory. Neverthe-
less, we find it useful to discuss briefly Zorn’s Lemma. Since it is a fact that is
known to be equivalent with the Axiom of Choice (AC), it is often simply used as
an expedient technical trick instead of the AC. But it is, first of all, a theorem on
partially ordered sets. AC is simple and intuitively acceptable as a proof principle
(although one is, of course, often interested in whether it has been used or not);
accepting it, one basically assumes that if one has infinitely many non-void sets
X, one can choose representatives z, € X, all at once. Zorn’s Lemma, however,
is a statement concerning a structure (partial order) on a set; it may be intu-
itively acceptable, but it is, rather, in the class of statements one easily believes,
can imagine why, but feels it is something to be proved (however simple a proof
may be).

2.2. We will assume that the reader has a basic knowledge of ordinal numbers
and of cardinalities (sizes) of sets (used in the text anyway). In particular we will
use the fact that if we have sets X,, o ordinals, and if X, C Xg for a < 3 then
the size of X, increases beyond any bond. The standard facts about ordinals and
cardinals, of course, are also choice dependent.

2.2.1. Zorn’s Lemma. Let (X, <) be a poset and let every chain C' C X have an
upper bound. Then for each x € X there is a y > x maximal in X.

Proof. For each chain C' C X choose an f(C) € ubC. Suppose the statement
above does not hold. Then there is an xy € X such that for each y > xg there is
a g(y) > y. For a chain C' 3 xq set ¢(C) = gf(C) and for ordinals « define C,, by
transfinite induction putting

C() = {.230}, Cohq = Ca U {¢(Ca)}, and

Co = |J Cp for limit ordinals «
B<a

(obviously the C, are chains). For aw < 8 we have C,, C Cj contradicting the fact
that the C, subsets of X, are bound in size. O

Note. We have actually used AC three times: in the definition of f, in
the definition of g, and contemplating the ordinals and the cardinality
of C,.

2.3. How the Axiom of Choice follows from Zorn’s Lemma. On the other hand we
have

Proposition. Let Zorn’s Lemma hold. Then for every surjective mapping f: X — Y
there is a mapping g: Y — X such that f - g =idy.
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Proof. Consider the set F' of mappings g: D(g) — X such that D(g) CY and for
all y € D(g), f(g(y)) = y; on F consider the order (of extension)

g1 < g2 iff D(g1) € D(g2) and Vy € D(g1), 91(y) = g2(v)-

Let G be a chain in F. Set D = J, ¢ D(g) and define h: D — X by setting

h(y) =g(y) for ye D(g), g€G.

(This is correct, if y € D(g1) and y € D(g2), g; € G, then, say D(g1) C
D(g2), and g1(y) = g2(y)-.)

Since for each g € G and y € D(g) we have h(y) = g(y), h(f(y)) = y, and
h > f. Thus, h € ubG. By Zorn’s Lemma there is a ¢ maximal in F. We have
D(g) = Y: else we can take any yg € Y ~\ D(g) and extend the mapping ¢ to
g": D(g9) U{yo} — X by taking ¢’(yo) an arbitrary value in f~*[{yo}]. O

3. Suprema and infima

3.1. The supremum of a subset M C (X, <) is the least upper bound of M.
Similarly, the infimum of M is the greatest lower bound of M.

Of course, an M C X does not have to possess a supremum or an infimum
(there does not even have to exist any upper or lower bound). But if it does, the
infimum (or supremum) is unique, for trivial reasons: we speak of a largest, not of
a maximal lower bound.

3.1.1. Explicitly, s is the supremum of M if
(1) Ym e M, m < s, and
(2) if m < x for every m € M, then s <z

and similarly for the infimum.
In linearly ordered sets the condition (2) may be replaced by

(2") if < s then there is an m € M such that z < m.

This is a very expedient reformulation as the reader certainly remembers from
working with suprema of reals in analysis. One has to have in mind, though, that
this replacement is not correct in general posets.

One often speaks of the supremum as of the join of M and of the infimum
as of the meet of M.

3.2. Notation. We write sup M or \/ M for the supremum of M (for finite sets
{a,b} or {as,...,a,} we write a Vb and a1 V...V ay,), and inf M or A\ M for the
infimum of M (for finite sets, a Ab and a3 A ... Aap).
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3.3. Since each z is both a lower and an upper bound of the empty set,
sup @) is the least element of X

and
inf () is the greatest element of X.

For the former one often uses the symbol
0 or L

and speaks of the bottom of X, and for the latter one writes
1 or T

and speaks of the top of X.

3.4. Proposition (Associativity of suprema and infima). Let M;, i € J, be subsets
of (X, <), let the suprema s; = sup M; exist, and let there exist s = sup;c; S;.

Then s is the supremum of U ; Mi, that is,

sup |J M; = supsup M;.
ieJ i€J
Similarly for infima.

Proof. s > s; > m for all m € M;, i € J; thus, s is an upper bound of UiEJ M;.
Now let 2 be an upper bound of | ;. ; M;. Then in particular it is an upper bound
of M; and hence s; < x. Since this holds for all the i, s < z. O

4. Semilattices, lattices and complete lattices.
Completion

4.1. A poset X is called a meet-semilattice (resp. join-semilattice) if there is an
infimum a A b (resp. supremum a V b) for any two a,b € X.

One speaks of a bounded meet- resp. join-semilattice if there is, furthermore,
top resp. bottom. Thus, bounded meet-semilattices (resp. join-semilattices) are
the posets in which all finite subsets have infima (resp. suprema).

4.2. A poset X is a lattice if there is an infimum a A b and a supremum a V b for
any two a,b € X.

A bounded lattice (one often speaks of a lattice with 0 and 1) is a poset in
which all finite subsets have infima and suprema (thus, it is a lattice that has
bottom and top).

Note. The boundedness of a lattice or semilattice is often implicitly
assumed. Thus, it is advisable to make sure what that or other author
has in mind.
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4.3. A poset is a complete lattice if every subset has a supremum and an infimum.
It suffices to assume one of the two. We have

4.3.1. Proposition. Let each subset of a poset X have a supremum. Then X is a
complete lattice.

Proof. For a subset M consider N = IbM and set a = sup N. Obviously, for every
m € M, m € ubN, hence a < m, and consequently a € N = IbM. Thus, a is the
greatest element in IbM, that is, it is the infimum of M. O

4.4. Here is a very useful theorem about complete lattices. In spite of its simplicity
it has a lot of striking consequences.

Theorem (Knaster-Tarski Fixed Point Theorem). Let L be a complete lattice. Then
each monotone mapping f: L — L has a fixed point, that is, there is an v € L
such that f(z) = x

Proof. Set M = {z | 2 < f(z)} and s = sup M. If € M then z < s and hence
x < f(z) < f(s). Thus, f(s) is an upper bound of M and hence

s < f(s) (in particular, s € M).

On the other hand, if # € M then x < f(x) and hence f(z) < f(f(x)) so that
f(z) € M. In particular f(s) € M and we conclude f(s) < s < f(s). O

4.4.1. Notes. (1) In fact the s from our construction is the least fixed point; using
inf{z | x > f(x)} we similarly get the greatest fixed point.

(2) To show how this very simply proved fact can yield by a very simple reasoning
a fact that does not seem to be quite so easy, let us prove the Cantor-Bernstein
Theorem stating that

if X,Y are sets and if there exist one-one maps f: X —Y, g: Y — X then
there exists a one-one onto map h: X — Y.

Take the monotone mapping ¢: PB(X) — P(X) defined by
(M) =X ~glY ~ fIX ~ M]].
By 4.4 we have an A C X such that
A=X gy ~ fIX N 4]], thatis, X NA=g[Y ~ fIX N A4]].
Define
f(x) if x € A,
h(z) =
g Hz) ifre XA

To see that h is a correctly defined one-one onto mapping is a matter of simple
checking.
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4.5. Completion. A general poset need not have suprema or infima. Can they be
added ? Just extending (X, <) to a complete lattice (which is easy — representing
x € X as |z € P(X) as in 1.2.1 does the job) may not be satisfactory; rather, we
wish for an extension in which both the existing infima and the existing suprema
are preserved (note that the embedding (z — |z) does at least preserve infima).

4.5.1. Recall 1.4, define ¢(M) = Ib(ub(M)), and set
DMN(X, <) = ({M C X | 6(M) = M},C).

Lemma. (1) If M C N then ub(M) 2 ub(N) and Ib(M) 2 Ib(N). Consequently, ¢
s monotone.

(2) M C ¢p(M) = Ib(ub(M)) and M C ub(Ib(M)).

(3) ub(la) = Ta and Ib(Ta) = |a.

(4) op(M) = ¢(M).

Proof. (1) through (3) are immediate observations. Now by (1) and (2), Ib(M) C

Ib(ub(Ib(M))) C Ib(M) and ub(M) C ub(lb(ub(M))) C ub(M) so that Ib(M)
Ib(ub(Ib(M))) and ub(M) = ub(lb(ub(M))) and finally

Ib(ub(M)) = Ib(ub(Ib(ub(M)))).

O

4.5.2. Theorem (Dedekind—MacNeille completion). (1) L = DMN(X) is a com-
plete lattice. The suprema in L are given by the formula

V M;=o(UJ M;).

ieJ ieJ

(2) The embedding (a — |a): (X,<) — DMN(X, <) preserves all the ezisting
suprema and infima.

Proof. (1): If ¢(M) = M and if M D M; for all i € J we have M D |
hence

ieJ M7 and

M =¢(M) 2 ¢(U M;).
ic€J
(2): By the lemma, ¢(la) = Ib(ub(la)) = Ib(Ta) = la so that indeed |a €
DMN(X). For a = infiecj a; we have |a = [, ; la; which is the infimum already
in B(X) and consequently also in DMN(X). Finally we have for a = sup;c ; a;

V lai = 6(U la;) = 1b(ub(U la)) = ([ Ta;) = Ib(fa) = la. DO

ieJ icJ icJ i€
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5. Galois connections (adjunctions)

5.1. Monotone maps f: X — Y, g: Y — X are Galois adjoint (or are in a Galois

connection) — f is a left adjoint of g, and g is a right adjoint of f — if
VeeX,VyeY, f(z)<y < z<gy).

Note that a left (resp. right) Galois adjoint of a given map does not have
to exist (we will learn a necessary, and in some extent also sufficient, condition
shortly). If it exists, however,

it 1s uniquely determined

(if fi(z) <y & 2 <g(y), i=1,2, then fi(z) <y & f2(x) <y).

5.2. Examples. (a) Mutually inverse isomorphisms are adjoint, both to the left
and to the right.

(b) “Almost inverse functions N — N”: Suppose a mapping f: N — N (N is the
set of natural numbers) can be extended to an increasing real function fon the
interval [1,4+00) and let ¢ be its inverse. Then, if we denote by |z| resp. [z] the
lower resp. upper integral part of a real number x we obtain that

[¢(=)] is a left adjoint of f, and |¢(—)] is a right adjoint of f

(which is seen from the obvious fact that [¢(m)] < niff p(m) < n,and |¢p(m)] > n
iff ¢(m) > n).

Thus for instance [log,| and |log, | are the left and the right adjoint of the
exponentiation 2.

(c) Let X,Y be arbitrary sets and f: X — Y an arbitrary map. We have
f[A]C B ifand only if AC f'[B].
Thus the maps
FI=1 B = B, f]BE) — PX)

are adjoint, f[—] to the left and f~1[—] to the right.
(d) f~1[—] also has a right adjoint. Namely, we have

f7UB]C A ifandonlyif BCY ~ f[X \ A].

The image function f[—] has no left adjoint, though.

(e) Let X,Y be topological spaces and let f: X — Y be a continuous map. Then
the adjunction from (d) can be modified to

fUB]C A ifandonlyif B Cint(Y \ f[X \ A])

while the adjunction from (c) has no counterpart.
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5.3. The following proposition yields an expedient description of the adjunctions.

Theorem. Monotone maps f: X —Y and g: Y — X are adjoint (f on the left, g
on the right) if and only if there holds

flgy) <y and z <g(f(z)).

Proof. 1f f, g are adjoint, the inequalities follow from the fact that g(y) < g(y) and
f(z) < f(x). On the other hand, let our new inequalities hold; then if f(z) <y we
obtain x < g(f(z)) < g(y), and if x < g(y) we conclude f(z) < f(g(y)) <y. O

5.3.1. Corollary. If monotone maps f,g are adjoint then
fgf=f and gfg=g. O
(We have f(gf(2)) > f(z) as gf(2) > , and fg(f(x)) < f(x).

5.4. Theorem. The left Galois adjoints preserve suprema, and the right ones pre-
serve infima.

Proof. The proof will be done for left adjoints. Let s = sup M exist. First, f(s) is
an upper bound of the set f[M]. Now if y is a general upper bound of f[M] we
have for all m € M, f(m) <y and hence m < g(y). Thus, g(y) is an upper bound
of the set M, hence s < ¢g(y), and finally f(s) < y. O

5.5. Obviously we cannot expect 5.4 reversed if there are few suprema resp. infima.
But we have

Theorem. If X,Y are complete lattices then a monotone map f: X — Y 1is a left
(resp. right) adjoint if and only if it preserves all suprema (resp. infima).

Proof. Let f preserve suprema. Define a mapping ¢g: Y — X by setting

g(y) = sup{z | f(z) <y}

Trivially, f(z) <y implies x < g(y). But also if x < g(y) = sup{z | f(2) < y} we
obtain, since f preserves the supremum,

fl@) <sup{f(z) | f(2) <y} <. O

5.6. Notes. (1) Recall the Example 5.2(c), 5.3, and the standard set-theoretical
formulas

FUTUBIC B and AC fTHf[A]

FUFTHIAN = f1A] and  fTHFLF BN = f1(BL

(2) Recall the examples 5.2(c),(d),(e). Confront 5.4 with the fact that in sets the
preimage function preserves both unions and intersections, while the image func-
tion preserves unions only; for continuous f and open sets, the preimage preserves
unions, but generally not the meets (which do not coincide with the intersections).
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6. (Semi)lattices as algebras. Distributive lattices

6.1. From 3.4 we see that in a (meet-)semilattice S,

anN(bAc)=(aAD)Ac,
aNb=bAa, (A-eq)

alNa=a.
If S has a largest element 1, we have, moreover
1Na=a. (1-eq)

The equations (A-eq) resp. (A-eq)+(1-eq) determine the structure of a semi-
lattice resp. bounded semilattice. Namely, we have

Proposition. Let there be an operation A on a set X satisfying (A\-eq). Then there
is precisely one partial order on X such that a ANb = inf{a,b} and X is a bounded
semilattice iff it contains an element 1 satisfying (1-eq).

Proof. There is at most one such order since we have to have =z < y iff x =
inf{z,y}. Thus, define

Ty =qf TNy ==2x.
This relation is an order: we have x < x since z Az = x; if x < y < z then
zAy=zandyAz=yand hence x Az=(zAy)ANz=aA(yAz)=zAy==za
and consequently z < z; finally if x <y <z thenzx=axAy=yAx=y.

In this order, x A y = inf{z, y}: indeed, first of all z A y is a lower bound
of the set {z,y} since (x Ay) Nz=(x Az) ANy = = Ay and even more trivially
(x ANy) Ay = x Ay; it is the largest lower bound since if 2 Ax = 2z = 2z Ay then
zA(xANy)=(zAz)ANy=2zAy=zand hence z <z Ay.

If 1 ANa=a then a <1 in our definition. O

6.2. If X is a lattice we have two operations A and V satisfying (A-eq), and similar
equations for the join,
aV(bVe)=(aVb)Ve,
avb=bVa, (V-eq)
aVa=a
and the operations A a V are, furthermore, interconnected by the equalities
aN(aVvb)=a, aV(aAd)=a. (AV-eq)
We have

Proposition. Let there be operations A and V on a set X satisfying (A-eq), (V-eq)
and (AV-eq). Then there is precisely one partial order on X such that a Nb =
inf{a,b} and aV b= sup{a,b}. Further, X is bounded iff there are elements 0 and
1 such that 0V a=1Aa = a for all a.
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Proof. Again, there is obviously at most one such order. The operations induce
two orders,

r<;y iff zAy=u,

r<py Uf xzVy=y
and we only have to prove they coincide. But if we have x Ay = x then y =
yVyAz)=yVe,andify=yVathenz=zA(xzVy)=zAy. |

6.2.1. Note. In the sequel, when speaking of (semi)lattices we will have in mind
the sets equipped with A and V (in the bounded case also 0 and 1) as operations.
Thus, a sublattice will be a subalgebra (closed under the operations in question),
not just a subposet that happens to be a (semi)lattice. Similarly, one considers
lattice homomorphisms preserving the operations, more special maps than the
monotone ones.

6.3. Distributive lattices. A lattice L is said to be modular, if there holds the
implication
a<c = aV({dAc)=(aVDd)Aec.

It is distributive if there holds the equality
aV{bnrc)=(aVb)A(aVc). (distr)

Obviously,
every distributive lattice is modular.

6.3.1. Proposition. A lattice L is distributive if and only if there holds the equality
aN(dVe)=(aAb)V (aAc). (distr”)
In other words, L is distributive if and only if L°P is distributive.

Proof. If we have (distr’), we compute (aVb)A(aVe) = (aA(aVe))V(bA(aVe)) =
aV(bAa)V (bAc) = aV(bAc). The other implication is deduced the same way. O

6.3.2. Modular lattices play an important role in algebra, and also in other parts
of mathematics. Here, however, their role is more or less auxiliary. Out of many
interesting properties we will prove the following characterization.

Proposition. A lattice L is modular if and only if it does not contain a sublattice
isomorphic with the lattice C5 in Figure 6.

Proof. Let L contain Cs. Then, in the notation from the picture, we have
zV(aANy)=zVb=z<y=cAy=(xVa)Ay

although x < y. Thus, L is not modular.

Conversely, let L not be modular. Then there exist u, v, w such that v < w
and uV (vAw) < (Vo) Aw. Hence, v cannot be comparable with any of uV (v Aw)
and (u V) Aw.
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Figure 6: Prohibited configurations C5 and Ds.

(If we had v > uV (v Aw) there would be v > u and hence uV (v Aw) =
vAw = (uVwv)Aw;if we had v < (uV v) A w there would be v < w
and uV (wAw)=uVo=(uVv)Aw.)

We have v Vu V (v Aw) = vV u, and as also (uVv) Aw < vV u we see that
vVu=uvV((uVv)Aw). Similarly

vA(uV @wAw)=vA V) Aw=uvAw.

Thus, we obtain a copy of C5 in L setting a = v, b = vAw, ¢ = vVu, z = uV(vAw)
and y = (u Vo) Aw. O

6.3.3. Lemma. A modular lattice is distributive if and only if there holds the
equality
(anb)V(aNe)V(bAc)=(aVb)A(aVec)A(bVc).

Proof. Obviously, the inequality
(anb)Viance)V(ibre)<(aVb)A(aVe)AN(bVc)

holds in any lattice. Thus, the point is in the opposite one.
I. If a lattice is distributive then

(aVbh)A(aVe)A(bVe)=(aV(bA(aVe))A(bVe) =
=(@ANBVe)VDOA(aVe)=(aAb)V(aAc)V (bAa)V(bAc).

II. Let the equality hold. Then we have
(avb)Ahe=(aVDA(aVe)ANDbVe)Ae=((anb)V(aAc)V (bAC)) Ac.
If, moreover, the lattice is modular we have, as (a A ¢) V (b A ¢) < ¢, further,

e=(ane)V(bAc)V(anbAc)=(aNc)V(bAc). O
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6.3.4. Theorem. A lattice L is distributive if and only if it contains no sublattices
isomorphic either with the Cs or with the D3 in Figure 6.

Proof. 1. If L contains the configuration Cj it is not even modular. If it contains
Ds, the distributivity is violated by the inequality (a Az) V(e Ay) =b < a =
ahNc=aAl(xVy).

II. Let the lattice not be distributive. If it is not modular it contains C5. Thus, let
L be modular but not distributive. By 6.3.3 there exist a, b, c € L such that

x=(@Ab)V(anc)V(bAc)<(aVb)A(aVc)A(DVe)=y.

Set
u=(aV({bAc)NA(DbVc),

v=(0bV(aAc)A(aVc),
w=(cV(aAb)A(aVD).
We will prove that

uANv=uAw=vAw=x and uVv=uVw=vVw=y. (%)

For this it suffices to show that u A v = x (the rest will follow by permuting the
elements a, b, c and interchanging A and V which is correct since from the definition
of the elements u, v, w we obtain, using modularity,

u=(an(bVe)V(bAc),
v=(bA(aVc))V(aAc),
w=(cA(aVbd)V(aAd). )

Indeed we have (employing modularity again)

uhNv=_(aVOAN)ANDVIANDV(aNc) A(aVc)
=(@VvVOre))ANDbV(anc)=(aN(bV(aAc))V(bAc)
=(anb)V(anec)V (bAc).
By (%), as ¢ # y, we now have D3 represented by the incomparable elements

u, v, w, the common infimum z of the pairs {u,v}, {u,w} and {v,w}, and the
common supremum ¥y of these pairs. O

6.3.5. Proposition. A lattice L is distributive if and only if each pair of equations
of the form
aNz=0b

aVxr=c

has at most one solution x.
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Proof. 1. Let L be distributive and let
aNx=0b aVr=c, aNy=band aVy=c.

Thenz =z A(aVz)=zA(aVy)=(xANa)V(zAy)=yAa)V(xAy) =
yAaVz)=yA(aVy) =uy.

II. Let L not be distributive. Then in any of the configurations C5 or Dj in Fig. 6
both the z and y solve the equations above. O

6.4. Ideals and filters in distributive lattices. An ideal in a bounded distributive
lattice L is a subset J C L such that

0eJ,
a,beJ = avbeJ, (idl)
b<a&aclJ = beJ

A filter in L is a subset F' C L such that

l1eF,
a,be F = aNbeF, (fitr)
b>a&acF = beF.

An ideal resp. filter is proper if it is not the whole of the lattice L, hence in
the case of an ideal if 1 ¢ J and in the case of a filter if 0 ¢ F'. Often, ideals resp.
filters are automatically assumed to be proper.

6.4.1. A prime ideal resp. prime filter is a proper ideal J resp. filter F' such that

whenever a Ab € J, then eithera € Jorbe J
resp. whenever a V b € F, then either a € F or b € F.

A maximal ideal resp. filter is a proper ideal resp. filter that is not contained in
a bigger proper ideal resp. filter. Often one considers maximality with respect to
some more special condition — see, e.g., Birkhoff’s Theorem below.

6.4.2. Lemma. Let J be an ideal and let F be a filter in L, and let JNF = §.
Then there exists a filter F' O F mazximal with respect to the condition F'N.J = (),
and this F' is prime.

Proof. Let F be a system of filters containing F' and disjoint with .J, such that
for any two Fy, Fy € F either Fy C Fy or F» C Fy. Then obviously |J F is a filter,
and it is still disjoint with J. By Zorn’s Lemma there exists a maximal filter F’
from the first part of the statement. We will prove it is a prime filter.

Leta ¢ F,b¢ FandaVb e F. Define G={x|zvbe F}.Ifz,y e G
then (z Ay) Vb = (zVb)A(yVbd) € F and hence x Ay € G; if z > z then
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zVb>xzVbeF and hence z € G. Thus, G is a filter and since obviously G O F
and G 2 a ¢ F, it is larger than F' and hence cannot be disjoint with J. Choose
¢1 € GNJ (hence in particular ¢; Vb € F) and set H = {z | zV¢; € F}. Again, by
the same reasoning as before, we see that H is a filter and that it is larger than F
(since it contains b). Hence it has to contain some co € J. This is a contradiction
since then ¢; Ve, € JNF. O

6.4.3. Theorem (Birkhoff’s Theorem on prime filters and ideals). Let J be an ideal
and let F be a filter in a bounded distributive lattice and let JNF = (. Then there
exists a prime filter F O F and a prime ideal J D J such that JNF = ().

Proof. By 6.4.2 take, first, the F' and J and then apply this lemma again dually
(that is, interchanging ideals and filters and the operations V and A) for these
disjoint sets. O

6.4.4. Corollary. Let a £ b in a bounded distributive lattice. Then there exists a
prime filter F' such that b ¢ F 3 a. O

7. Pseudocomplements and complements.
Heyting and Boolean algebras

7.1. Pseudocomplements. A pseudocomplement of an element a in a meet-semilat-
tice L with 0 is the largest element b such that b A a = 0, if it exists. It is usually
denoted by

a*.

Thus, a* is characterized by the formula
bha=0 iff b<a" (PSC)

(note that a pseudocomplement, if it exists, is necessarily unique).
A meet-semilattice in which any element has a pseudocomplement is said to
be pseudocomplemented.

Note. (Semi)lattice homomorphisms do not necessarily preserve pseudo-
complements. One has obviously f(a*) < f(a)*, but the other inequality
generally need not hold.

7.1.1. Facts. (a) The correspondence a — a* is antimonotone.

(b) The correspondence a — a** is monotone, and a < a**.

(¢) a** = a*.

Proof. (a): If a < b then a A b* = 0 and hence b* < a*.

(b): a A a* = 0 and therefore a < a**.

(c): By (b), a* < (a*)**; by (b) and (a), a* > (a™*)*. O
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7.1.2. Proposition. (a A b)** = a™* A b**.

Proof. Trivially (a A b)** < a** A b** by the monotony of (—)**. Now by 7.1.1(c)
we have

aNb=0iff ™ Ab=0. (%)

Since a Ab < (a Ab)**, we have a Ab A (a Ab)* =0 and hence, using twice (x) we
obtain a** Ab** A (a Ab)* = 0 from which it follows that a** Ab** < (a Ab)**. O

7.1.3. Proposition (first De Morgan law). In a distributive lattice, if a and b have
pseudocomplements then a Vb has, and we have

(VD) =a" ND".
Proof. By distributivity, (a V b) A a* A b* = 0. Moreover, for any c satisfying
(aVb)Ae=0wehave (a Ac)V (bAc) =0 and hence ¢ < a* A b*. O

7.2. Complements. A complement of an element a in a lattice L is an element
b € L such that
bAa=0 and bVa=1.

In a general lattice, a complement is not uniquely determined. However,

7.2.1. Proposition. In a distributive lattice, each complement is a pseudocomple-
ment. Hence, in particular, it is uniquely determined.

Proof. Let bAa=0and bVa=1.If x Aa=0 then by distributivity
r=xAl=xA(bVa)=(@Ab)V(xAa)=xAb
and hence z < b. O
Note. The unicity, of course, also follows immediately from 6.3.5.

7.2.2. A pseudocomplement is not necessarily a complement since a V ¢* may be
smaller than 1. Nevertheless, this join is always dense in the following sense:

Proposition. (a vV a*)* = 0.
Proof. IfbA(aVa*) =0 then in particular bAa = 0 and bAa* = 0 (by monotony).
Thus, b < a* and b < a** and hence b < a* A a** = 0. O
7.3. Heyting algebras. A Heyting semilatice is a meet-semilattice with 0 equipped
with a binary operation — satisfying

c<a—b iff cAa<b. (H)

If L is a bounded lattice we speak of a Heyting algebra. In particular, setting b = 0
we see that

a Heyting semilattice resp. algebra is a pseudocomplemented semilattice resp.
lattice, with a* = a — 0.
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7.3.1. The formula (H) states that each a — (—) is a right Galois adjoint to
a A (=) (it is a monotone map: if b < bs use a — by = a — by to obtain
(a — b1) ANa < by < by and then a — by < a — by). We have

Proposition. (1) A meet-semilattice admits at most one Heyting operation.

(2) In a Heyting semilattice the meet distributes over all existing joins; in partic-
ular, every Heyting algebra is a distributive lattice.

(3) In a meet-semilattice we have (a Ab) — c=a — (b — c).

Proof. (1) and (2) follow from 5.1 and 5.4.
(3): We have x < (aAb)—ciff eAanb<ciff tAa<b—ciff z<a— (b—c). O

7.3.2. From 5.5 we obtain, furthermore,

Proposition. A complete lattice admits a Heyting operation iff there holds the dis-
tributive law

(Vai) Ab=V (ai A D)

i€J icJ
for any b and any system a;, i € J.

Thus, complete Heyting algebras are in fact the same as frames. The Heyting
homomorphisms (preserving also the operation —) differ from the frame ones (see
II1.7.2), though.

7.3.3. Proposition (first De Morgan law). In a Heyting algebra,

(Va) = N\ a

ieJ ieJ

whenever the supremum \/ieJ a; exists.

Proof. ¢ < (Ve ai)* iff cA(V;eyai) =0iff Vo (cAa;) =0iff cAa; =0 for all
i iff ¢ < af for all 4. O

7.3.4. Lemma. Let L be a lattice. A binary operation — on L makes L into a
Heyting algebra iff the following equations hold for all a,b,c € L:

7

Proof. Suppose L is a Heyting algebra. Equation (1) is clear since ¢ Aa < a is
always true. By definition aA(a — b) < b, so aA(a — b) < aAb. But (aAb)Aa < b,
hence a Ab < a — b, and hence a Ab = a A (a — b). Since b A a < b, we have
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b <a — b and therefore b A (a — b) = b. Finally, a — (bA¢) < (a = b) A (a — ¢)
(because a — (—) is monotone). On the other hand,

(a—=b)AN(@a—c)ha=(aN(a—=Db)A(aN(a—c) <bAc,
so that (a = b)A(a —c¢)<a— (bAc).
Now suppose the equations hold. Then if ¢ < a — b, we have
cha<aAn(a—b)=aAnb<h.
Conversely, if ¢ Aa < b, we have
c=chNa—=c)<(a—a)AN(a—c)=a— (aAc)<a—b
(by equations (3), (1) and (4), respectively, and the fact that by (4) a — (—) is
monotone). O
7.4. Boolean algebras. A Boolean algebra is a distributive lattice with comple-
ments.
7.4.1. Proposition. Fach Boolean algebra is Heyting.

Proof. Since distributivity is assumed, the complement of x is the pseudocomple-
ment x* (see 7.2.1). Put
a—b=a"Vb.

Ife<a—b,thencAha< (a"Vb) Aa=DbAa < b; conversely, if ¢ A a < b, then
c=cA(aVa*)=(cha)V(cNha*)<bVa* O

7.4.2. Proposition. In a Boolean algebra B we have a** = a for all a. Consequently,
the mapping (a — a*): B — B°P is an isomorphism.

Proof. Since aVa* =1 and a A a* = 0 and B is distributive, a is by 6.3.5 the
complement (and by 7.2.1 the pseudocomplement) of a*. O

7.4.3. Proposition. A Heyting algebra L is a Boolean algebra iff a™* = a for all
ac L.

Proof. 1t suffices to verify that if a** = a then a V a* = 1. The equation makes
(=)*: L — L°P an isomorphism that, hence, carries joins into meets and vice
versa. Thus, from a A a* = 0 we obtain 1 =a*Va™ =a* Va. 0

7.4.4. De Morgan formulas. Since for a Boolean algebra the mapping a — a* is
an isomorphism B — B°P we have immediately

Proposition. In a Boolean algebra,

(Va) = ANaj, (ANai)"=V q

ieJ iceJ iceJ icJ

whenever the supremum \/, ; a; resp. the infimum N\, ; a; exists. O
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7.4.5. Proposition. A lattice homomorphism from a Boolean algebra into any lat-
tice sends complements to complements.

Proof. 1t follows immediately from 6.3.5. O

7.4.6. Recalling the formula for the Heyting operation in 7.4.1 we obtain

Corollary. A lattice homomorphism between Boolean algebras is always a Heyting
homomorphism. O

7.5. Ultrafilters. In Boolean algebras all the prime filters and prime ideals are
maximal. We have

Proposition. Let F' be a proper filter in a Boolean algebra B. Then the following
statements are equivalent.

(1) F is mazimal.

(2) F is prime.

(3) For every a € B either a € F ora* € F.

Proof. (1)=(2) is implicitly contained in 6.4.2 but let us present a direct proof.
If F is a maximal proper filter, a Vb € F and a ¢ F, set G = {x | x Vb € F}.
Then G is a filter and it is obviously larger then F' (as a € G \ F); hence it is not
proper so that 0 € G and consequently b =0V b € G.

(2)=(3) follows from the fact that aVa*=1¢€ F.

(3)=(1): Let F C G for a filter G. Choose an a € G \ F. Since a ¢ F there has
to be a* € F C G, hence a,a* € G and finally 0 = a A a* € G. Thus, G is not
proper. ]

7.5.1. The Boolean Ultrafilter Theorem. A prime (= maximal) filter in a Boolean
algebra is called ultrafilter. By 6.4.2,

every proper filter in a Boolean algebra is contained in a proper ultrafilter.

This is known as the “Boolean Ultrafilter Theorem”.

7.6. Booleanization. Let L be a Heyting semilattice. Set
BL={a|a"=a} CL.
7.6.1. Proposition. BL is a Boolean algebra, with the join given by
allb=(a" AND*)".

Proof. For x = a,b, since xAa* Ab* = 0 we have z < (a*Ab*)*. Now if © = =** and
a,b < x then a*,b* > a*, hence a* Ab* > z*, and (a* Ab*)* < 2™ = z. By 7.3.1(3),
ifc=c"*thenb—c=b—((c—=0)—0)=bA(c—0)—=0=(0bAc")*cBL.
Thus, BL admits a Heyting operation, namely the original one from L, and hence

it is distributive.
Finally, if a = a** we have aUa* = (a* ANa)* = 0% = 1. O
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Note. If L is a Heyting algebra then a L b is obtained from the original
join by the formula a Ub = (a V b)**: indeed, by the first De Morgan
law, a* A b* = (a V b)*.

7.6.2. Proposition. The following conditions on a Heyting algebra L are equivalent.

(1) The second De Morgan law (a Ab)* = a* V b* holds.

(2) The identity a* V a** =1 holds.

(3) Ewvery element of BL has a complement in L.

(4) The identity (aV b)*™ = a** V b** holds.

(5) BL is a sublattice of L.

Proof. (1)=(2): a*Va*™ =(aNa*)*=0"=1.

(2)=(3): Let a € BL. Then a V a* = a** Va* = 1.

(3)=(4): Since (a V b)** = (a* A b*)*, it suffices to check that

Clearly, (a* Ab*) A (a** V b**) = 0. Moreover, since a*,b* € BL, they are com-
plemented (that is, a* V ™ = b* V b** = 1); so if z A (a* A b*) = 0 then
a** Vb = (a** VO*)V (z Aa* AbF) =a™ VIV x, and hence x < a** Vv b*.

(4)=(5): For each a,b € BL, aVb=a**Vb* = (aVb)** thusaVbe BL.
(5)=(1): a* Vb* = (a* Vb*)** = (a*™* AD*™*)* = (a A b)*. O






Appendix 11

Categories

We include in this appendix a brief account of the basic notions and facts of
category theory used throughout the text, although no doubt it will already be
familiar to many of the readers. Our purpose here is only to outline the territory
in category theory that we assume familiar. For more information the reader can
consult the books [175] or [1].

1. Categories

The basic idea of category theory is to shift attention from the study of objects
to the study of the structure of special maps and relations between objects.

1.1. Categories. A category C consists of:

(1) A class objC of objects (notation: A, B,C,...).

(2) A class mphC of morphisms (notation: f,g,h,...). Each morphism f has a
domain or source A (notation: dom(f)) and a codomain or target B (notation:
codom(f)) which are objects of C; this is indicated by writing f: A — B.

(3) A composition law that assigns to each pair (f,g) of morphisms satisfying
dom(g) = codom(f) a morphism g - f: dom(f) — codom(g), satisfying

(a) (h-g):-f=h-(g-f) whenever the compositions are defined;

(b) For each object A of C there is an identity morphism ida: A — A such
that f-id4 = f and id4 - g = g whenever the compositions are defined.

If there is no danger of confusion one writes simply gf for g - f; the identity
id 4 is sometimes denoted by 1 4.

1.1.1. Examples. (a) The category Set of sets as objects and functions (mappings)
between them. Keep in mind that a function f: A — B in our context is not only

337



338 Appendix II. Categories

a relation f C A x B with the standard properties, but such a relation together
with the information on B (the A can be deduced).

(b) Numerous so-called concrete categories: Groups or abelian groups with homo-
morphisms, other types of algebras with homomorphisms, spaces with continuous
maps, etc. Again, a morphism f: A — B carries the information on A and B (it
can very well happen that distinct morphisms are defined by the same formula as
mappings).

Usually, one denotes such categories by abbreviations indicating the structure
in question. Thus, Top, Frm, SLat; etc., but the name can refer to the structure
of morphisms like, e.g., in Loc vs. Frm.

(c) A poset (X, <) can be viewed as a category with obj(X, <) = X and morphisms
x — y expressing the facts that < y (thus, a morphism is not a mapping but
a statement). It is surprising how many phenomena concerning general categories
can be observed in these very simple categories.

(d) The category of relations in which the objects are sets, and morphisms R: A —
B are binary relations R C A x B, with the standard composition.

1.1.2. Dual category. If C is a category we can take the same classes of objects
and morphisms, and interchange the domains and codomains (which leads to an
inverted composition). Thus,

f:A— Bisnow f: B— A and we have a composition fxg=g-f.
Thus obtained category is called the dual or opposite of C and denoted by
C°P.

This extremely simple construction is very useful: whenever something is proved
for general categories, then it holds in an individual category (in the obvious
modification) both for a concept and for the dually defined one (monomorphisms
and epimorphisms, limits and colimits, etc.; see below).

1.1.3. Product of categories. If C, D are categories we have the category C x D with
objects pairs (A, B), A € objC, B € objD, and morphisms (A;, A2) — (Bi, B2)
pairs (f1, f2) with f;: A; — B; in C resp. D, with obvious composition.

1.1.4. Hom-sets. For objects A, B in a category C set
C(A,B) = {f | f: A— B € mphC}.

This may, in a quite general case, not be a set in the universe one works in. But
in the typical cases the reader may encounter (for instance, in all the examples
above),

C(A,B) is a set.



1. Categories 339

This is usually referred to as stating that the category C is locally small (a category
is small if, furthermore, also objC is a set — this, in contrast, is not the case in the
examples above, with the exception of 1.1.1(c)).

Local smallness is often assumed and not explicitly mentioned.

1.2. Subcategories. A category D is a subcategory of a category C if objD C objC,
D(A,B) CC(A, B) for all A, B € objD and if the multiplication and the units are
as in C. If, moreover,

VA, B € objD, D(A, B) = C(A, B)

we speak of a full subcategory.

Thus, e.g., the category of abelian groups is a full subcategory of that of
all groups, and the category of metric spaces and uniformly continuous maps is a
subcategory of the category of metric spaces and continuous maps but not a full
one.

1.3. The most basic special morphisms. A morphism f: A — B is a monomor-
phism (resp. epimorphism) if

Vg,h, f-g=f-h = g=h
(resp. Yg,h, g-f=h-f = g=h).

Thus, monomorphisms in C are epimorphisms in C°P, and vice versa.

Note that in Set, monomorphisms coincide with one-one maps, and epimor-
phisms are precisely the onto maps. In standard categories of algebras, monomor-
phisms coincide with the embeddings of subalgebras up to isomorphism. In more
general concrete categories monomorphisms are often the general one-one maps
not necessarily imprinting the structure of the bigger objects; see Section 4 below.

A morphism f: A — B is an isomorphism if there is a morphism g: B — A
such that fg =idp and ¢gf = id4. The morphism ¢ is uniquely determined, usually
denoted by f~!, and called the inverse of f.

1.3.1. The following are straightforward observations.

(a) Each isomorphism is both a monomorphism and an epimorphism while in
general categories morphisms that are both mono- and epimorphisms (sometimes
one speaks of bimorphisms) need not be isomorphisms.

(b) If fg is a monomorphism then g is a monomorphism; if fg is an epimorphism
then f is an epimorphism.

(c) If fg =id and if either f is a monomorphism or g is an epimorphism then f
and g are (mutually inverse) isomorphisms.

1.3.2. Exercise. Check all the statements in 1.3 and 1.3.1.
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2. Functors and natural transformations

2.1. A functor F': C — D counsists of maps objC — objD and mphC — mphD (both
are usually denoted by the symbol of the whole of the functor) that respect the
domains, codomains, unit and composition. Thus,

if f: A— B then F(f): F(A) — F(B),
F(ida) = idpa) and F(gf) = F(9)F(f).

2.1.1. Examples. (a) The forgetful functors U: C — Set from a concrete category C
associating with an object the underlying set, and with a morphism the underlying
map.

(b) Free functors F': Set — A where A is a (nice) category of algebras and F'(M)
is the free algebra generated by M.

(¢) Functors of algebraic topology.

(d) The Stone-Cech compactification from the category of completely regular
spaces into that of compact ones.

(e) Monotone maps f: (X, <) — (Y, <) viewed in the sense of 1.1.1(c).

2.1.2. A very important example — the hom-functor. Let C be a category. Define
C:C% x C — Set

with C(A, B) as in 1.1.4 and by setting for f: A” — A and g: B — B’ (morphisms
in C),
C(f,9)(9) = gof.

2.1.3. Contravariant functors. Often we encounter a construction F' with the prop-
erties similar like in 2.1, only modified by “reversing the arrows”, that is, such that

if f: A— B then F(f): F(B)— F(A),
F(ida) =idpay and F(gf) = F(f)F(g).

Then one speaks of a contravariant functor.
The reader may wonder why such concept should be introduced at all: a
contravariant functor may be surely viewed as a standard functor

F:C®° =D or F:C—D%°?

The hitch is in the “or”. Sometimes it is obvious which of the categories should be
inverted — thus for instance the contravariant functor £2: Top — Frm is naturally
a functor Top — Loc rather than Top®® — Frm, but more often than not we
have constructions that do not call for inverting preferably any of the categories
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involved (for instance the typical dualities, but let us take a much simple case, the
preimage functor 3: Set — Set with P(X) = {A | A C X}, B(f)(B) = f~1[B)).

2.2. Natural transformations. A natural transformation
a: F =5 G
between two functors I, G: C — D is a collection of morphisms in D
a = (0a)acobjc, aa: F(A) — G(A)

such that for every morphism f: A— B in C, the following diagram commutes in D:
F(A) " >G(4)

F(f) G(f)
\ \
F(B) -~ G(B)

ap
If each a4 is an isomorphism, one speaks of a natural equivalence and writes

F=aG.

Convention. If there is no danger of confusion one often omits the dot in =, or
speaks just of a transformation.

2.2.1. Examples. (a) Define @: Set — Set by setting
RQX)=XxX, Qf)=((z,y) — (f(x), f(¥)))

The diagonal maps Ay = (x — (z,z)) constitute a natural transformation
A: Id = Q; similarly one has natural transformations “first projection” and “sec-
ond projection” @ = Id.
(b) For a vector space V consider the dual V*, the vector space of linear mappings
V — R, and for linear mapping f: V — W the f*: W* — V* defined by f*(«a) =
« - f. The maps
kx =(xw—x): V-V

constitute a natural transformation x from the identical functor into that of double
dual.

In the category of finite-dimensional vector spaces, k is a natural equivalence.
Note that in this category already the V* is isomorphic with V but there is no
natural equivalence of the identity functor and the first dual.

(¢) (A contravariant example: the characteristic function.) Consider the functor 3
from 2.1.3 and C(—,{0,1}) viewed as a contravariant functor Set — Set. The

X = (xx: P(X) - C(X,{0,1}))x defined by xx(4)(z)=1if x € A

constitutes a natural equivalence.
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2.2.2. Proposition. Let C(A,—) = C(B,—). Then A and B are isomorphic. More
generally, if C(F(—),—) 2 C(G(—), —) for functors F,G: D — C then F 2 G.
Similarly for C(—,A) 2 C(—,B) and C(—, F(—)) 2 C(—,G(-)).

~

Proof. 1. Take a natural equivalence ¢: C(A, —) = C(B, —) with inverse ¢, and set
B=¢ca(ida): B— A and a=¢ep(idp): A — B.
Now
a-f=C>Ad,a)(ea(ida)) = ep(C(id, o) (ida)) = ep(o) = ep(ep(idp)) = idp

and similarly f-a =ida.

II. Let e: C(F(—),—) = C(G(-),—) be a natural equivalence. Thus, for each
f: B— Aand g: X — Y the diagram

€A, X

C(F(A),X) >C(G(A), X)
C(F(f).9) C(G(£).9)
CRBLY) |, ~CGB).Y)

is commutative, that is,

ey(g-¢-F(f) =g cax() G(f).

Set
na =eara(idra): G(A) — F(A).

By the procedure from I we see that each 74 is an isomorphism. The system (14) 4
is a natural equivalence: we have

na-G(f) =idpa -caralidpa) - G(f)
=ep,ra(idpa -idpa - F(f)) =ep,ra(F(f) -idrp -idrp)
:F(f)(:‘B’FB(ldFB)G(ldFB):F(f)T]B D

2.3. Categories of functors. Let K be a small category and C a general one. Then
the collection of functors F': K — C as objects, and of the natural transformations
7: F' =5 G as morphisms constitute a category which will be denoted by

[K.C]
(assuming K small is a reserve preventing clashes with set theory).
2.3.1. Yoneda embedding. For a small category K define a functor

Y: K — [K, Set]
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by setting Y(a) = K(a,—) and Y(a) = (Y(a). = K(a,1.))e: Y(a) — Y(b) for
a: b — a (hence Y(a).(¢) = ¢a). Y(«) is obviously a natural transformation since
K(a7 1d)K(1aa ¢) = K(aa ¢) = K(lbv ¢)K(a7 16)

2.3.2. Proposition. Y is a functor embedding the category K°P into [K,Set] as a
full subcategory.

Proof. Trivially Y(a) # Y(b) if a # b and if a # 5, o, 3: b — a then Y(«)q(1a) =
a# B=Y(B)a(1y); hence Y is one-one. Now let 7: Y(a) — Y(b) be a natural trans-
formation. Set o = 7,(14) € Y(b)(a) = K(b,a). Then because of the commuting
diagrams

K(1a,9) K(1p,9)

v \
Y(a)(c) . >Y(0)(e)

we have 7.(¢) = 7.(K(1a,¢)(1a)) = K(1p,0)(7a(1a)) = da = Y(a).(¢), and the
embedding is full. O

2.4. Observation and notation. Let 7: F© =5 G be a natural transformation,
FG:C — D. Let H: B — C and E: D — & be functors. Then we have
natural transformations

TH: FH > GH and FEt:FEF = EG

defined by
(TH)X :TH(X) and (ET)X:E(Tx).

3. Some basic constructions

3.1. Products and coproducts (sums). Let A;, Ay be objects of C. A product of A,
and A is a pair of morphisms

piIA—>A1', 12172

such that for every pair f;: X — A; in C there is exactly one f: X — A such that
pif = fi for both i:
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More generally, if A;, i € J, is a collection of objects of C, their product is a
system of morphisms
Pi: A— Ai7 ieJ

such that for every system f;: X — A;, i € J, in C there is exactly one f: X — A
such that p;f = f; for all i € J.

Products, of course, do not have to exist. If they, or some of them, do exist we
say that C has products (finite products, products of pairs). The standard notation
for the A in a product is

Al X Ao, H A;, and similarly.
ieJ

Dually, a coproduct, or sum of a collection A;, i € J, is a system of morphisms
g:A; — A ieJ

such that for every system f;: A; — X, i € J, in C there is exactly one f: A — X
such that fq; = f; for all i € J.

Notes. (1) In particular, the product of a void collection is an object S such that for
every A € objC there is precisely one morphism A — S; such S is called a terminal
object or singleton. Similarly the coproduct of a void collection is an object I such
that for every A € objC there is precisely one morphism I — A; such I is called
an initial object.

(2) In Set the product is the cartesian product with p; the projections. Similarly
in typical everyday life concrete categories we have the product carried by the
cartesian product of the carriers of the individual A;, endowed with a suitable
structure. The sum in Set is the disjoint union, with the embeddings of the sum-
mands. Unlike products, the coproducts in everyday concrete categories seldom
look like in Set and vary in the form.

(3) In a poset (X, <) viewed as a category (1.1.1(c)) the products (resp. coprod-
ucts) correspond to the suprema (resp. infima).

3.1.1. Exercise. If for i € J, pjr: A; — A;r, k € K;, are products, and if ¢;: A —
A; is a product then

pindi: A — A, (i,k) e U{j} x K;
jeJ

is a product. Consequently, if C has products of pairs then it has products of all
non-empty finite collections.

3.2. Equalizers and coequalizers. Let f,g: A — B be morphisms. The equalizer of
the pair, often indicated as Equ(f, g) is a morphism e: E — A such that
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fe = ge, and
if fh = gh for an h: X — A then there is exactly one h: X — E such that
eh = h:
. I
E > A ZB
A g
h /
X

Dually, the coequalizer of f, g, indicated by Coequ(f,g) is a ¢: B — C such
that ¢f = cg, and if hf = hg for an h: B — X then there is exactly one h: C' — X
such that he = h.

3.3. Pullbacks and pushouts. Let f: A — C, g: B — C be morphisms. A pullback
of f, g is a commutative diagram

f
P > B (pb)
g g
\ \
A e C
such that for every commutative diagram
X =B
B g
\ \
A >(C

f

there is precisely one v: X — P making the diagram

X
, [e3
*P ! iB
B
g
1Y v
A f >C

commute, i.e., such that fy =« and gy = .
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Similarly, a pushout of f: A— B and g: A — C' is a commutative

A ! >B (po)
g g
v \
C > P
f

such that for every pair a: C' — X and : B — X satisfying ag = Gf there is
precisely one 7v: P — X such that vf = o and vg = .

3.3.1. Proposition. Let a category have products of pairs of objects, and equalizers.
Then it has pullbacks.

Proof. For f: A— C and g: B — C consider, first, a product

pA

A< AxB "

B - B
and then the equalizer e: P — A x B of fpa and gpp. It is an easy exercise that
we can take g = pae and f = ppe to obtain a pullback like in (pb) above. O

3.3.2. Proposition. Let in the pullback (pb) g be a monomorphism. Then g is a
monomorphism.
Similarly for pushouts and epimorphisms.

Proof. Let gu = gv. Then gfu = fgu = fgv = gfv and since g is a monomor-
phism, fu = fv. Set f = gu = gv and a = fu = fv. Then ga = f and any of u,v
have the property required of the v in the definition. By the unicity, u = v. 0

4. More special morphisms. Factorization

4.1. Orthogonal morphisms. An ordered pair (f, g) of morphisms of a category is
said to be orthogonal if for every commutative diagram

A B
u v
\ \
¢ ,>=D
there is a morphism w such that gw = v and wf = u:
I
A > B
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We speak of a pair (£, M) of classes of morphisms as orthogonal if for any
feé& geM,(f g)is orthogonal.

4.2. Extremal, strong and regular. A monomorphism m is extremal if in every
decomposition m = f - e with e an epimorphism the e is an isomorphism (note
that by 1.3.1(b) such an e is always a bimorphism). Dually, one defines an extremal
epimorphism as an epimorphism e such that in every decomposition e = m- f with
m a monomorphism the m is an isomorphism.

A monomorphism m (resp. epimorphism e) is strong if for each epimorphism
e (resp. monomorphism m) the pair (e, m) is orthogonal.

A monomorphism m (resp. epimorphism e) is regular if it is an equalizer
(resp. coequalizer) of a pair of morphisms.

4.2.1. Proposition. We have the implications
reqular = strong = extremal.
In a category with pushouts,
strong = extremal.

Proof. 1. Let m =Equ(f, g) and let mu = ve for an epimorphism e. Then fve =
fmu = gmu = gve so that fv = gv and there is a w such that mw = v, by
equalization. Now mwe = ve = mu and hence also we = u.

II. Let m be strong and let m = fe with e epimorphic. Then we have a commu-

tative diagram
€

A >C
ida f

\ \

A . >B

and the given w satisfies we = id 4, so that also ewe = e and as e is an epimorphism,
ew = id¢, and e is an isomorphism.

ITI. Finally let C have pushouts and let m be extremal. Consider a commutative

€

- .
u v
\ \
- .
m
and a pushout
e - .
u u
\ v
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Then e is an epimorphism and we have a v such that ye = m so that e is an

isomorphism and we can set w = e~ 'u. O

4.2.2. Proposition. In a category with pushouts, extremal resp. strong monomor-
phisms are closed under composition.

Proof. By 4.2.1 it suffices to speak on extremals. Let mq, mo be extremal mono-
morphisms and let mimo = fe with an epimorphism e. Pushing out mo,e we
obtain me, e with e epimorphic and mee = ems, and a g such that gms = f and
ge = mq; by extremality of mq, e is an isomorphism. Now for A = e~! we have
hmoe = hems = mo and hence, by extremality of mo, e is an isomorphism. Il

4.2.3. Recall 1.3. Extremal resp. strong monomorphisms model embeddings of
subobjects inheriting the structure of the bigger object. This is best seen in the
definition of extremal monomorphisms claiming that one cannot insert a “strength-
ening of the structure” (which would be the bimorphism e if it were non-trivial).

Proposition 3.3.2 can be interpreted as obtaining a preimage under f of a
(very) weak subobject g. This holds for more genuine subobjects as well. We have

Proposition. Let

P > B
v v
A P >C

be a pullback in a category with pushouts. Let m be an extremal monomorphism.
Then m is extremal as well.

Proof. Let m = he with an epimorphism e. Consider a pushout

By the commutativity of the pullback we have started with we have an h such that
hf'" = fh and he = m. Since e is an epimorphism by 3.3.2, it is by the extremality
of m an isomorphism. Now we have me™!f’e = hf'e = fhe, hence me™'f' = fh
and from the pullback property we obtain a ¢ such that in particular m¢ = h and
hence m@e = he = m and finally ¢e = idp which makes e an isomorphism, since
it is epimorphic. O
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4.3. Factorization systems. A factorization system in a category is an orthogonal
pair (£, M) of classes of morphisms such that

(1) each of £, M is closed under isomorphisms, and

(2) every morphism f: A — B can be decomposed as

A >C > B
N N

with e € £ and m € M.

4.3.1. Fact. Note that in a factorization system each commutative diagram

A - B
v v
A >~ B
f/

can be completed, for arbitrary decompositions f = me, f' = m’e’ as above, into
a commutative diagram

A >C >B
\ \ \
Al . = . =B

A >
e'u vm
\ \
C’ . >~ B’

Choosing u = id4 and v = idp we immediately see that

the decomposition f = me from condition (2) is unique up to isomorphism.
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5. Limits and colimits

5.1. Let K be a small category and C a general one. A K-diagram (briefly, diagram)
in C is a functor D: K — C.
A lower (resp. upper) bound of D is a collection of morphisms in C

(fa: X — D(a))aeoij resp. (fa: D(a) - X)anij

such that for every a: @ — b in K,

D(a)fa = fo (vesp. foD(a) = fa).

A lower bound
(pa5 L— D(a))anij

is a limit (an upper bound (¢, : D(a) — C)aeobji is a colimit) of D if for every lower
(resp. upper) bound as above there is precisely one f: X — L (resp. f: C — X)
such that

Va € objK, pof = fa (resp. fqa = fa)-

5.1.1. Proposition. A (co)limit of a diagram is uniquely determined, up to isomor-
phism.

Proof. Let (pg: L — D(a))acobjr, (Pl,: L' — D(a))acobjix be limits. Since they are
in particular lower bounds we have p: L — L’ and p’: L’ — L such that p/,p = p,
and pep’ = p!, for all a. Consequently p,p'p = p, and p,pp’ = p,, and since these
systems of equations are also satisfied by the identities we have, by the unicity,
pp’ =idp and p'p = idy. O

5.1.2. Notes. (1) Another term for a lower bound is cone, similarly cocone for an
upper bound. Note that in a poset (X, <) the standard lower resp. upper bounds
correspond to the categorical ones if we think of (X, <) in the perspective of
1.1.1(c); the limits then coincide with the infima and colimits with the suprema.

(2) Sometimes one loosely speaks about the L in the (pg: L — D(a))qcobjx above
as of the limit. Similarly with colimits.

(3) Recall 2.2. In a slightly more fancy way we can define a lower bound as a
natural transformation (p,)q: Cr, = D, where CJ, is the constant functor sending
all the objects to L and all the morphisms to idy. Note that the isomorphism
in 5.1.1 is not just an isomorphism L = L’; one has more: it is an isomorphism
in [K,C].

5.2. Products, equalizers and pullbacks as limits. Obviously, a product of a col-
lection A;, i € J, is a limit of a diagram defined on the discrete category with
objects i € J and no non-identical morphisms.

For equalizers consider the category K with two objects a,b and two non-
trivial morphisms ¢,v: a — b. The f,g: A — B in 3.2 can be viewed asa D: K —
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C sending a to A, bto B, ¢ to f and v to g. An h: X — A has the property that
fh = gh iff there exists an h’': X — B such that k' = D(¢)h = D(v)h, that is, iff
it can be extended to a lower bound (h, = h,hy) of D. Thus, equalizers can be
viewed as limits of diagrams K — C.

For pullbacks consider the category K with three objects a,b,c and non-
identical morphisms ¢: a — c and v: b — ¢. Now

A o< 7 B (5.2.1)

can be viewed as the functor (a — A, b+— B, c— C, ¢ — f, v — g) and the
he =0: X — Aand hy = a: X — B can be extended to a lower bound (h, ks, hc)
of D iff {3 = ga. Thus, the pullback can be viewed as the limit of the diagram
(5.2.1).

Similarly, coproducts, coequalizers and pushouts are colimits.
5.3. A category C is said to be complete (resp. cocomplete) if each diagram in C
has a limit (resp. colimit).

5.3.1. Theorem. [Freyd] A category C is complete iff it has all products and pull-
backs. Dually, it is cocomplete iff it has all coproducts and pushouts.

Proof. Let D: K — C be a diagram. We can assume that
VaecobjKk Fae€ M=mphK, a:b—c#a

(else there is only one object a € objK; then add formally an object b and a single
morphism «: a — b, and extend the lower bounds by setting f, = D(«) fq)-

Consider the products (the latter one is the power of P, the product of P,
M times repeated)

(pa: P= H D(b) — D(a)) , (qa: PM P)aeM
bEobjK a€objK

and define m: P — PM by

Da ifa:b—c#a
Palda™ =
D(a)py ifa:b—a.

Consider the pullback

L =P
A A
v v
p . =pM

where A is the diagonal (defined by ¢, A = idp for all «).
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Claim 1. A = m.

Proof of Claim 1. Take an arbitrary a and choose a a.: b — ¢ # a. We have

DaA = PagaMA = pagaAm = pgm. O

Now define \,: L — D(a) by setting

Ao = paA = Pa.

Claim 2. For every a: b — a in M we have D(a)\y, = A,.

Proof of Claim 2. D(@)ppA = paGamA = pagaAm = pgm = \,. O

Now we will show that the system A,: L — D(a) is a limit of the diagram D.
Indeed, let f,: X — D(a) be such that for each a: b — a, D(a)fp = fa.
Define g: X — P by p,g = fo. Then we have

Pag = fa = Palag (if a: b — c # a)
Palamy = .
D(a)prg = fa = Pagalg (lf a:b— a)

and hence mg = Ag, and we have an f: X — L such that g = Af = mf. Now we
have Ao f = poAf = f,. For unicity suppose A\ h = f, for some h: X — L. Then
paAh = f, and hence Ah = mh = g because of the unicity in products, and by
the pullback unicity we conclude h = f. O

From 3.3.1 we now immediately obtain

5.3.2. Corollary. [Maranda] A category with arbitrary products and equalizers is
complete. (I

6. Adjunction

Adjunction is a central concept of category theory, and it can be claimed that is
one of the most important and pervasive concepts in mathematics.

6.1. Functors L: C — D and R: D — C are said to be adjoint, L on the left and R
on the right (or, we say that L is a left adjoint of R resp. that R is a right adjoint
of L), symbolically

LR,

if there is a natural equivalence

ean: DIL(A), B) = C(A, R(B)).
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That is, the € 4, g are invertible maps and for every f: A’ — A and g: B — B’ the
diagram

D(L(A),B) " =C(A,R(B))
D(L(f),9) C(f,R(g9))
\ \
D(L(A),B') . =C(A R(B))

commutes. Explicitly, for each ¢: L(A) — B we have

R(g) - ea,p(®)  f=ca,p (g ¢ L(f)). (€)
We will write e for the inverse of € so that we also have, for ¢: A — R(B),
g-caB() - L(f) =ca B (R(g)-¢-f) ()

Note that by 2.2.2, for a functor there is, up to natural equivalence, at most
one right resp. left adjoint.

6.2. Examples. In fact mathematics swarms with adjunction situations in that or
other form. Here we will present just a few examples.

(1) Take a fixed set A and consider the functors L: Set — Set and R: Set — Set
defined by

L(X)=X x A, L(f)(z,a) = (f(x),a); R =Set(A,—).

Associating with a function ¢: X x A — Y the 5: X — Set(A,Y) by setting
o(x)(a) = ¢(x,a) we obtain an adjunction L 4 R. (“Taking one of the variables
in a function of two variables for parameter”.)

(2) Let A be a category of algebras in which free algebras exist (any natural
category of algebras the reader will think of). That is, we have for every set
X an algebra F(X) € objA and an embedding (of X as a set of generators)
uyx: X — F(X) such that for each algebra A € A and each mapping f: X — A
there is precisely one homomorphism h : F(X) — A such that h-ux = f. In fact,
the f is a mapping X — UF(X) where U: A — Set is the forgetful functor (the
structure of A does not play any role in it). Thus, we have a one-one correspondence
between the homomorphisms F(X) — A and mappings X — U(A), making F' a
left adjoint of U.

(3) Recall Appendix 1.5 and 1.1.1(c). Adjoint monotone maps constitute an adjoint
situation in the more general categorical sense.

(4) Consider the constant functor C: C — [K,C| defined by C(A4)(a) = ida4.
Suppose all limits of K-diagrams exist. Define L(D) as the L in the limit (p,: L —
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D(a))aeobjrc- Thus we obtain a functor L: [K,C] — C and the definition of limit
provides us with an adjunction C' - L.

Similarly, the definition of colimit yields an adjunction with C' on the right.

6.3. Adjunction units. Given an adjunction with a natural equivalence as above,
set

A = egr(),p(idrp)): LR(B) — B (M)
and

pa =ceara)(idray): A — RL(A). ()
6.3.1. Proposition. The systems of morphisms above constitute natural transfor-
mations

A=Ap)p: LR51dp and p=(pa)a:1dec = RL,

and the compositions

L A
L ">rLrrL >=L and R "">=RLR ™=R

are identical transformations of L resp. R.

Proof. We will often leave out the indices (uniquely determined anyway). For
g: B — B’ we have, by (¢),

A - LRg =¢(id) - L(Rg) = (R(id) - id - Rg)
=¢e(Rg-id-id) =g-e(id) - LAd) = g - A,
and by (¢), for f: A — A/,
RLf-pa=R(Lf)-e(id)-id =e(Lf-id-id) = e(id-id- Lf) = R(id)-e(id)- f = p- f.
Now for an A € objC we obtain
Apa-L(pa) =e(id)- Lp=1id - e(id) - Lp = e(R(id) - id - p) = e(e(id)) = id.

and for a B € objD,

R(AB) - pre = RX-€(id) - id = ¢(\ - id - L(id)) = e(e(id)) = id. O

6.3.2. The natural transformations A\: LR — Idp and p: Id¢ - RL are called
units of adjunction. They contain all the information on the adjunction in question.
More than that, we have the following

Theorem. The formulas (X\) and (p) from 6.3 constitute a one-one correspondence
between adjunctions

€: ’D(Lia *) = C(*a R*)
and pairs of natural transformations A\: LR = Idp and p: Ide = RL satisfying

L A . .
(L " >rLrL "">rL)=idy and (R " >RLR ™>R)=idg
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Proof. We will provide the inverse formulas.

Suppose a natural transformation satisfying the identities from the statement
are given. For ¢: LA — B and ¢¥: A — RB set

e(¢) = Rp-pa: A— RB and e(¥)=Ap-Li: LA — B.
We have

e(e(¥)) = R(e(¥)) - pa = RA\p - RLY - pa = R(Ap) - prp - = ¥
and

e(e(®) =Ap - L(R$-pa) =Ap-LR$-Lpa=¢-Apa-Lpa=¢.
The mappings € (and hence also their inverses ¢) satisfy

e(g-¢-Lf)=R(g-¢-Lf) pa=Rg-Ro-RLf pa
=Rg-Ro-p-f=Rg-£(¢)- [

Finally, if we start with the natural equivalence € (and with its inverse), define A
and p as in 6.3, and construct a new ¢’ by the formula above we obtain

e'(¢) = Ro-pa = R e(idpa) = (¢ -id - id) = £(¢).

If we start with A\, p as assumed, define € and € as above, and from that define
N, p' as in 6.3 we obtain

>‘/B = €(idRB) = )\B . L(ld) = >\B
and

pia =e(idpa) = R(id) - pa = pa- O

6.3.3. Note. The units of adjunction are usually much more expedient than the
adjunction in the original form: it is easier to work with natural transformations
in one variable object than with a natural equivalence in two variables. But the
point is not only in the technical advantage. More often than not, the units express
important phenomena. Thus for instance in the Example 6.2(1) the

Ax: XAx A X

is the well-known “evaluation operator” sending (f,a) to the value f(a).

In the Example 6.2(2) the unit px : X — UF(X) is the embedding of the set
of generators into the free algebra; the unit A4: FU(A) — A expresses the general
theorem stating that each algebra (in a nice category of algebras, for instance in
any variety of algebras) is a quotient of a free one.
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7. Adjointness and (co)limits

7.1. Proposition. Right adjoints preserve limits and left adjoints preserve colimits.

More precisely, if (fo: A — D(a))acobjrc s @ limit of a diagram D: K — D
then (Rfq: RA — RD(a))acobjx is a limit of RD: K — C, and similarly for L
and colimits.

Proof. Obviously (Rf,)a is a lower bound of RD. Now let (g,: X — RD(a)), be
a general lower bound of RD. Consider the system

(e(9a) = Ap(a) - L(ga): L(X) — D(a))a-
It is a lower bound of D: indeed, we have for a: a — b in K
D(a)-Ap(a)-L(9a) = Ap) - LRD() - L(ga) = Ap) - L(RD(at) - ga) = Ap(s) - L(9b)-
Consequently there is a morphism h: L(X) — A such that

VCL, fa -h :E(ga)

and hence
9o = e(fouh) = R(fa) - R(h) - px = Rfa - €(h).

The unicity of a h such that go = Rf, “his straightforward and can be left to the
reader as a simple exercise. O

7.2. We see an analogy with preserving infima and suprema by adjoint monotone
maps. We may naturally ask whether the converse fact about partially ordered
sets, namely that in case of complete lattices the infima preserving maps are
right adjoints and the suprema preserving maps are left ones, could perhaps also
extrapolate.

On second thought the idea seems to be overoptimistic. The situation is
different: in complete lattices there were limits and colimits (infima and suprema)
of the same size as the lattices themselves while here the diagrams are (necessarily)
small and the category is typically a proper class. Perhaps surprisingly one does
have a desirable converse to 7.1 for a large type of categories, including many of
the everyday ones.

We will need some more terminology. A category C is wellpowered (resp. co-
wellpowered) if for each A € C there is up-to isomorphism only a set of monomor-
phisms X — A (resp. epimorphisms A — X).

A generator (resp. cogenerator) of a category C is an object G such that for
any f # g: A — B there is a morphism h: G — A such that fh # gh (resp.
h: B — G such that hf # hg).
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7.2.1. Let R: D — C be a functor, A € objC. A subset S C objD is a solution set for
A with respect to R if for each B € objD and for each 3: A — R(B) in C there are

SeS, a:S— Bandf: A— R(5)

such that the diagram

comimutes.

A solution (resp. strong solution) for A with respect to R is an element
S € objD together with a p: A — R(S) such that for each B € objD and for each
B: A— R(B) in C there is an a: S — B (resp. precisely one «: S — B) such that

A " =R(S)

comimutes.

7.2.2. Proposition. Let R: D — C have a strong solution for each A € objC. Then
it has a left adjoint.

Proof. For each A choose a strong solution psa: A — R(L(A)) and define
L(f): L(A) — L(A’) for f: A — A’ as the unique « for which
A "= R(L(A))

! R(e)=R(L(f))

v \
A, = R(L(AY))

p

commutes. This yields a functor L: C — D and p: Id¢ = RL.
For a B € objD define Ap: L(R(B)) — B as the unique morphism for which

R(AB) - pr(B) = idRr(B)- (*)

We easily check that we have obtained a transformation A: LR - Idp.
By () we have RA - pr = id and

R(ALcay - Lpa) - pa = R(ALa)) - RL(pa) - pa = R(AL(a)) - PR(L(A)) - PA = pa
and hence also A\r, - Lp = id. (]
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7.2.3. Lemma. Let D have products and let R preserve them. Let it admit a solution
set for A € objC. Then it admits a solution for A.

Let, moreover, D be complete and wellpowered and let R preserve all limits.
Then it admits a strong solution for A.

Proof. 1. Let S be the solution set. Consider the product
ps.p: S=[[{S¢AFE) | Ses}— 5
(where, of course, S is the product [], s Sm with Sy, = S for all m). Then
also (R(ps,s): R(S) — R(S))s,s is a product and we can define a morphism
p: A — R(S) by requiring that R(ps,¢) - p = ¢ for each ¢ € C(A, R(S5)).
Now, choose for 3: A — R(B)an S € S,an o/: S — B and a §: A — R(S)
such that R(a/) - 8= and set @ = o’ - pg 5. Then

R(a)-p=R(d) R(pgz) p=R(d) -5 =p.

II. Let D be complete and wellpowered and let S, p: A — R(S) be a solution. Let
M = {u: S, — S} be a set representing all monomorphisms with codomain S
such that p = R(u) - p,, for some p,,. Let p: S — S be the limit of M. Then R(u)
is the limit of

[R(n): R(S,) — R(S)}

and since {p, | p € M} is a lower bound of this diagram there is a p: A — R(S)
such that R(u) - p = p.

For 8: A — R(B) we have an o with R(a/) - p = . Then for « = o/ - 1 we
have R(«) - p = (. Finally, if R(a;) - p = B for i = 1,2, consider the equalizer x
of ay and asp. Then R(k), the equalizer of R(a;) and R(az2), is an isomorphism
and hence p factorizes through R(p - k); consequently x is an isomorphism, and
a1 = Q9. O

7.2.4. Theorem. Let D be complete and wellpowered and let it have a cogenerator.
Then a functor R: D — C is a right adjoint iff it preserves limits.

Dually, if C is cocomplete and co-wellpowered with a generator then a functor
L:C — D is a left adjoint iff it preserves colimits.

Proof. By 7.2.2 and 7.2.3 it suffices to show that there is a solution set for each
A € objC. Let G be a cogenerator of D and let 5: A — R(B) in C. Consider the

products GC(AE(G)) v, G and GPBG) P2, G and the pullback

P V= gear@)

w Iz

v Y
~ (;D(B,G)
B \ G
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where A is the unique morphism such that pg - A = ¢ for every ¢ € D(B,G) and
it is the unique morphism such that pg - 1 = le(d:)-B for every ¢ € D(B, G); since
G is a cogenerator, A is a monomorphism, and hence so is \'. Further, take the
diagram

A v > R(G)C(AR(G)
B R()

v v
R(B) e R(G)P(B:G)

where R(p,) - v = 1 for every ¢ € C(4, R(G)). We have

R(pg) - R(p) - v = R(Preyyp) -7 = R(®) - 8= R(py) - R(N) - B

so that the diagram commutes and hence there is a k: A — R(P) such that
v = R(N) -k and 8 = R(y') - k. Thus the system of all P such that there is a
monomorphism X : P — GC(AF(G) is the required solution set. 0

7.3. As a corollary one obtains another slightly surprising analogon of a fact about
ordered sets. A poset that has all suprema has all infima, and vice versa. Again,
one hesitates to expect that the same should hold about large categories, that is,
that complete categories should be automatically cocomplete and conversely. In
the proof of the poset fact one takes, to obtain an infimum, a supremum of a very
large subset indeed. But we do have something.

Recall the Example 6.2(4). For any small category K, the constant functor
C — [K,C] preserves all limits and colimits. Hence, if we apply Theorem 7.2.4 we
obtain right and left adjoints that are in fact limits resp. colimits. Explicitly:

If D is complete and wellpowered with a cogenerator then it is cocomplete,
and if C is cocomplete and co-wellpowered with a generator then it is complete.

8. Reflective and coreflective subcategories

8.1. A full subcategory D of a category C is said to be reflective (resp. coreflective)
if the embedding J: D C C is a right (resp. left) adjoint.

For technical reasons one usually assumes that the D is closed under isomor-
phisms (which is always the case in everyday examples).

If we write A for L(A), where L is the left adjoint, we immediately see that
D being a reflective subcategory amounts to a correspondence

A — pagi A=A
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associating with each A € objC a morphism p4 with codomain in D such that
Vf:A— BeobD 3 f: A— B satisfying f-pa=f:

PA

A > A

f

v
B

Such a correspondence is usually called a reflection (of C onto D).

Similarly, a coreflection of C (onto D) associates with each A in C a morphism
Aa: A — A with A € objD such that

Vf:B—A BeobD, 3 f:B— A satisfying Aa-f=f.

8.1.1. Remark. Note that the morphisms p 4 behave like epimorphisms with respect
to the smaller category D. That is, if one has fps = gpa for f,g: A — B with B €
objD then f = g. They do not have to be epimorphisms in the whole of C, though.
If they are, one speaks of an epirefiection and of an epireflective subcategory.

Similarly, a coreflection (Aa: A — A)4 is a monocoreflection if all the A4 are
monomorphisms in C.

8.2. Examples. Typically, a reflection or a coreflection occurs when qualifying spe-
cial objects among more general ones in the given type of structure by extra
conditions (axioms). Thus for instance, additional equational axioms in varieties
of algebras (abelian groups in among groups, or, for that matter, groups among
general algebras of type (2,1,0)) make for a reflective category.

The Stone-Cech compactification is a reflection of completely regular topo-
logical spaces onto compact Hausdorff ones.

Completion is a reflection of the category of uniform spaces onto that of
complete uniform spaces; in uniform frames, completion is a coreflection.

In the category of binary relations (oriented graphs) the subcategory of sym-
metric relations is both a reflective and a coreflective one. We have the (identity
carried) reflection (X, R) — (X, R) with

R={(z,y) | (z,y) € Ror (y,7) € R}
and the coreflection (X, R) — (X, R) with

R={(z,y) | (z,y) € Rand (y,z) € R}.

8.3. By 7.1 the embedding of a reflective subcategory preserves all existing limits.
But we have much more.
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Proposition. Let J: D C C be an embedding of a reflective subcategory. Let D: K —
D be a diagram and let JD have a limit (fo: A — D(a))q in C. Then (f,: A —
D(a))q ts a limit of D in D. If JD has a colimit (fo: D(a) — A)q in C then
(pa - fa: D(a) — A)y is a colimit of D in D.

Consequently, each reflective subcategory of a complete resp. cocomplete cat-
egory is complete resp. cocomplete. Similarly for coreflective subcategories.

Proof. 1. The system (f,: A — D(a))q is a lower bound since D(a)f,pa =
D(a)fa = fo = fypa for all a: a — b in K, and by the unicity D(«)f, = f,-
Thus there is a morphism ¢: A — A such that f,¢ = f, for all a, and hence
fapa = f,pa = fo and by the unicity property of limits, ¢pa = ida. Further,
pa¢pa = pa and since pa¢ targets in D we conclude that pa¢ =id,, and p, is
an isomorphism.

II. Let (gq: D(a) — B), be an upper bound of D in D; then it is an upper
bound of JD in C and hence we have precisely one g: A — B such that gf, = g,
for all a. Then the g such that gps = g satisfies gpafys = go. The unicity is
straightforward. O

Note. This is a useful fact. The existence of limits or colimits in the
categories of objects with a given type of structure without axioms is
very often obvious while it may be far from obvious that under the
construction special properties are preserved.

9. Monads
9.1. Monads in the standard setting. A monad in a category C is a triple

T = (T, u,n)

where 7T: C — C is a functor, and pu: TT = T and n: Ide = T are natural
transformations such that

p-Tp=p-pr and p-nr=p-Tn=idr, (mon)

i.e., for each object A of C the diagrams

T3a) - 12(a) T(4) " - T2(4)

BT(A) HA T(na) pa
\% \% \% \%

T2(4) , ~T(A) T2(4) . ~T(A)

commute.
The motivation and examples will be seen shortly.
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9.2. The monad of an adjoint situation. Let
L:C—D, R:D—C, LAR
be an adjoint situation with adjunction units
At LR = Idp, p:lde = RL
(so that A - Lp =idg and RX- pr = idR).

Proposition. Setting T = RL, n = R\, and n = p we obtain a monad T = (T, u,n)
on C.

Proof. We have
(w-Tu)a = R(Apay) - RLR(Apa)) = R(Apay - LR(AL(a))) = R(ALa) - A\LrL(4))

(using the A as a transformation applied for the morphism Az (4)), and further
“o=pa-RALrL, = pa - (pr)a.

Finally, pra - nra = RApaynroa) = idpay and pa - Tna = R(Apaylna) =
R(idy(a)) = idp(a). 0

9.3. Eilenberg-Moore algebras. On the other hand, each monad results from an
adjoint situation (in fact, from various adjoint situations, see below). The one
we will describe now is connected with (one of) the original motivation(s) for
introducing the concept; the point was to explain the algebra-like behaviour of
compact Hausdorff spaces and to provide a natural roof for varieties of algebras
and the category of compact spaces.

Let T = (T, u,n) be a monad on C. A (T)-FEilenberg-Moore algebra (briefly,
T-algebra) is a pair (A, ) with a: TA — A satisfying

a-Tl@)=a-pus and «a-n4=1ida. (alg)

A homomorphism f: (A,a) — (B,3) isan f: A — BinC such that 5-Tf = f-a.
The resulting category will be denoted by

cT.
Define functors
F:c-Ct U:c"-¢
by setting
F(A) = (TAap“A)7 Ff = Tf and U(A,OZ) = Aa Uf = f

(by (mon), F(A) is a T-algebra, and T'f - ua = pp - T(Tf) since p is a natural
transformation).

Proposition. U is right adjoint of F' and the monad resulting from the adjoint
situation is the original T.
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Proof. Define A\: FU - Idcr by setting
Maa) = a: FU(A,a) = (TA,pa) — (A, ).

Thus defined A 4 ) are homomorphisms by the (alg) above, and they constitute
a natural transformation by definition of homomorphism. We have (Ap - F'n)4 =
AT Apa) - Tna = pa-Tna =idra by (mon), and (UXN 1) (a,0) = U(XNa,a)) 14 =
a-na =id by (alg) so that F 4 U.

The second statement is obvious. |

9.3.1. Remarks. (1) A variety of algebras can be represented as Set” as follows.
TX is the set of all formal expressions in symbols of composite operations and
the generators x € X. The a: TX — X in a T-algebra is an evaluation of such
formulas in a concrete algebra; nx is the embedding of X as the set of formal
generators.

(2) To represent the category of compact Hausdorff spaces use TX the set of all
ultrafilters in B(X) (the underlying set of the Stone-Cech compactification 3D(X)
of the discrete space carried by X ). A compact space A is represented as (U(A), «)
where U(A) is the underlying set of A and a: SU(A) — A lifts the identical map
U(A) — U(A).

9.4. Kleisli category of a monad. In among the adjunctions yielding a monad T,
the one connected with the Eilenberg-Moore algebras is in a sense the largest one.
There is also the other extreme, the Kleisli category Ct. Here,

objCr = objC, and morphisms A — B are A — T'B from C.
We have a new composition and new identities
gof=wpc-Tg-f and 1a4=na: A— A
This is correct: for f: A — B, g: B— C and h: C' — D we have
ho(go f)=upTh-(gof)=pupTh-pucTg-f=pp-prp-TTh-Tg-f
=pp - Tpp -TTh-Tg - f=pp -T(up -Th-g)- f=(hog)of
and for f: A — B,
npoF =upT(ns)f=f and fona=uT(f)na=pusnraf = f.
Define functors L: C — Cr and R: Ct — C by setting
L(A)= A, L(f)=np - f and R(A) = T(A), R(f) = pup - T}.
This is correct: we have L(ida) =na = 14, R(Na) = paTna = idra,
LfoLg=pnucT(ncg)msf =pcTncTg npgf =np-9-f=L(g- f)and
R(go f)=R(ucTg- f)=pc -Tuc - TTg-Tf = pc-prc TTg-Tf
=pcTg-usTf = Rg- Rf.
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Now take again the n: Id¢ - RL and set Ay =idpa: TA — A. We have

Proposition. R is a right adjoint of L and the monad resulting from the adjoint
situation is the original T.

Proof. We have (Ag - Rn)a = Aga - R(na) = idrapaTna = idga, and
(LA -np)a =L(Aa)onpa = (ra-idra)onca = pra -Tnra-nra =nca =1pa.

For the second statement it suffices to check the formula for u: we have
(RAp)a = R(Apa) = pa - idrra = pa. O

9.5. Manes description of a monad. In a category C let us have a mapping
T': objC — objC, a system of morphisms n4: A — T A, and a lifting

(f: A—>TB) (}V TA—>TB>
such that
(1) fa = idra,

(2) fna=f, and
(3) §-f:§/\-/fforf:A—>TBandg:B—>TC.

With such a (Manes) system (7,7, (—)) associate
T = (T,p.n) by setting T(f) =ngf and pa = idra.

Proposition. T is a monad. On the other hand, with a monad (T, u,n) we can
associate a Manes system (T,n,(—)) by setting f = up - Tf thus establishing a

one-one correspondence between monads and Manes systems.
Proof. 1. T is a functor: T'(ida) = na = idra and T(9)T(f) = ncy - 7?3? =

ncg nsf =ncgf="T(gf). .
7 is a natural transformation Id¢ = T": we have T'f -na =npf -na =npf.
1 is a natural transformation 7T = T': we have

nsTTf =idp(nrsnsf) = idns -npf = nef =nef-id=nsf-id=Tfpa.

Finally, we have

pia - Tpa =idra -nraidra =id -7 -id = idya,

e~ —~—

———

pia - pra = idpa - JdTTA = id - id = idra,
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and

panra =id-na = idpa = 74 = id -4 = idra - Grana = paTna.

IT. If (T, u,m) is a monad and if f = ppTf then ga = paTna = id, f-na =
pe-Tf-na=penrBf = [, and

g-f=wpp T(pc-Tg-f)=pp -Tup-TTg-TF
=ppprp - TTg-TF =ppTg-pcTf=g-f.

ITII. Start with a monad (T, p,n), define (T,n, (’;J)) as in the statement, and
construct a new monad (77, u’,n) from this system. We have T'(f) = npf =
up-ITng-Tf=Tfand p/y =idra = paT(ida) = pa.

On the other hand, starting with (7,7, (—)), taking the associated monad,
and constructing new (7,7, (—)) we have for the new lifting f = ppTf = idrp -

—~—

nef=1d-f = 7. O

10. Algebras in a category

10.1. For an object A in a category C with finite products and a natural n write
A" =Ax---x A (n times)

(AY is the void product, that is, the terminal object of C). Generalizing the concepts
concerning originally non-structured sets we define an n-ary operation on A as a
morphism

a: A" — A
(thus, a standard n-ary operation is an n-ary operation in Set; for instance in Top
operations are continuous, like the multiplication in a topological group).

If A = (n¢)er is a type (a mapping associating natural numbers with indices
from T'), an algebraic structure of a type A is a collection o = (ay)¢er of operations
on A, the oy an ng-ary one. An algebra of a type A in the category C is a pair (4, «)
where « is an algebraic structure of a type A on A.

A homomorphism h: (A,a) — (B, () is then a morphism h: A — B in C
such that for all ¢ € T" we have

B-(hx-xh)=h-a

(h x +++ x h is the morphism A™ — B™ defined by p;(h x --- x h) = hp;).

10.2. Equations. Similarly like in Set one can, further, define composite operations
by taking products, composing, and identifying some of the variables. The formula
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w for thus obtained composite operation « is said to be its pattern, and the concrete
composite operation o = w® is called the model of the pattern in the concrete
algebra.

An algebraic theory A consists of a type A and a set  of pairs of patterns, and
a model of A in C is an algebra (4, «) of the type A in C such that for all (wy,w2) €
Q one has wi = ws. The category of such models with the homomorphisms as above
will be denoted by

C.A

(note that the categories Set™ are the standard varieties of algebras).
10.3. For proving the following statement we do not have sufficient techniques.

What we need in the text is, therefore, proved ad hoc at each instance that occurs.
We would like just to inform the reader about the general fact.

Theorem. [Kock] Each identity that can be proved in the variety Set* holds in
every category CA.
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